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Prelude

Modern probability theory (including statistics) is based on measure theory. This manuscript
is part of a course with the aim to introduce measure theory for students with a solid back-
round in mathematics, which aim to dive deeper into probability theory.

In various parts of mathematics, we aim to assign a set some value, and describe it as its
content, volume, etc. In probability, this value is the probability of the set. Since this concept
of assigning values to sets has the same features in many areas (e.g. if two sets are disjoint,
the volume of their union is the sum of the volumes), several areas are dealing with measure
theory.

We approach measure theory in several steps. First, in Chapter 1, we have to deal with set
systems (i.e. sets of sets), since it turns out that it leads to contradictions if we assign volumes
to all sets. Here, we will learn about semi-rings and σ-fields as specific set systems. Second, in
Chapter 2, we construct measures on these set systems. We will do so by constructing outer
measures (defined on all sets) and restricting them to a σ-field. Third, in Chapter 3, we will
be dealing with measurable functions and integrals with respect to measures. In probabilistic
terms, these are random variables, and their expectations. Fourth, in Chapter 4, we will
study certain subsets of measurable functions (or random variables), known as Lp-spaces.
Last, in Chapter 5, we will be dealing with product spaces, which are important for the
theory of stochastic processes. Since various notions (Borel sets, compact systems) are from
set-theoretic topology, we give a repetition of the relevant terms in Appendix A.
There are various textbooks in measure theory with a focus on probability. The following
have guided me as references for the purpose of this manuscript.

• Bogatchev, Vladimir I. Measure Theory. Springer, 2007

• Billingsley, Patrick. Probability and Measure. Wiley, third edition, 1995

• Kallenberg, Olaf. Foundations of Modern Probability Theory. Springer, third edition,
2021

• Klenke, Achim. Probability theory. A comprehensive course. Springer, 2014

The present english version of this manuscript was written based on the German version
with the help of DeepL.
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1 Set systems

Probability theory formalises the colloquially used word probable. This is (in the broadest
sense) a property of a possible outcome of an experiment. Fundamental to probability theory
is the concept of an event, which is intended to describe everything that can happen in the
experiment. Events are represented by subsets of an abstract basic space, which is always
called Ω. The aim of this section is to assign a probability to as many subsets of Ω as possible.
This leads to the concept of a σ-algebra, because these contain exactly the subsets of the base
space to which probabilities are then assigned in the next section. In other words, elements of
σ-algebras will be events in the above sense. The other set systems introduced in this section
will be used to define suitable σ-algebras.

1.1 Semi-rings, rings and σ-fields

The notions in this section are connected as follows: For C ⊆ 2Ω, we have

C σ-field =⇒ C ring =⇒ C semi-ring.

Some more properties of the three notions are given in table 1.

Definition 1.1 (Semi-ring, ring, σ-field). Let Ω be a set and ∅ ≠ H,R,F ⊆ 2Ω.

1. H is ∩-stable (or closed under ∩, or a π-system), if (A,B ∈ H ⇒ A ∩ B ∈ H). It is
called σ-∩-stable (or closed under σ-∩) if (A1, A2, ... ∈ H ⇒

⋂∞
i=nAn ∈ H).

It is called ∪-stable (or closed under ∪), if (A,B ∈ H ⇒ A ∪ B ∈ H). It is called
σ − ∪-stable (or closed under σ-∪) if (A1, A2, ... ∈ H ⇒

⋃∞
i=nAn ∈ H).

It is complement-stable (or closed under complements), if A ∈ H ⇒ Ac ∈ H. It is
set-difference-stable (or closed under set-differences), if (A,B ∈ H ⇒ B \A ∈ H).

2. H is a semi-ring, if it is (i) closed under ∩ and (ii) ∀A,B ∈ H∃C1, . . . , Cn ∈ H with 1

B \A =
⊎n

i=1Ci.

3. R is a ring, if it is closed under ∪ and set-differences.

4. F is a σ-field (or σ-algebra), if Ω ∈ F , it is closed under complements and closed under
σ-∪. Then, (Ω,F) is called measurable space.

Remark 1.2 (Relationships between the collections of sets).

1. Every ring R is a semi-ring: For closedness under ∩, we write for A,B ∈ R

A ∩B = A \ (A \B) ∈ R.

The second property is trivial.

2. Every σ-field F is a ring: We need to understand that F is closed under set-differences.
For this, we write for A,B ∈ F

B \A = B ∩Ac = (Bc ∪A)c.

1We write A ⊎B for A ∪B if A ∩B = ∅.
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C semi-ring C ring C σ-field

C is ∩-stable • ◦ ◦

C is σ-∩-stable ◦

C is ∪-stable • ◦

C is σ-∪-stable •

C is set-difference-stable • ◦

C is complement-stable •

B \A =
⊎n

i=1Ci • ◦ ◦

Ω ∈ C •

Table 1: For C ⊆ 2Ω, we list all properties for semi-rings, rings and σ-fields. • means that
the respective property is a hypothesis in the definition, whereas ◦ means that the respective
property is a result following from the definition of the collection of subsets.

Example 1.3 (Semi-rings, σ-fields).

1. Semi-open intervals form a semi-ring: Let Ω = R. Then,

H := {(a, b] : a, b ∈ Q, a ≤ b}

is a semi-ring.
Indeed, if a1 ≤ b1, a′1 ≤ b′1, then2 (a1, b1]∩(a′1, b′1] = (a1∨a′1, b1∧b′1] and (a1, b1]\(a′1, b′1] =
(a1, a

′
1 ∧ b1] ⊎ (b′1, b1], where (a, b] = ∅, falls a ≥ b.

2. Examples for σ-fields: Trivial examples are {∅,Ω} and 2Ω. (Recall that both are topolo-
gies as well; see Definition A.1.)

Yet another example will become important in Section 3.1: If F ′ is a σ-field on Ω′, and
f : Ω→ Ω′. Then,

σ(f) := {f−1(A′) : A′ ∈ F ′} ⊆ 2Ω (1.1)

is a σ-field on Ω.
Indeed: If A′, A′

1, A
′
2, . . . ∈ σ(f), then (f−1(A′))c = f−1((A′)c) ∈ σ(f) and

⋃∞
n=1 f

−1(A′
n) =

f−1
(⋃∞

n=1A
′
n

)
∈ σ(f).

We will frequently use the so-called Borel σ-field (which is the σ-field generated by a
topology; see Definition 1.7.

2As usual, we write x ∧ y := min(x, y) and x ∨ y := max(x, y)
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1.2 Generators and extensions

On the one hand, we want to use σ-fields as much as possible, since they contain the sets we can
assign probabilities to. On the other hand, often only semi-rings can be given constructively.
However, we can use the (ring or) σ-field generated by a semi-ring., i.e. the smallest σ-field
(or smallest ring) which contains the semi-ring.

Remark 1.4 (Generated set-systems). First, it is easy to see that the intersection of σ-fields
(rings) is a σ-field (ring). (For example, since all σ-fields are closed under ∪, and if we take
A,B, elements of all σ-fields, then A ∪ B is an element of all σ-fields and therefore in the
intersection.):
Let C ⊆ 2Ω. Then,

R(C) :=
⋂{
R ⊇ C : R ring

}
is the ring generated from C and

σ(C) :=
⋂{
F ⊇ C : F σ-field

}
is the σ-field generated from C. Apparently, R(R(H)) = R(H) and σ(σ(H)) = σ(H).

The next lemma is shown after Example 1.6.

Lemma 1.5 (Ring generated from a semi-ring). Let H be a semi-ring. Then,

R(H) =
{ n⊎

k=1

Ak : A1, . . . , An ∈ H disjoint, n ∈ N
}

is the ring generated from H.

Example 1.6 (Ring generated from semi-open intervals). Let H be the semi-ring of semi-open
intervals from Example 1.3. Then,

R(H) =
{ n⊎

k=1

(ak, bk] : a1, . . . , an, b1, . . . , bn ∈ Q,

ak < bk, k = 1, . . . , n and ak < bk+1, k = 1, . . . , n− 1
}

is the ring generated from H.

Proof of Lemma 1.5. It is clear that R(H) is closed under ∩. In order to show that R(H)
is a ring, we start by showing closedness under set-differences. Let A1, . . . , An ∈ H and
B1, . . . , Bm ∈ H be disjoint, respectively. Then,( n⊎

i=1

Ai

)
\
( m⊎

j=1

Bj

)
=

n⊎
i=1

m⋂
j=1

Ai \Bj ∈ R(H).

In order to show closedness under ∪ of R(H), let A,B ∈ R(H). Then, write A ∪ B =
(A ∩B) ⊎ (A \B) ⊎ (B \A) ∈ R(H), since we already showed closedness under ∩ and under
set-differences.

Last, note that there is no smaller ring than R(H), which contains H. Indeed, such a ring
would have to be closed under ∪, and clearly R(H) is the minimal set which contains H and
which is closed under ∪.
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Definition 1.7 (Borel σ-algebra). Let (Ω,O) be a topological space. Then B(Ω) := σ(O)
denotes the Borel σ-algebra on Ω. If Ω ⊆ Rd, we denote by B(Ω) the Borel σ-algebra generated
by the Euclidean topology on Rd. If Ω ⊆ R, then B(Ω) is the Borel σ-algebra generated by the
topology from example A.2. Sets in B(Ω) are also called (Borel-)measurable sets.

Lemma 1.8 (Countable base and Borel σ-algebra). Let (Ω,O) be a topological space with
countable basis C ⊆ O. Then, σ(O) = σ(C).

Proof. We only need to show that O ⊆ σ(C). However, this is clear since A ∈ O can be
represented as a countable union of sets from C. See Lemma A.5.

Lemma 1.9 (Borel σ-algebra is generated by intervals generated). Let

C1 = {[−∞, b] : b ∈ Q} or
C2 = {(a, b] : a, b ∈ Q, a ≤ b}
C3 = {(a, b) : a, b ∈ Q, a ≤ b}
C4 = {[a, b] : a, b ∈ Q, a ≤ b}.

Then σ(Ci) = B(R), i = 1, . . . , 4.

Proof. The set system C3 is a countable basis of Euclidean topology on R. So, in this case,
the statement follows from Lemma 1.8.

We only show the statement for C1 and C2, the statement for C4 follows analogously.
Firstly, C2 := {A \ B : A,B ∈ C1} = {(a, b] : a, b ∈ Q, a ≤ b} ⊆ σ(C2) is the semi-ring
generated by C1 from Example 1.3. Thus σ(C1) = σ(C2) and it is sufficient to show that
σ(C2) = B(R).

Let O be as in Definition A.1.8 with Ω = R. We show (i) that A ∈ O implies A ∈ σ(C2),
and (ii) A ∈ C2 implies A ∈ σ(O). It then follows that O ⊆ σ(C2) ⊆ σ(O), i.e. σ(O) = σ(C2).
For (i) let A ∈ O. We claim

A =
⋃
{(a, b] : [a, b] ⊆ A, a, b ∈ Q}, (1.2)

and note that the right-hand side is an element of σ(C2). Here, ’⊇’ is clear. To see ’⊆’, we
choose x ∈ A. Then, by definition of O, there is a ε > 0 so that Bε(x) ⊆ A. However, there
are also a, b ∈ Q with a ≤ b and x ∈ (a, b] ⊆ Bε(x). Thus ’⊆’ is shown and (i) follows.
For (ii) we proceed similarly; let A ∈ C2. Then obviously

A =

∞⋂
n=1

(
a, b+ 1

n

)
.

Since
(
a, b+ 1

n

)
∈ O, then A ∈ σ(O).

Example 1.10 (Borel measurable sets). Of course, all countable intersections and unions of
intervals according to Lemma 1.9 in B(R). Let, for example

A1 = [0, 13 ] ∪ [23 , 1],

A2 = [0, 19 ] ∪ [29 ,
3
9 ] ∪ [69 ,

7
9 ] ∪ [89 , 1],

A3 = [0, 1
27 ] ∪ [ 227 ,

3
27 ] ∪ [ 627 ,

7
27 ] ∪ [ 827 ,

9
27 ] ∪ [1827 ,

19
27 ] ∪ [2027 ,

21
27 ] ∪ [2427 ,

25
27 ] ∪ [2627 , 1],

· · · ,
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then A =
⋂∞

n=1 denotes Cantor’s discontinuum. This set is measurable as a countable inter-
section of finite unions of intervals. In Example 2.27 we will get to know an example of a
non-Borel-measurable set.

1.3 Dynkin systems

In measure theory, it is often necessary to show that a certain set system F is a σ-algebra
and contains a semi-ring H. The Dynkin systems discussed in this section are very helpful
here. Because of Theorem 1.13 it is sufficient to show that F is a ∩-stable Dynkin system
with H ⊆ F . This is often easier than showing directly that F is a σ-algebra.

Definition 1.11 (Dynkin system). 1. A set system D is called Dynkin system (on Ω) if
(i) Ω ∈ D, (ii) it is set-difference-stable for subsets (i.e. A,B ∈ D and A ⊆ B imply
B \A ∈ D and (iii) A1, A2, . . . ∈ D and A1 ⊆ A2 ⊆ A3 ⊆ . . . imply

⋃∞
n=1An ∈ D.

2. For C ⊆ 2Ω, we set

λ(C) :=
⋂
{D ⊇ C Dynkin-system}.

Example 1.12 (σ-algebras are Dynkin systems). 1. Every σ-algebra is a Dynkin system:
Let F be a σ-algebra. Then A,B ∈ F imply Ac ∈ F and therefore Ω = A∪Ac ∈ F and
B \A = B ∩Ac ∈ F .

2. A Dynkin system D is complement-stable, since

Ac = Ω \A ∈ D

Theorem 1.13 (∩-stable Dynkin systems). Let D be a Dynkin system and C ⊆ D be ∩-stable.
Then σ(C) ⊆ D. In particular, every ∩-stable Dynkin system is a σ-algebra.

Proof. Let λ(C) be the Dynkin system generated by C (see Definition 1.11). So, we find
λ(C) ⊆ D. We will show that λ(C) is a σ-algebra, because then σ(C) ⊆ σ(λ(C)) = λ(C) ⊆ D.
For showing that λ(C) is a σ-algebra, it suffices to show that λ(C) is ∩-stable. Then, since
λ(C) is complement-stable, writing A ∪B = (Ac ∩Bc)c, we see that λ(C) is ∪-stable. Hence,
for A1, A2, ... ∈ λ(C), we find

⋃∞
n=1An =

⋃∞
n=1

⋃n
i=1Ai ∈ λ(C).

So, it remains to show that A,B ∈ λ(C) imply A∩B ∈ λ(C): If A,B ∈ C, this is clear due
to the ∩-stability of C. For B ∈ C we set

DB := {A ⊆ Ω : A ∩B ∈ λ(C)} ⊇ C.

Then DB is a Dynkin system since (i) Ω ∈ DB, (ii) for A,C ⊆ DB we have A∩B,C∩B ∈ λ(C)
and if A ⊆ C we find A ∩B ⊆ C ∩B, thus (C \A) ∩B = (C ∩B) \ (A ∩B) ∈ λ(C) and (iii)
for A1, A2, . . . ∈ DB we have A1 ∩ B,A2 ∩ B, . . . ∈ λ(C) and with A1 ⊆ A2 ⊆ · · · we have

A1 ∩B ⊆ A2 ∩B ⊆ · · · , thus
(⋃∞

n=1An

)
∩B =

(⋃∞
n=1An ∩B

)
∈ λ(C).

Since C ⊆ DB and DB is a Dynkin system, we find that λ(C) ⊆ DB. This means that
A ∈ λ(C) and B ∈ C imply A ∩B ∈ λ(C). We now set for an A ∈ λ(C)

BA := {B ⊆ Ω : A ∩B ∈ λ(C)}.

As above, we show that BA is a Dynkin system with C ⊆ BA. Therefore, λ(C) ⊆ BA. In
particular, for A,B ∈ λ(C), we find A ∩ B ∈ λ(C), i.e. λ(C) is ∩-stable. This concludes the
proof of the first assertion. The second assertion follows from setting C := D.
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1.4 Compact systems

In topology, compact subsets of an underlying set play an important role; see Appendix A.
Here, we introduce an important connection between compact sets and measure theory. The
resulting compact systems play an important role in the proof of Theorem 2.10. Here it is
shown that the σ-additivity of the set function follows from the additivity of a set function
and an approximation property with respect to a compact system.

Definition 1.14 (Compact system). A ∩-stable set system K is called compact system (on
Ω) if

⋂∞
n=1Kn = ∅ with K1,K2, . . . ∈ K implies that there is a N ∈ N with

⋂N
n=1Kn = ∅.

Example 1.15 (Compact sets). Compact sets form a compact system: Let (Ω, r) be a metric
space and O the topology generated by r. Then every ∩-stable K ⊆ {K ⊆ Ω : K compact} is
a compact system.
Indeed: let

⋂∞
n=1Kn = ∅. Then both K1 and Ln := K1 ∩Kn ⊆ K1 are closed for n = 1, 2, . . .

according to Lemma A.8 and because of the compactness of K1 there is an N with
⋂N

n=1Kn = ∅
according to Proposition A.9.

Lemma 1.16 (Extension of compact systems). Let K be a compact system. Then

K∪ :=
{ n⋃

i=1

Ki : K1, . . . ,Kn ∈ K, n ∈ N
}

is also a compact system.

Proof. It is clear that K∪ is ∩-stable. Let L1 =
⋃m1

j=1K
1
j , L2 =

⋃m2
j=1K

2
j , . . . ∈ K∪ with⋂N

n=1 Ln ̸= ∅ for all N ∈ N. We have to show that
⋂∞

n=1 Ln ̸= ∅. For this, we show the
following:

There is a sequence K1,K2, ... ∈ K with Kn ⊆ Ln for all n, such that for every
N ∈ N and k ∈ N0, we have matK1 ∩ · · · ∩KN ∩ LN+1 ∩ · · · ∩ LN+k ̸= ∅.

The construction of the sequence is recursive. For N = 1, note that
⋃m1

j=1K
1
j ∩
⋂k

i=1 L1+i ̸= ∅
for all k ∈ N0. So, there must be j1 ∈ {1, ...,m1} with K1

j1
∩
⋂k

i=1 L1+i ̸= ∅ for all k ∈ N0. Set

K1 := K1
j1
. (Otherwise, for all j ∈ {1, ...,m1}, there is a k∗j with K1

j1
∩
⋂k∗j

i=1 L1+i = ∅. Taking
k∗ := maxj k

∗
j would lead to

⋃m1
j=1K

1
j ∩

⋂k∗

i=1 L1+i = ∅, in contradiction to the assumption.)
For the recursive step, assume we have constructed the sequence up to KN−1. Write

K1 ∩ · · · ∩KN−1 ∩
(mN⋃

j=1

KN
j

)
∩ LN+1 ∩ · · · ∩ LN+k

=

mN⋃
j=1

K1 ∩ · · · ∩KN−1 ∩KN
j ∩ LN+1 ∩ · · · ∩ LN+k ̸= ∅.

Again, since this union is not empty, there is a j, so that K1∩· · ·∩KN−1∩KN
j ∩LN+1∩· · ·∩

LN+k ̸= ∅ for all k ∈ N. Set KN := KN
j , and we have constructed the sequence as claimed.

Now we set k = 0 in the above construction, and we see that
⋂N

n=1Kn ̸= ∅ for all N ∈ N.
Since K is a compact system,

∅ ≠
∞⋂
n=1

Kn ⊆
∞⋂
n=1

Ln

and the assertion is shown.
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2 Set functions

By a set function, we mean a function m : A ⊆ 2Ω → R. The idea is that m(A) for A ∈ A
describes the volume of A. Here, volume might be an actual volume in space, or something
more abstract. In probability theory we think of m(A) as the probability that A occurs.
(Mostly, we write P for the set function.) For any such set function, some requirements
seem natural, irrespective of the meaning of volume. For example, the empty set (no spatial
volume, or an event that never occurs) should be assigned volume 0, or m should behave
countably additive, see (2.1). In probability theory, Ω consists of all possible outcomes of an
experiment, so a natural requirement is m(Ω) = 1. In other words, the probability that there
is any outcome of the experiment is 1.

The concept of the probability measure is central to probability theory. As it turns out,
measures must be defined on σ-algebras (so usually, A is a σ-algebra) so that the requirement
of countable additivity can be met. In this section we give the most important steps to
construct such measures. In Analysis 3, the Lebesgue measure was not introduced, which
follows along the same lines. However, note that large parts of Analysis are dealing with
Ω ⊆ Rd. In probability theory, however, outcomes of experiments might be elements of much
larger spaces. When observing a randomly changing quantity (e.g. the position of a particle
in space, or a stock price), we might need a probability measure in C([0,∞),Rd) (the set of
continuous functions X : [0,∞)→ R).

2.1 Measures and outer measures

We will now consider functions µ : C → R+ if C is a semi-ring, ring or σ-algebra. Most
important for probability theory is certainly the concept of a probability measure, which
describes the special case µ(Ω) = 1.

Definition 2.1 (Measure and outer measure). For some F ⊆ 2Ω, we call any µ : F → R+ a
set function.

1. The set function µ is called finitely additive if for disjoint A1, . . . , An ∈ F with
⊎n

k=1Ak ∈
F ,

µ
( n⊎

k=1

Ak

)
=

n∑
k=1

µ(Ak). (2.1)

It is called sub-additive if for (any, not necessarily disjoint) A1, . . . , An ∈ F with⋃n
k=1Ak ∈ F ,

µ
( n⋃

k=1

Ak

)
≤

n∑
k=1

µ(Ak). (2.2)

2. A mapping µ : F → R+ is called σ-additive if (2.1) also holds for n =∞. It is called σ-
sub-additive if (2.2) also applies for n =∞. It is called monotonic if for any A,B ∈ F
with A ⊆ B we find µ(A) ≤ µ(B).

3. If µ(Ω) < ∞, then µ is called finite. If there is a sequence Ω1,Ω2, . . . ∈ F with⋃∞
n=1Ωn = Ω and µ(Ωn) <∞ for all n = 1, 2, . . ., then µ is called σ-finite.
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4. Let F be a σ-algebra and µ : F → R+. If µ is σ-additive, then µ is a measure (on F)
and (Ω,F , µ) is a measure space. If µ(Ω) < ∞, then µ is called finite measure and if
µ(Ω) = 1, then µ is called a probability measure or a probability distribution or simply
a distribution. Furthermore, (Ω,F , µ) is then called a probability space.

5. Let (Ω,O) be a topological space and µ a measure on B(O) (the Borel σ-algebra, see
Definition 1.7). Then the smallest closed set F with µ(F c) = 0 is called the support of
µ3.

6. A σ-subadditive, monotone mapping µ∗ : 2Ω → R+ is called outer measure if µ∗(∅) = 0.
A set A ⊆ Ω is called µ∗-measurable if

µ(E) = µ(E ∩A) + µ(E ∩Ac) (2.3)

for all E ⊆ Ω.

7. Let F be ∩-stable and K ⊆ F a compact system. Then µ is called inner K−regular if
for all A ∈ K

µ(A) = sup
K∋K⊆A

µ(K).

Example 2.2 (Examples of set functions). 1. We will often deal with set functions on
H = {(a, b] : a, b ∈ Q, a ≤ b} from Example 1.3. For example, µ((a, b]) = b − a
defines an additive, σ-finite set function on H. We will extend this function uniquely to
the Borel σ-algebra B(R) = σ(H) (see lemma 1.9), which will give the Lebesgue measure,
see corollary 2.18.

2. Another frequently used example is the Dirac measures. If ω′ ∈ Ω, then

δω′ :

{
2Ω → {0, 1}
A 7→ 1{ω′∈A}

is a (probability) measure.

3. If µi = δωi, i ∈ I, then µ :=
∑

i∈I δωi is called a counting measure.

4. If µi, i ∈ I are measures on a σ-algebra F . Then for ai ∈ R+, i ∈ I,
∑

i∈I aiµi is also
a measure. Examples of this are well known from the lecture Elementary probability
theory. There, for example, with F = 2N0 and δk as in 2.

µPoi(γ) :=
∞∑
k=0

e−γ γ
k

k!
· δk

the Poisson distribution on 2N0 with parameter γ,

µgeo(p) :=

∞∑
k=1

(1− p)k−1p · δk

3We will see later that this smallest set indeed exists uniquely.
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the geometric distribution with success parameter p and

µB(n,p) :=
n∑

k=0

(
n

k

)
pk(1− p)n−k · δk

the binomial distribution B(n, p).

Remark 2.3 (Contents and premeasures). Finite additive set functions are often called con-
tent, σ-additive set functions that are not defined on σ-algebras are often called premeasures.
The measures defined on a Borel σ-algebra that are regular with respect to the compact sets
from the inside are called Radon measures. We will not use these terms.

Lemma 2.4 (Unions written as disjoint unions). Let H be a semi-ring, and A,A1, ..., An ∈ H.
Then, there are m ∈ N and B1, ..., Bm ∈ H pairwise disjoint and A \

⋃n
i=1Ai =

⊎m
j=1Bj.

Proof. We proceed by induction on n. If n = 1, the assertion is true by the definition of a
semi-ring. Assume the assertion holds for some n, i.e. there is m ∈ N and B1, ..., Bm with

A \
⋃n

i=1Ai =
⊎m

j=1Bj . Then, we can write Bj \An+1 =
⊎kj

k=1C
j
k for Cj

1 , ..., C
j
kj
∈ H. Then,

write

A \
n+1⋃
i=1

Ai =
(
A \

n⋃
i=1

Ai

)
\An+1 =

m⊎
j=1

Bj \An+1 =
m⊎
j=1

kj⊎
k=1

Cj
k.

This concludes the proof, since the latter disjoint union is over a finite set.

Lemma 2.5 (Set-functions on semi-rings). Let H be a semi-ring and µ : H → [0,∞] additive.
Then, m is monotone and sub-additive. In addition, µ is σ-additive iff it is σ-sub-additive.

Proof. We start by monotonicity. Let A,B ∈ H with A ⊆ B and C1, ..., Ck ∈ H with
B \A =

⊎k
i=1Ci. Therefore, we can write µ(A) ≤ µ(A) +

∑k
i=1 µ(Ci) = µ(B).

Next, we claim that for A ∈ H and A1, ..., An ∈ H disjoint with
⊎

I∈I Ai ⊆ A, we have∑n
i=1 µ(Ai) ≤ m(A). For this, write A \

⊎n
i=1Ai =

⊎m
j=1Bj as in Lemma 2.4. Then,

µ(A) = µ
( n⊎

i=1

Ai ⊎
m⊎
j=1

Bj

)
=

n∑
i=1

µ(Ai) +
m∑
j=1

µ(Bj) ≥
n∑

i=1

µ(Ai). (2.4)

For sub-additivity, let A1, ..., An ∈ H with
⋃n

i=1Ai ∈ H. We need to show µ
(⋃n

i=1Ai

)
≤∑n

i=1 µ(Ai). For i = 2, ..., n, we write

n⋃
i=1

Ai =
n⊎

i=1

(
Ai \

i−1⋃
j=1

Aj

)
=

n⊎
i=1

ki⊎
k=1

Ci
k

with Ci
k as in Lemma 2.4. So, since

⊎ki
k=1C

i
k ⊆ Ai ∈ H,

µ
( n⋃

i=1

Ai

)
=

n∑
k=1

ki∑
k=1

µ(Ci
k) ≤

n∑
i=1

µ(Ai).

Now, we show that µ is σ-additive ⇐⇒ it is σ-sub-additive.

15



’⇒’: Here, just copy the proof of sub-additivity, but using n =∞. For ’⇐’, let A1, A2, ... ∈ H
be pairwise disjoint with A =

⊎∞
i=1Ai ∈ H. Since µ is monotone and for any n ∈ N, we have⊎n

i=1Ai ⊆ A (hence
∑n

i=1 µ(Ai) ≤ µ(A) by (2.4)),

∞∑
i=1

µ(Ai) = sup
n∈N

n∑
i=1

µ(Ai) ≤ µ(A) ≤
∞∑
i=1

µ(Ai)

by σ-sub-additivity. So, σ-additivity follows.

Lemma 2.6 (Extension of set functions on semi-rings). Let H be a semi-ring, R the ring
generated by H from Lemma 1.5 and µ an additive function on H. Define µ̃ on R by

µ̃
( n⊎

i=1

Ai

)
:=

n∑
i=1

µ(Ai)

for A1, . . . , An ∈ H disjoint. Then µ̃ is the only additive extension of µ on R that coincides
with µ on H. Moreover, µ̃ is σ-additive if and only if µ is σ-additive.

Proof. We only need to show that µ̃ is well-defined. All other properties follow by definition
of µ̃. So, let A1, . . . , Am, B1, . . . , Bn ∈ H with

⊎m
i=1Ai =

⊎n
j=1Bj . Since

Ai =
n⊎

j=1

Ai ∩Bj , Bj =
m⊎
i=1

Ai ∩Bj ,

we write using additivity of µ̃

m∑
i=1

µ(Ai) =
m∑
i=1

n∑
j=1

µ(Ai ∩Bj) =
n∑

j=1

m∑
i=1

µ(Ai ∩Bj) =
n∑

j=1

µ(Bj).

Proposition 2.7 (Inclusion-exclusion principle). Let µ be an additive set function on a ring
R and I be finite. Then for Ai ∈ R, i ∈ I, it holds that

µ
(⋃

i∈I
Ai

)
=
∑
J⊆I

(−1)|J |+1µ
( ⋂

j∈J
Aj

)
In particular, if I = {1, 2},

µ(A1 ∪A2) = µ(A1) + µ(A2)− µ(A1 ∩A2)

and if I = {1, 2, 3},

µ(A1 ∪A2 ∪A3) = µ(A1) + µ(A2) + µ(A3)

− µ(A1 ∩A2)− µ(A1 ∩A3)− µ(A2 ∩A3) + µ(A1 ∩A2 ∩A3).

16



Proof. We use induction over |I|. For |I| = 2 the assertion is clear because A1 ∪ A2 =
A1 ⊎ (A2 \A1) and (A2 \A1) ⊎ (A1 ∩A2) = A2. Assume it applies to all I with |I| = n, and
consider some I with |I| = n + 1. Without loss of gnerality,we write I = {1, . . . , n + 1}. By
additivity of µ

µ
( n+1⋃

i=1

Ai

)
= µ

( n⋃
i=1

(Ai ∪An+1)
)

=
∑

∅≠J⊆{1,...,n}

(−1)|J |+1µ
(
An+1 ∪

⋂
j∈J

Aj)
)

=
∑

∅≠J⊆{1,...,n}

(−1)|J |+1
(
µ(An+1) + µ

( ⋂
j∈J

Aj)
)
− µ

( ⋂
j∈J

Aj ∩An+1)
))

= µ(An+1) +
∑

∅̸=J⊆{1,...,n}

(−1)|J |+1
(
µ
( ⋂

j∈J
Aj)
)
− µ

( ⋂
j∈J

Aj ∩An+1)
))

=
∑

J⊆{1,...,n+1}

(−1)|J |+1µ
( ⋂

j∈J
Aj)
)
.

2.2 σ-additivity

The finite additivity of set functions is a requirement that can often be verified. The situation
is different with σ-additivity. We will now look at alternative formulations for σ-additivity.

Proposition 2.8 (Continuity of from below and from above). Let R be a ring and µ : R →
R+ be additive. Consider the following properties:

1. µ is σ-additive;

2. µ is σ-subadditive;

3. µ is continuous from below, i.e. for A,A1, A2, · · · ∈ R and A1 ⊆ A2 ⊆ . . . with A =⋃∞
n=1An we have µ(A) = limn→∞ µ(An);

4. µ is continuous from above in ∅, i.e. for A1, A2, · · · ∈ R, µ(A1) <∞ and A1 ⊇ A2 ⊇ . . .
with

⋂∞
n=1An = ∅ we have limn→∞ µ(An) = 0.

5. µ is continuous from above, i.e. for A,A1, A2, · · · ∈ R, µ(A1) <∞ and A1 ⊇ A2 ⊇ . . .
with A =

⋂∞
n=1An we have µ(A) = limn→∞ µ(An).

Then,

1. ⇐⇒ 2. ⇐⇒ 3. =⇒ 4. ⇐⇒ 5.

Furthermore, 4. =⇒ 3. holds if µ(A) <∞ for all A ∈ R.

Proof. 1.⇔2. follows from Lemma 2.6, since R is a semi-ring.

1.⇒3.: Let µ be σ-additive and A,A1, A2, · · · ∈ R as in 3. Then, with A0 = ∅,

µ(A) =

∞∑
n=1

µ(An \An−1) = lim
N→∞

N∑
n=1

µ(An \An−1) = lim
N→∞

µ(AN ).
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3.⇒1.: Let B1, B2, · · · ∈ R be pairwise disjoint and B =
⊎∞

n=1Bn ∈ R. Then, for AN =⊎N
n=1Bn,

µ(B) = lim
N→∞

µ(AN ) =

∞∑
n=1

µ(Bn).

4.⇒5.: Let A,A1, A2, · · · ∈ R be as assumed in 5. Further, let Bn := An \A. Then B1, B2, . . .
fulfills the conditions of 4., so µ(Bn)

n→∞−−−→ 0, i.e. µ(An) = µ(Bn) + µ(A)
n→∞−−−→ µ(A).

5.⇒4.: is clear.

3.⇒4.: Let A1, A2, · · · ∈ R be as assumed in 4. Set Bn := A1 \ An, n ∈ N. Then B =
A1, B1, B2, · · · ∈ R fulfills the conditions of 3, and thus µ(A1) = limn→∞ µ(Bn) = µ(A1) −
limn→∞ µ(An), from which 4. follows.

4.⇒3. if µ(A) < ∞ for all A ∈ R. Let A,A1, A2, · · · ∈ R be as assumed in 3. Set Bn :=
A \ An ∈ R, n ∈ N. Then

⋂∞
n=1Bn = ∅, i.e. 0 = limn→∞ µ(Bn) = µ(A) − limn→∞ µ(An),

from which 3. follows. Here, the last equality uses the condition that µ(A) <∞.

We now want to take a closer look at set functions which are inner regular with respect to
a compact system. For measures, inner regularity with respect to the system of all compact
sets (which is a compact system due to Example 1.15) is fulfilled on Polish spaces, as the
next result shows. This will play an important role in the theory of weak convergence, an
important concept in any course on probability theory.

Lemma 2.9. If (Ω,O) is Polish and µ is a finite measure on B(O), then for every ε > 0
there exists a compact set K ⊆ Ω with µ(Ω \K) < ε.

Proof. First, note that compact sets are closed according to Lemma A.8, so all compact sets
are in B(O) and thus µ(Ω \K) is well-defined.

Let ε > 0. Since Ω is separable (see Definition A.1), there is a countable set {ω1, ω2, . . . } ⊆
Ω which is dense. In particular, for all n, we find Ω =

⋃∞
k=1B1/n(ωk). Since µ is continuous

from above (Proposition 2.8),

0 = µ
(
Ω \

∞⋃
k=1

B1/n(ωk)
)
= lim

N→∞
µ
(
Ω \

N⋃
k=1

B1/n(ωk)
)
.

Thus there is an Nn ∈ N with µ
(
Ω \

⋃Nn
k=1B1/n(ω

n
k )
)
< ε/2n. Now, consider

A :=
∞⋂
n=1

Nn⋃
k=1

B1/n(ωk).

By definition, this set is totally bounded (i.e. for all radii ε > 0. it can be covered by a
finite number of balls of radius ε > 0. Hence, according to Lemma A.9, A is relatively
compact. Furthermore, (recall that A is the closure of A, which is compact according to
Proposition A.9),

µ(Ω \A) ≤ µ(Ω \A) ≤ µ
( ∞⋃

n=1

(
Ω \

Nn⋃
k=1

B1/n(ωk)
))
≤

∞∑
n=1

µ
(
Ω \

Nn⋃
k=1

B1/n(ωk)
)
< ε.
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This proves the assertion.

Theorem 2.10 (Inner regular additive set functions are σ-additive). Let H be a semi-ring
and µ : H → R+ finite, finitely additive and inner regular with respect to a compact system
K ⊆ H. Then µ is σ-additive.

Proof. As in Lemma 2.6, the set function µ can be uniquely extended to the ring R(H)
generated by H (see Lemma 1.5). Furthermore, according to Lemma 1.16, the system K∪ ⊆
R(H), which consists of unions of sets in K, is also compact. Choose ε > 0 and A =⋃n

i=1Ai ∈ R(H) with A1, . . . , An ∈ H, then there are compact sets K1, . . . ,Kn ∈ K ⊆ H with
µ(Ai) ≤ µ(Ki) +

ε
n for i = 1, . . . , n. This means that the extension of µ to the ring R(H) is

inner regular with respect to K∪, since

µ
( n⋃

i=1

Ai

)
=

n∑
i=1

µ(Ai) ≤
( n∑

i=1

µ(Ki)
)
+ ε = µ

( n⋃
i=1

Ki

)
+ ε.

This means that µ is K∪-regular from the inside. o, without loss of generality, we assume
that H is a ring and K is ∪-stable. We now show that µ is continuous from above in ∅.
This is sufficient according to Proposition 2.8 because of the finiteness of µ on H. Let
A1, A2, · · · ∈ H with A1 ⊇ A2 ⊇ · · · and

⋂∞
n=1An = ∅ and ε > 0. Choose K1,K2, · · · ∈ K

with Kn ⊆ An, n ∈ N and
µ(An) ≤ µ(Kn) + ε2−n.

Then,
⋂∞

n=1Kn ⊆
⋂∞

n=1An = ∅, which means that there is a N ∈ N with
⋂N

n=1Kn = ∅ since
K is a compact system. From this,

AN = AN ∩
( N⋃

n=1

Kc
n

)
=

N⋃
n=1

AN \Kn ⊆
N⋃

n=1

An \Kn.

Due to the subadditivity and the monotonicity of µ for all m ≥ N , it follows that

µ(Am) ≤ µ(AN ) ≤
N∑

n=1

µ(An \Kn) ≤ ε
N∑

n=1

2−n ≤ ε.

This shows the assertion, since ε > 0 was arbitrary.

2.3 Uniqueness and extension of set functions

Suppose an additive set function µ : H → R+ is given, where H is a semi-ring. We are
concerned with the extension of µ to a measure (i.e. an σ-additive set function) to σ(H). The
aim is to establish conditions when the measure is already uniquely given by µ. The result is
summarised in Theorem 2.16. See also Table 2 for an overview of how the results of previous
chapters relate to this.

Proposition 2.11 (Uniqueness of measures). Let F be a σ-algebra and µ, ν : F → R+

measures. Let H be a ∩-stable set system such that σ(H) = F and µ|H, ν|H are σ-finite.
Then µ = ν if and only if µ(A) = ν(A) holds for all A ∈ H.

Corollary 2.12 (Uniqueness of probability measures). Let F be a σ-algebra and µ, ν : F →
[0, 1] be probability measures. Let H be a ∩-stable set system with σ(H) = F . Then µ = ν if
and only if µ(A) = ν(A) holds for all A ∈ H.
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Lemma 2.5 Theorem 2.10 Theorem 2.16

µ additive ◦ ◦

µ finite ◦

µ σ-finite ◦

µ defined on semi-ring ◦ ◦ ◦

µ σ-additive ◦/• • ◦

µ σ-subadditive •/◦

µ inner regular wrt a compact system ◦

µ extends uniquely to σ(H) •

Table 2: Lemma 2.5 and theorem 2.10 play significant roles in the application of
Carathéodory’s extension theorem. In the table, the ◦’s represent the assumptions of the
theorem and • the conclusions. As can easily be seen, Carathéodory’s extension theorem
applies, for example, if µ is finite and inner regular with respect to a compact system.

Proof. Wlog, Ω ∈ H, since µ(Ω) = ν(Ω) = 1. This means that µ and ν are in particular
σ-finite and the statement follows from Proposition 2.11.

Proof of Proposition 2.11. The ’only if’ direction is clear. For the ’if’ direction, we set for
A ∈ H with µ(A) = ν(A) <∞

DA := {B ∈ F : µ(A ∩B) = ν(A ∩B)} ⊇ H.

We show that DA is a Dynkin system. It is clear that Ω ∈ DA. Furthermore, if B,C ∈ DA and
B ⊆ C, then µ((C \B)∩A) = µ(C ∩A)−µ(B ∩A) = ν(C ∩A)− ν(B ∩A) = ν((C \B)∩A),
i.e. C \ B ∈ DA. If B1, B2, · · · ∈ D with B1 ⊆ B2 ⊆ B3 ⊆ · · · ∈ DA and B =

⋃∞
n=1Bn ∈ F ,

then because of Proposition 2.8,

µ(B ∩A) = lim
n→∞

µ(Bn ∩A) = lim
n→∞

ν(Bn ∩A) = ν(B ∩A),

which implies B ∈ DA. This means that DA is a Dynkin system for all A ∈ H with µ(A) <∞
and thus, due to Theorem 1.13, F = σ(H) ⊆ DA. Let Ω1,Ω2, · · · ∈ H with Ωn ↑ Ω and
µ(Ωn), ν(Ωn) <∞, n = 1, 2, . . . Then for all n = 1, 2, . . . it holds that µ(B∩Ωn) = ν(B∩Ωn)
for all B ∈ F . This implies B ∈ F , since µ and ν are continuous from below, thus

µ(B) = lim
n→∞

µ(B ∩ Ωn) = lim
n→∞

ν(B ∩ Ωn) = ν(B),

i.e. µ = ν.

The following theorem explains why the notion of a σ-algebra is so important.
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Theorem 2.13 (µ∗-measurable sets are a σ-algebra). Let µ∗ be an outer measure on Ω and
F∗ the set of µ∗-measurable sets; recall from (2.3). Then F∗ is a σ-algebra and µ := µ∗|F∗ is
a measure. Furthermore, N := {N ⊆ Ω : µ∗(N) = 0} ⊆ F∗.

Remark 2.14 (Null-sets and properties almost everywhere). Sets N ⊆ Ω with µ(N) = 0 are
called (µ-)null sets. We further say that A ⊆ Ω (µ)-almost everywhere holds if Ac ∈ N . If µ
is a probability measure, we say almost surely instead of ’almost everywhere’.

Proof of Theorem 2.13. We first show that F∗ is a σ-algebra. It is clear that

µ∗(E) = µ∗(∅) + µ∗(E) = µ∗(E ∩ ∅) + µ∗(E ∩ Ω),

i.e. ∅ ∈ F∗. It is also clear that Ac ∈ F∗ follows from A ∈ F∗. Next, let us show that F∗ is
∩-stable. For A,B,E ⊆ Ω, note that (E ∩A ∩Bc) ⊎ (E ∩Ac) = E ∩ (A ∩B)c. So, using the
sub-additivity of µ∗, for A,B ∈ F∗,

µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) = µ∗((E ∩A) ∩B) + µ∗((E ∩A) ∩Bc) + µ∗(E ∩Ac)

≥ µ∗(E ∩ (A ∩B)) + µ∗(E ∩ (A ∩B)c) ≥ µ∗(E),

and we have shown A ∩ B ∈ F∗. Now let A1, A2, · · · ∈ F∗ be disjoint and Bn =
⊎n

k=1Ak

and B =
⋃∞

n=1Bn =
⊎∞

k=1Ak. Since F∗ is ∩- and complement stable, it is also ∪-stable, so
B1, B2, ... ∈ F∗. We further show that µ∗(E ∩Bn) =

∑n
k=1 µ

∗(E ∩Ak) applies to all E ⊆ Ω.
For n = 1 this is clear, and if it applies to n, it follows that

µ∗(E ∩Bn+1) = µ∗(E ∩Bn+1 ∩Bn) + µ∗(E ∩Bn+1 ∩Bc
n)

= µ∗(E ∩Bn) + µ∗(E ∩An+1) =

n+1∑
k=1

µ∗(E ∩Ak).

Therefore, since µ∗ is sub-additive and monotone,

µ∗(E ∩B) ≤
∞∑
k=1

µ∗(E ∩Ak) = lim
n→∞

n∑
k=1

µ∗(E ∩Ak) = lim
n→∞

µ∗(E ∩Bn) ≤ µ∗(E ∩B),

thus

µ∗(E ∩B) = lim
n→∞

µ∗(E ∩Bn) =

∞∑
k=1

µ∗(E ∩Ak). (2.5)

Next, we show that B ∈ F∗, which implies that F∗ is a σ-algebra. For any E ⊆ Ω, since
B1, B2, ... ∈ F∗, (2.5) holds,

µ∗(E) = lim
n→∞

µ∗(E ∩Bn) + µ∗(E ∩Bc
n) ≥ µ∗(E ∩B) + µ∗(E ∩Bc) ≥ µ∗(E).

So, B ∈ F∗ follows. Furthermore, it follows from (2.5) that µ∗ is σ-additive, i.e. µ = µ∗|F∗ is
a measure.

Now let N ⊆ Ω be such that µ∗(N) = 0 and E ⊆ Ω. Then, due to the monotonicity of
µ∗, µ∗(E ∩N) = 0, i.e.

µ∗(E ∩N c) + µ∗(E ∩N) ≥ µ∗(E) ≥ µ∗(E ∩N c) = µ∗(E ∩N c) + µ∗(E ∩N)

and therefore N ∈ F∗.
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Proposition 2.15 (Outer measure generated by finite additive set function). Let H be a
semi-ring and µ : H → R+ additive. For A ⊆ Ω let

µ∗(A) := inf
G∈U(A)

∑
G∈G

µ(G),

where

U(A) :=
{
G ⊆ H at most countable, A ⊆

⋃
G∈G

G
}

is the set of at most countable covers of A and µ∗(A) =∞ if U(A) = ∅. Then µ∗ is an outer
measure.

Proof. The mapping µ∗ is monotone (by definition) with µ∗(∅) = 0 (note that ∅ ∈ H and,
using finite additivity of µ(∅) = µ(∅) + µ(∅), from which µ(∅) = 0 follows). To check the
σ-sub-additivity of µ∗, we choose A1, A2, · · · ⊆ Ω. For n = 1, 2, . . . and ϵ > 0 there are sets
Gnk ∈ H, k ∈ Kn at most countable with

An ⊆
⋃

k∈Kn

Gnk,

µ∗(An) ≥
∑
k∈Kn

µ(Gnk)− ε2−n.

Since
⋃∞

n=1An ⊆
⋃∞

n=1

⋃
k∈Kn

Gnk, and by the monotonicity of µ∗ and the definition of µ∗,

µ∗
( ∞⋃

n=1

An

)
≤

∞∑
n=1

∑
k∈Kn

µ(Gnk) ≤ ε+
∞∑
n=1

µ∗(An).

With ε→ 0 the σ-sub-additivity of µ∗ follows, i.e. µ∗ is an outer measure.

Theorem 2.16 (Extension of a σ-additive set function). Let H be a semi-ring and µ : H →
R+ σ-finite and σ-additive. Furthermore, let µ̃ = µ∗|F∗ with µ∗ from Proposition 2.15 and
F∗ from Theorem 2.13. Then σ(H) ⊆ F∗ and µ̃|σ(H) is the only measure that agrees with µ
on H.

Proof. First we note that µ is both finitely additive and σ-subadditive according to Lemma 2.5.
According to Proposition 2.15, µ∗ is an outer measure and according to Theorem 2.13, F∗ is
a σ-algebra.

Step 1: µ∗ coincides with µ on H: Let H ∈ H. Choose K at most countable and Hk ∈ H,
k ∈ K with H ⊆

⋃
k∈KHk and

µ∗(H) ≥
∑
k∈K

µ(Hk)− ε.

Then, because of H =
⋃

k∈KHk ∩H and the σ-sub-additivity of µ

µ∗(H) ≤ µ(H) ≤
∑
k∈K

µ(Hk ∩H) ≤
∑
k∈K

µ(Hk) ≤ µ∗(H) + ε,

22



where we have used the σ-additivity of µ in the second ’≤’. With ε → 0, we find µ∗(H) =
µ(H).

Step 2: σ(H) ⊆ F∗: Let E ⊆ Ω, H ∈ H and ε > 0. Choose K at most countable and
Hk ∈ H, k ∈ K with E ⊆

⋃
k∈KHk and µ∗(E) ≥

∑
k∈K µ(Hk)− ε. Then, due to σ-additivity

of µ

µ∗(E) + ε ≥
∑
k∈K

µ(Hk) =
∑
k∈K

µ(Hk ∩H) +
∑
k∈K

µ(Hk ∩Hc) ≥ µ∗(E ∩H) + µ∗(E ∩Hc).

With ε → 0 and the σ-sub-additivity of µ∗, µ∗(E) = µ∗(E ∩ H) + µ∗(E ∩ Hc), i.e. H is
µ∗-measurable and therefore H ⊆ F∗. Since F∗ is a σ-algebra according to Theorem 2.13,
σ(H) ⊆ F∗.

Step 3: Uniqueness: According to Theorem 2.13, µ̃ is a measure. Since µ̃ coincides with µ
on H, which in turn coincides with µ∗ on H, we find µ̃|σ(H) = µ∗|σ(H). Let ν : σ(H) → R+

another measure that is equal to µ onH. Since µ = µ̃|H was assumed to be σ-finite, ν|H is also
σ-finite. With Proposition 2.11 it follows that µ̃ = ν applies to σ(H) due to the ∩-stability
of H.

Now all assertions are proven.

The above theorem only makes it clear that σ(H) ⊆ F∗. The next result shows how sets in
F∗ differ from sets in σ(H).

Proposition 2.17 (Characterisation of F∗ from Proposition 2.15). Let H be a semi-ring,
µ : H → R+ σ-finite and σ-additive, µ∗ as in Proposition 2.15 and F∗,N as in Theorem 2.13.
Then

F∗ = {A \N : A ∈ σ(H), N ∈ N}.
In particular, the right-hand side is a σ-algebra.

Proof. ’⊇’: On the one hand we have σ(H) ⊆ F∗ according to theorem 2.16, on the other
hand, there is N ⊆ F∗ from Theorem 2.13. This implies ’⊇’, since F∗ is complement stable.

’⊆’: Let B ∈ F∗. Further, let Ω1,Ω2, · · · ∈ H with µ(Ωn) <∞, n = 1, 2, . . . and Ω =
⋃∞

n=1Ωn.
Let ε1, ε2, · · · > 0 with εi ↓ 0. For Bn := B ∩ Ωn and i = 1, 2, ..., we choose Kni at most
countable, Anik ∈ H, n ∈ N, k ∈ Kni, Bn ⊆

⋃
k∈Kni

Anik and

µ∗(Bn) ≥
∑

k∈Kni

µ(Anik)− 2−nεi.

Clearly, Ai :=
⋃∞

n=1

⋃
k∈Kni

Anik ∈ σ(H), B ⊆ Ai for all i = 1, 2, ... andAi\B =
⋃∞

n=1

⋃
k∈Kni

Anik\
Bn. This means that

µ∗(Ai \B) ≤
∞∑
n=1

2−nεi = εi.

Set A =
⋂∞

i=1Ai ∈ σ(H). Then B ⊆ A, N := A \B ⊆ An \B for all n = 1, 2, ... and

µ∗(N) = µ∗(A \B) ≤ lim sup
i→∞

µ∗(Ai \B) ≤ lim sup
i→∞

εi = 0.

Thus the assertion follows, since B = A \N .

23



2.4 Measures on B(R)

From the lecture Stochastik 1 you already know probability distributions with density. These
are measures on B(R), the Borel σ-algebra on R (recall from Definition 1.7). We will apply
the general theory developed in the last chapters to characterise such measures.

Proposition 2.18 (Lebesgue measure on R). There is exactly one measure λ on (R,B(R))
with

λ((a, b]) = b− a (2.6)

for a, b ∈ Q with a ≤ b.

Proof. Consider H̃ := {(a, b], [a, b), (a, b), [a, b] : a, b ∈ Q, a ≤ b}, which is a semi-ring with
σ(H̃) = B(R). We define λ̃ on H̃ by

λ̃((a, b]) = λ̃([a, b)) = λ̃((a, b)) = λ̃([a, b]) = b− a.

(Note that λ̃ is the only monotone extension of λ to H.) Then, λ̃ is clearly σ-finite. It is
K = {[a, b] : a, b ∈ Q, a ≤ b} ⊆ H̃ a compact system according to Example 1.3. Furthermore,
λ̃ is inner K-regular and thus σ-additive according to Theorem 2.10. Hence, Theorem 2.16
gives the only extension of λ̃ to σ(H) = B(R).

Proposition 2.19 (Characterisation of σ-finite measures on R). A function µ : B(R)→ R+

is a σ-finite measure if and only if there is a non-decreasing and right-continuous function
G : R→ R with

µ((a, b]) = G(b)−G(a) (2.7)

for a, b ∈ Q with a ≤ b. If G̃ : R → R is another right-continuous function satisfying (2.7),
then G̃ = G+ c for some c ∈ R.

Corollary 2.20 (Characterisation of probability measures on R). A function µ : B(R) →
[0, 1] is a probability measure if and only if there is a non-decreasing and right-continuous
function F : R→ [0, 1] with lima→−∞ F (a) = 0, limb→∞ F (b) = 1 and

µ((a, b]) = F (b)− F (a) (2.8)

for a, b ∈ Q with a ≤ b. In this case, F is uniquely defined by µ.

Proof. The assertion follows directly from Proposition 2.19, since the limit condition uniquely
defines c.

Proof of Proposition 2.19. ’⇒’: Let µ be a σ-finite measure on B(R). Define G(0) := 0, and
G(x) := µ((0, x]) for x > 0 and G(x) := −µ((x, 0]) for x < 0. Then G is right-continuous,
non-decreasing, and (for example for 0 < a < b) µ((a, b]) = µ((0, b])−µ((0, a]) = G(b)−G(a).

’⇐’: The proof is similar to the proof of Proposition 2.18. LetH = {(a, b] : a, b ∈ Q, a ≤ b}
be the semi-ring of half-open intervals with ends in rational numbers. We show that (2.7)
defines a σ-additive set function µ on H. Then, using Theorem 2.16, we see that µ can
be uniquely extended to a σ-finite measure on σ(H) = B(R). Let a1, a2, . . . be such that
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⋃∞
n=1(an+1, an] = (a, b] ∈ H. Without loss of generality, a1 ≥ a2 ≥ . . . Then b = a1 and

an
n→∞−−−→ a. Due to the right continuity of G,

µ(a, b] = G(b)−G(a) = G(a1)− lim
N→∞

G(aN ) =
∞∑
n=1

G(an)−G(an+1) =
∞∑
n=1

µ((an+1, an]),

and we have shown the σ-additivity of µ.

Now, let G̃ be another function for which (2.7) applies. Then for all a ∈ R,

G̃(b) = G̃(a) + µ((a, b]) = G(b) + G̃(a)−G(a),

and the assertion follows with c = G̃(a)−G(a).

Definition 2.21 (Lebesgue measure and distribution functions). 1. The uniquely defined
measure λ from Corollary 2.18 is called one-dimensional Lebesgue measure.

2. For a probability measure µ on B(R), the function F from Corollary 2.20 is called
distribution function.

Example 2.22 (Some distribution functions). Let f : R→ R+ be piecewise continuous, and4∫∞
−∞ f(x)dx = 1. As known from the lecture Stochastik 1, such a function is called a density.
On the one hand, such density functions define a distribution function by means of

F (x) :=

∫ x

−∞
f(a)da.

On the other hand, each of these distribution functions defines a probability measure in a
unique way due to Corollary 2.20. We will look at distributions with densities in more detail
in the Radon-Nikodým theorem (see section 4.4).

As already known,

FU(0,1)(x) =

∫ x

−∞
1[0,1](a)da =


0, x ≤ 0,

x, 0 < x ≤ 1,

1, x > 1

(2.9)

is the distribution function of the uniform distribution on [0, 1]. Further, for x ≥ 0

Fexp(λ)(x) =

∫ x

−∞
1[0,∞)(a)λe

−λada = 1− e−λx (2.10)

is the distribution function of the exponential distribution with parameter λ. Furthermore,

FN(µ,σ2)(x) =
1√
2πσ2

∫ x

−∞
exp

(
− (a− µ)2

2σ2

)
da =: Φ(x) (2.11)

is the distribution function of the normal distribution N(µ, σ2) with the expected value µ and
the variance σ2.

4We assume here that the Riemann integral
∫ b

a
f(x)dx is known. (See also definition 3.22.) We will get to

know another integral term, the Lebesgue integral, in Chapter 3.
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2.5 Image measures

Let µ be a measure on some σ-algebra F . If we transform the base space by means of a
function f : Ω → Ω′, you can define a measure corresponding to the transformation on Ω′,
the so-called image measure. Let Ω := [0, 1], F = B([0, 1]) and f : u 7→ − log u. We will then
see that the image measure of µU(0,1) under f is µexp(1). We first recall the situation from
example 1.3.2 and define the image measure.

Definition 2.23 (Image measure). If (Ω,F , µ) is a measure space, (Ω′,F ′) is a measurable
space and f : Ω→ Ω′ such that σ(f) ⊆ F for σ(f) from (1.1). Then we define a set function
f∗µ : F ′ → R+ by

f∗µ(A
′) := µ(f−1(A′)) = µ(f ∈ A′), A′ ∈ F ′.

Here f∗µ is also called image measure of µ under f .
If µ is a probability measure, then f∗µ is also called distribution of f (under µ).

Remark 2.24 (Measurable functions). If σ(f) ⊆ F as in the definition above, we say that
f is measurable (with respect to F/F ′) . This concept will be discussed further in the next
section.

Proposition 2.25 (Image measure is a measure). Let (Ω,F , µ), (Ω′,F ′), f : Ω → Ω′ and
f∗µ as in Definition 2.23. Then, f∗µ is a measure on F ′.

Proof. If A′
1, A

′
2, · · · ∈ F ′ are disjoint, then

f∗µ
( ∞⊎

n=1

A′
n

)
= µ

(
f−1

( ∞⊎
n=1

A′
n

))
= µ

( ∞⊎
n=1

(f−1(A′
n)
)
=

∞∑
n=1

µ(f−1(A′
n)) =

∞∑
n=1

f∗µ(A
′
n).

This means that f∗µ is σ-additive and the assertion is shown.

Example 2.26 (Some transformations). 1. For Ω = [0, 1], {[0, b) : 0 ≤ b ≤ 1} is a ∩-
stable generating system of B([0, 1]). Let µ = µU(0,1) be the uniform distribution on
[0, 1] with distribution function FU(0,1) from (2.9) and f : u 7→ 1 − u. Then f∗µ = µ,
because

f∗µ([0, b)) = µ(f−1([0, b))) = µ([1− b, 1]) = FU(0,1)(1)− FU(0,1)(1− b) = b.

Thus, µ and f∗µ agree on a ∩-stable generator and the statement follows with Proposi-
tion 2.11.

2. Let Ω = R, fy : x 7→ x+y for a y ∈ R and λ the Lebesgue measure from Corollary 2.18.
Then (fy)∗λ = λ, because

(fy)∗λ([a, b]) = λ(f−1
y ([a, b])) = λ([a− y, b− y]) = b− a.

We say that the Lebesgue measure is translation invariant.

3. Let Ω = [0, 1],Ω′ = R+, each equipped with Borel’s σ-algebra. Further, let µ = µU(0,1)

with distribution function FU(0,1) from (2.9) and f : x 7→ − 1
λ log(x) for a λ > 0. Then

f∗µ = µexp(λ), where µexp(λ) has the distribution function Fexp(λ) from (2.10). This is
because for x ≥ 0

f∗µ([0, x]) = µ(f−1([0, x])) = µ([e−λx, 1]) = 1− e−λx.

26



Example 2.27 (Example of a non Borel-measurable set (Vitali’s set)).
So far, there has not yet been an example of a set that is not in B(R). We will now construct
such a set. It is known as Vitali’s set. For this purpose, we define an equivalence relation on
R by x ∼ y ⇐⇒ y − x ∈ Q. With respect to this equivalence relation, R decomposes into
equivalence classes of the form {x + q : q ∈ Q}. We select a number from [0, 1] from each
equivalence class, and put all such numbers into the set V . (It should be noted here that this
selection is made using the axiom of choice and is therefore not a trivial step). Further, now
for q ∈ Q ∩ [−1, 1]

Vq := {x+ q : x ∈ V }.

Then [0, 1] ⊆
⊎

q∈Q∩[−1,1] Vq ⊆ [−1, 2].
Assume that the quantity V is measurable. Then the quantities Vq would also be measurable

and, due to the translation invariance of the Lebesgue measure from Example 2.26.2, λ(Vq)
would not depend on q. So let λ(Vq) =: a ≥ 0. Furthermore, due to the monotonicity of the
Lebesgue measure

1 ≤
∑

q∈Q∩[−1,1]

λ(Vq) =
∑

q∈Q∩[−1,1]

a ≤ 3.

However, this is not possible, neither for a = 0 nor for a > 0. Because of this contradiction,
V /∈ B(R) must therefore apply.
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3 Measurable functions and the integral

In this chapter, let (Ω,F , µ) be a measure space. We can now use the measure µ to measure
the content of sets of F . The aim of introducing the integral is to weight the elements of Ω
differently in such a measurement. This weighting is carried out with a function f : Ω →
R. Such functions must fulfil the minimal requirement of measurability. The result of this
weighting leads to the concept of the integral.

3.1 Measurable functions

We already know what a measurable set (with respect to the σ-algebra F) is, i.e. A ⊆ Ω is
(F−)measurable iff A ∈ F . We will extend this notion to functions f : Ω → Ω′ (for some
measurable space (Ω′,F ′). Note that for A ∈ F , there is the indicator function ω 7→ 1A(ω),
which is the simplest form of a measurable function in Definition 3.3. We will call the linear
combination of such indicator functions a simple function, which will be measurable as well.
These are of particular importance due to Theorem 3.9, which shows that every non-negative
measurable function – see below – can be approximated from below (in the sense of pointwise
convergence) by simple functions.

Remark 3.1 (Notation). Let Ω,Ω′ be sets, f : Ω→ Ω′ and I be arbitrary.

1. We write f(A) := {f(ω) : ω ∈ A} for A ⊆ Ω and f−1(A′) := {f−1(ω′) : ω′ ∈ A′} for
A′ ⊆ Ω′. We note that the following rules apply to A′, A′

i ⊆ Ω′, i ∈ I:

f−1((A′)c) = (f−1(A′))c, f−1
(⋂

i∈I
A′

i

)
=
⋂
i∈I

f−1(A′
i), f−1

(⋃
i∈I

A′
i

)
=
⋃
i∈I

f−1(A′
i).

However, some caution is required, since for A,Ai ⊆ Ω, i ∈ I only f(
⋃

i∈I An) =⋃
i∈I f(Ai), in general, however, f(Ac) ̸= (f(A))c and f(

⋂
i∈I Ai) ̸=

⋂
i∈I f(Ai).

2. For C ⊆ 2Ω
′
we write analogously

f−1(C) := {f−1(A′) : A′ ∈ C}.

Lemma 3.2 (Pre-image of σ-algebras). Let Ω be a set and (Ω′,F ′) a measurable space,
f : Ω → Ω′ and C′ ⊆ F ′ with σ(C′) = F ′. Then σ(f−1(C′)) = f−1(σ(C′)). In particular,
f−1(F ′) is a σ-algebra on Ω.

Proof. ’⊆’: From Remark 3.1, it is clear that f−1(σ(C′)) is a σ-algebra. This means that
σ(f−1(C′)) ⊆ σ(f−1(σ(C′))) = f−1(σ(C′)).
’⊇’: We define

F̃ ′ = {A′ ∈ σ(C′) : f−1(A′) ∈ σ(f−1(C′))} ⊆ σ(C′).

Then, again due to Remark 3.1, F̃ ′ is a σ-algebra and C′ ⊆ F̃ ′ ⊆ σ(C′). Thus, F̃ ′ = σ(C′). For
A′ ∈ σ(C′), we find f−1(A′) ∈ σ(f−1(C′)), which is equivalent to f−1(σ(C′)) ⊆ σ(f−1(C′)).

Definition 3.3 (Measurable functions). Let (Ω,F) and (Ω′,F ′) be measurable spaces and
f : Ω→ Ω′.

1. The function f is called F/F ′-measurable if f−1(F ′) ⊆ F . The σ-algebra f−1(F ′)
(recall from Lemma 3.2 that this is in fact a σ-algebra) is called the σ-algebra (on Ω)
generated by f and is denoted σ(f).
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2. If (Ω,F ,P) is a probability space and X : Ω → Ω′ measurable, then X is called an
Ω′-valued random variable. The image measure X∗P from Definition 2.23 is called the
distribution of X.

3. If (Ω′,F ′) = (R,B(R)), then f is called a real-valued function. If f is measurable
according to F/B(R), we say that the function f is (Borel-)measurable.

4. If Ω′ = R and f = 1A for A ⊆ Ω, then f is called indicator function. If f =
∑n

k=1 ck1Ak

for c1, . . . , cn ∈ R pairwise different and A1, . . . , An ⊆ Ω, then f is called simple.

Example 3.4. Let (Ω,F) be a measurable space.

1. The vast majority of functions f : Ω→ R that one can imagine are (Borel-)measurable.
For example, the identity f : ω 7→ ω is measurable, since f−1(F) = F .

2. Let (Ω,O) and (Ω′.O′) be topological spaces and f : Ω → Ω′ continuous. Then f is
B(Ω)/B(Ω′)-measurable.
Indeed, by continuity we have that f−1(O′) ⊆ O. Therefore, using Lemma 3.2,

f−1(B(Ω′)) = f−1(σ(O′)) = σ(f−1(O′) ⊆ σ(O) = B(Ω).

3. It is important to see that for many measurable functions f it is true that σ(f) ⊊ F ,
see for example the next example.

4. A function f : Ω → {0, 1} is measurable if and only if f−1({1}) ∈ F . In this case,
σ(f) = {∅, f−1({1}), (f−1({1}))c,Ω}.

5. Let F = B(R). To specify a non F-measurable function, you have to make the same
effort as to construct a non Borel-measurable set. For example, the function 1V is not
measurable for the Vitali set V from Example 2.27.

Example 3.5 (Random variables). Let (E, r) be some metric space (equipped with the Borel
σ-algebra).

1. Let X be an E-valued random variable on a probability space (Ω,F ,P), and Y an
E-valued random variable on (Ω′,A,Q). If X∗P = Y∗Q, we say that X and Y are
identically distributed and write X ∼ Y . Note, however, since X and Y need not be
defined on the same probability space, it does not make sense to write something like
X − Y . If µ is a measure on B(E) and X∗P = µ, we write X ∼ µ.

2. Let (Xi)i∈I be a family of random variables on a probability space (Ω,F ,P). Then, the
distribution of ((Xi)i∈I)∗P is called the joint distribution of (Xi)i∈I .

Lemma 3.6 (Properties of measurability). Let (Ω,F), (Ω′,F ′) and (Ω′′,F ′′) be measurable
spaces.

1. If C′ ⊆ F ′ with F ′ = σ(C′), then f : Ω → Ω′ is F/F ′-measurable if and only if
f−1(C′) ⊆ F .

2. If f : Ω → Ω′ is F/F ′-measurable and g : Ω′ → Ω′′ is F ′/F ′′-measurable, then g ◦ f :
Ω→ Ω′′ is F/F ′′-measuarble.
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3. Let (Ω,O) and (Ω′,O′) be topological spaces, f : Ω→ Ω′ continuous and F = σ(O) and
F ′ = σ(O′) the Borel σ-algebras. Then f is F/F ′-measurable.

4. A real-valued function f (i.e. f : Ω→ R) is measurable (with respect to F/B(R)) if and
only if {ω : f(ω) ≤ x} ∈ F for all x ∈ Q.

5. A simple function f =
∑n

k=1 ck1Ak
with pairwise different c1, . . . , cn ∈ R and A1, . . . , An ⊆

Ω is measurable if and only if A1, . . . , An ∈ F .

Proof. 1. the ’only if’ direction is clear. For the ’if’ direction, we use Lemma 3.2 and obtain
f−1(F ′) = f−1(σ(C′)) = σ(f−1(C′)) ⊆ σ(F) = F . This means that f is F/F ′-measurable.
2. We write directly (g ◦ f)−1(F ′′) = f−1(g−1(F ′′)) ⊆ f−1(F ′) ⊆ F , which already shows the
assertion.
3. By definition of Borel’s σ-algebra, O′ is a generator for B(Ω′). Since f is continuous
(i.e. f−1(O′) ⊆ O), f−1(O′) ⊆ O ⊆ σ(O) = B(Ω) follows. According to 1. f is therefore
B(Ω)/B(Ω′)-measurable.
4. We use 1 with C = {(−∞, x] : x ∈ Q}: If Ω′ = R, then according to Lemma 3.2, B(Ω′) is
generated by C. Therefore, a f is measurable if f−1(C′) = {{ω : f(ω) ≤ x} : x ∈ R} ⊆ F .
5. Let A :=

(⋃
k=1Ak

)c
∈ F . Then f−1(B(R)) =

{
A ∪

⋃
j∈J Aj ,

⋃
j∈J Aj : J ⊆ {1, . . . , n}

}
,

from which the assertion follows.

Lemma 3.7 (Algebraic structure of measurability). Let (Ω,F) be a measurable space.

1. Let f, g : Ω→ R be measurable. Then fg, as well as af+bg for a, b ∈ R are measurable.
In addition, f/g is measurable if g(ω) ̸= 0 for all ω ∈ Ω.

2. Let f1, f2, · · · : Ω→ R be measurable. Then,

sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn, lim inf
n→∞

fn

are measurable as well. If it exists, limn→∞ fn is also measurable.

Proof. 1. Consider ψ : Ω → R2, defined by ψ(ω) = (f(ω), g(ω)). It is easy to see that ψ
is F/B(R2)-measurable. Furthermore, (x, y) 7→ ax + by and (x, y) 7→ xy are continuous on
R and (x, y) 7→ x/y on R × (R \ {0}), i.e. measurable according to Lemma 3.6.3. Thus the
assertions according to Lemma 3.6.2 follow.
2. We only show the measurability of supn∈N fn. The other statements then follow using

inf
n∈N

fn = − sup
n∈N

(−fn), lim sup
n→∞

fn = inf
n∈N

sup
k≥n

fk, lim inf
n→∞

fn = sup
n∈N

inf
k≥n

fk.

We write, for x ∈ R, according to Lemma 3.6.4{
ω : sup

n∈N
fn(ω) ≤ x

}
=

∞⋂
n=1

{
ω : fn(ω) ≤ x

}
︸ ︷︷ ︸

∈F

∈ F

and the assertion is shown.

Corollary 3.8 (Measurability of positive and negative part). Let (Ω,F) be a measurable
space and f : Ω → R. Then f is measurable if and only if f+ := f ∨ 0 and f− := (−f) ∨ 0
are measurable. Then |f | is also measurable.
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Proof. Note that f = f+ − f− and |f | = f+ + f−. Thus the assertion follows from
Lemma 3.7.2.

Theorem 3.9 (Approximation with measurable functions). Let (Ω,F) be a measurable space
and f : Ω→ R+ measurable. Then there is a sequence f1, f2, · · · : Ω→ R of simple functions
with5 fn ↑ f .

Proof. We write for6 ω ∈ Ω, n ∈ N

fn(ω) = n ∧ 2−n[2nf(ω)],

and note that fn ↑ f holds by construction. Furthermore, ω 7→ [2nf(ω)] is measurable
according to Lemma 3.6.4 if f .

3.2 Definition

The construction of the integral of a function f according to a measure will take place in
several steps. Let (Ω,F , µ) be a measure space. For the integral of f : Ω → R with respect
to µ we use different synonymous notations, namely

µ[f ] =

∫
fdµ =

∫
f(ω)µ(dω). (3.1)

The integral is first defined for simple functions fand then (see Theorem 3.9) by approximation
for general non-negative measurable functions. The integral for (not necessarily non-negative)
measurable functions is then defined by the integral of the positive and negative parts; see
Definition 3.17.

The application in probability theory is as follows: Recall the notion of a probability space
(Ω,F ,P) from Definition 2.1. Here, any measurable X : Ω → R is called a random variable
(recall from Definition def:measurable). Then, we use the notation

E[X] := P[X],

where P[X] is defined as in (3.1) and denote this by the expectation of X (with respect to P).

Definition 3.10 (Integral of simple functions). Let (Ω,F , µ) be a measure space and f =∑m
k=1 ck1Ak

a simple function with c1, . . . , cm ≥ 0, A1, . . . , Am ∈ F . Then,

µ[f ] :=

∫
fdµ :=

n∑
k=1

ckµ(Am)

is the integral of f with respect to µ.

Remark 3.11 (Integral is well-defined). We must make sure that the above integral is
well-defined. Let f =

∑n
l=1 dl1Bl

be another representation of f with d1, . . . , dn ≥ 0 and
B1, . . . , Bn ∈ F . Then,

m∑
k=1

ckµ(Ak) =

m∑
k=1

n∑
l=1

ckµ(Ak ∩Bl) =

m∑
k=1

n∑
l=1

dlµ(Ak ∩Bl) =

n∑
l=1

dlµ(Bl),

so the integral of simple functions is well-defined.
5Analogously to ’↓’, we write for x, x1, x2, · · · ∈ R that xn ↑ x if x1 ≤ x2 ≤ . . . and xn

n→∞−−−−→ x. For
functions f, f1, f2, · · · : Ω → R, fn ↑ f means that fn(ω) ↑ f(ω) for all ω ∈ Ω.

6here [x] for x ∈ R is the largest integer smaller than x, so [x] := sup{n ∈ Z : n ≤ x}.
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Lemma 3.12 (Simple properties). Let f, g be non-negative, simple functions and α ≥ 0.
Then7

µ[af + bg] = aµ[f ] + bµ[g], f ≤ g ⇒ µ[f ] ≤ µ[g].

Proof. Clear.

Example 3.13 (The integral of indicator functions and the Riemann integral). Let (Ω,F , µ)
be a measure space and A ∈ F . Then f = 1A is a simple function and the following applies

µ[f ] = µ(A)

according to definition 3.10. It should be noted that the function f = 1A no longer has to be
piecewise continuous. (Let A = Q or A be the Cantor continuum considered in Example 1.10).
Therefore, it is not clear that the function 1A is integrable in the sense of Riemann.

Definition 3.14 (The integral of measurable, non-negative functions). Let (Ω,F , µ) be a
measue space and f : Ω→ R+ measurable. The integral of f with respect to µ is given by

µ[f ] :=

∫
f(ω)µ(dω) :=

∫
fdµ := sup{µ[g] : g simple, non-negative, g ≤ f}. (3.2)

Remark 3.15 (The integral as an extension). From Lemma 3.12 it is clear that the definition
of µ[f ] for simple, non-negative functions f from Definition 3.10 and Definition 3.14 is the
same. The above definition is therefore an extension of µ[f ] to the space of non-negative,
measurable functions.

It is also important to note that, according to Theorem 3.9, each of the functions occurring
in Definition 3.14 can be approximated (pointwise) by simple functions. In particular, the
supremum is in (3.2) is over simple functions g which are arbitrarily close to f .

Proposition 3.16 (Properties of the integral). Let (Ω,F , µ) be a measure space and f, g, f1, f2, · · · :
Ω→ R+ measurable. Then the following applies:

1. If f ≤ g, then µ[f ] ≤ µ[g].

2. If
fn ↑ f, then µ[fn] ↑ µ[f ].

We say that the integral obeys monotone convergence.

3. If a, b ≥ 0, then µ[af + bg] = aµ[f ] + bµ[g].

Proof. 1. is clear from the definition of the integral. 2. From 1., it is clear that µ[f1], µ[f2], ...
is increasing. In particular, limn→∞ µ[fn] exists. We need to show limn→∞ µ[fn] ≤ µ[f ] as
well as µ[f ] ≤ limn→∞ µ[fn]. First, since f1, f2, ... ≤ f ,

lim
n→∞

µ[fn] = sup
n∈N

µ[fn] ≤ µ[f ].

Second, it is sufficient to show that

µ[g] ≤ sup
n∈N

µ[fn] (3.3)

7For f, g : Ω → R, we write f ≤ g if f(ω) ≤ g(ω) holds for all ω ∈ Ω.
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for all simple functions g ≤ f . Let g =
∑m

k=1 ck1Ak
≤ f for disjoint sets A1, . . . , Am and

c1, . . . , cm > 0. For ε > 0 and n = 1, 2, . . . let Bε
n := {fn ≥ (1− ε)g}. Since fn ↑ f and g ≤ f ,⋃∞

n=1B
ε
n = Ω for all ε > 0. Therefore

µ[fn] ≥ µ[(1− ε)g1Bε
n
] =

m∑
k=1

(1− ε)ckµ(Ak ∩Bε
n)

n→∞−−−→
m∑
k=1

(1− ε)ckµ(Ak) = (1− ε)µ[g].

Since ε > 0 was arbitrary, (3.3) follows.
For 3., let f1, g1, f2, g2, . . . be simple functions with fn ↑ f and gn ↑ g. Then, afn+bgn ↑ af+bg
and it follows

µ[af + bg] = lim
n→∞

µ[afn + bgn] = lim
n→∞

aµ[fn] + bµ[gn] = aµ[f ] + bµ[g]

from 2. because of Lemma 3.12.

We can now define the integral for measurable functions. First, we note that f+, f− ≤ |f | for
any f : Ω→ R. In particular, if f is measurable with µ[|f |] <∞, then µ[f+], µ[f−] <∞.

Definition 3.17 (Integral of measurable functions). Let (Ω,F , µ) be a measure space and
f : Ω→ R measurable. Then f is said to be µ-integrable if µ[|f |] <∞ and we define

µ[f ] :=

∫
f(ω)µ(dω) :=

∫
fdµ := µ[f+]− µ[f−]. (3.4)

We also set
L1(µ) :=

{
f : Ω→ R : µ[|f |] <∞

}
For A ∈ F we also write

µ[f,A] :=

∫
A
fdµ := µ[f1A].

Remark 3.18 (Extension of the integral and Lp-spaces). 1. If at most one of the two terms
µ[f+] or µ[f−] is infinite, we continue to define the integral µ[f ] using (3.4). In other
cases, the integral remains undefined.

2. The function spaces Lp(µ) :=
{
f : Ω→ R : µ[|f |p] <∞

}
, p > 0, will play a special role

in Section 4.

3.3 Properties of the integral

We first establish some properties of the integral. These are, for example, monotonicity and
linearity. We will also see that the integral of a function does not change if it is modified on
a null-set; see Proposition 3.21.

Proposition 3.19 (Simple properties of the integral). Let (Ω,F , µ) be a measure space and
f, g ∈ L1(µ). Then, the following holds:

1. The integral is monotone, i.e.

f ≤ g almost everywhere =⇒ µ[f ] ≤ µ[g].
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2. As a special case of 1., since −f, f ≤ |f |,

|µ[f ]| ≤ µ[|f |].

3. The integral is linear, so if a, b ∈ R, then af + bg ∈ L1(µ) and

µ[af + bg] = aµ[f ] + bµ[g].

Proof. All properties follow from Proposition 3.16.1 and 3, and the definition of the integral
for measurable functions.

Proposition 3.20 (Substitution theorem). Let (Ω,F , µ) be a measure space, (Ω′,F ′) a mea-
surable space, f : Ω → Ω′ measurable and f∗µ the image measure of f from Definition 2.23.
Then for g ∈ L1(f∗µ) it is true that g ◦ f ∈ L1(µ) and

µ[g ◦ f ] = f∗µ[g].

Proof. It is sufficient to show the assertion for simple, non-negative functions g. The general
case then follows by means of approximation by simple functions. Let g =

∑m
k=1 ck1A′

k
with

A′
k ∈ F ′. Then g ◦ f =

∑m
k=1 ck1f∈A′

k
and

µ[g ◦ f ] =
m∑
k=1

ckµ(f ∈ A′
k) =

m∑
k=1

ckf∗µ(A
′
k) = f∗µ[g].

Proposition 3.21 (Integrals and properties almost everywhere). Let (Ω,F , µ) be a measure
space and f : Ω→ R+ measurable.

1. It is f = 0 almost everywhere iff µ[f ] = 0.

2. If µ[f ] <∞, then f <∞ almost everywhere.

Proof. 1. Let N := {f > 0} ∈ F . ’⇒’: Since µ(N) = 0, we find f ≤ ∞ · 1N , so because of
Proposition 3.16.2,

0 ≤ µ[f ] ≤ µ[∞, N ] = lim
n→∞

µ[n,N ] = 0.

For ’⇐’, let Nn := {f ≥ 1/n} and thus Nn ↑ N and nf ≥ 1Nn , i.e.

0 = µ[f ] ≥ 1
nµ(Nn).

This means that µ(Nn) = 0 and therefore µ(N) = µ(
⋃∞

n=1Nn) = 0 by σ-sub-additivity of µ.
For 2., let A := {f =∞}. Since f1f≥n ≥ n1f≥n,

µ(A) = µ[1A] ≤ µ[1f≥n] ≤ 1
nµ[f, 1f≥n] ≤ 1

nµ[f ]
n→∞−−−→ 0.

This means that µ(f =∞) = 0, i.e. f <∞ almost everywhere; see Remark 2.14.

To conclude this section, we show the relationship between the (Lebesgue) integral and the
Riemann integral.
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Definition 3.22 (Piece-wise constant function and Riemann integral). Let f : R → R be a
piece-wise constant function, i.e.

f(x) =
∞∑

j=−∞
aj1[xj−1,xj)(x) (3.5)

with xj−1 ≤ xj , j ∈ Z, where aj ∈ R, j ∈ Z. Some f : [a, b] → R (with a < b) is called
Riemann-integrable if λ[|f |] <∞ and there are piece-wise constant functions f+1 , f

−
1 , f

+
2 , f

−
2 , ...

with f−n ≤ f ≤ f+n and λ[f+n − f−n ]
n→∞−−−→ 0. The Riemann integral of f is then defined by

λ[f ]. (In particular, the Riemann integral and Lebesgue integral then coincide.
A function f : R → R is called Riemann-integrable if f1K is Riemann-integrable for all

compact intervals K ⊆ R and λ[f1[−n,n]] converges. This limit is then the Riemann integral
of f with respect to λ.

Proposition 3.23 (Riemann integrability). Let f : [0,∞) → R have a discrete set of jump
points. Then f is integrable, Riemann-integrable, and

λ[f ] = lim
n→∞

∞∑
k=1

f(yn,k)(xn,k − xn,k−1) (3.6)

for 0 = xn,0 ≤ ... ≤ xn,kn = t with maxk |xn,k−xn,k−1|
n→∞−−−→ 0 and any xn,k−1 ≤ yn,k ≤ xn,k.

Proof. It is sufficient to show the assertion for continuous f . Otherwise, f can be broken
down into the continuous pieces. It is also sufficient to show the assertion for f with compact
support K. Since f is uniformly continuous on K, first choose εn ↓ 0 and xn,0 ≤ ... ≤ xn,kn
such that K ⊆ [xn,0, xn,kn ] and maxxn,k−1≤y<xn,k

|f(xn,k−1) − f(y)| < εn. Now it is easy to
find piecewise constant functions f+n and f−n such that f−n ≤ f ≤ f+n and ||f+n − f−n || ≤ εn.
Integrability and Riemann-integrability follows. The formula (3.6) is valid due to the uniform
approximation of the function f .

Example 3.24 (Differences between Riemann and Lebesgue integral). 1. We start with a
function that is Lebesgue-integrable but not Riemann-integrable. Let f = 1[0,1]∩Q. Then
1[0,1] ≤ f+ for every piece-wise constant function f+ ≥ f and f− ≤ 0 for every piece-
wise constant function f− ≤ f . In particular, f is not Riemann-integrable.

2. As can be seen from the definition of the Riemann integral, every piece-wise constant
function is simple, so every Riemann-integrable function is also Lebesgue-integrable.
The situation is different for functions on unbounded domains. Let f be given by f(t) =
(−1)⌈t⌉+1

⌈t⌉ . Then

λ[f1[0,2n]] =
2n∑
k=1

(−1)k+1

k
= 1− 1

2
+

1

3
− 1

4
+ · · · =

n∑
k=1

1

2k − 1
− 1

2k
=

n∑
k=1

1

(2k − 1)2k

and we see that the limit is finite, thus f is Riemann-integrable. However, the following
applies

λ[|f |] =
∞∑
k=1

1

k
=∞.

So, according to Definition 3.14, f is not Lebesgue-integrable.
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3.4 Convergence results

You may ask whether it is really so important that you can integrate more functions with
respect to the Lebesgue integral than with respect to the Riemann integral. After all, most
applications involve Riemann-integrable functions. However, there is another advantage of
the Lebesgue integral, which we will now discuss. In calculus, the following convergence result
for the Riemann integral is frequently given:

Theorem 3.25 (Riemann integral convergence result). Let a, b ∈ R with a < b, and f, f1, f2, ... :
[a, b] → R be piecewise continuous. If fn

n→∞−−−→ f uniformly, then (using
∫

for the Riemann
integral) ∫ b

a
fn(x)dx

n→∞−−−→
∫ b

a
f(x)dx.

As you see, this result is concerning the interchange of limits limits and integrals, which
requires a uniform convergence in this case. For convergence results with respect to the
Lebesgue integral, however, we need much weaker conditions for the exchange of integral and
limit. The most important of these are the theorem of monotone convergence and the theorem
of dominated convergence.

Theorem 3.26 (Monotone convergence). Let (Ω,F , µ) be a measure space, f1, f2, · · · ∈ L1(µ)
and f : Ω→ R measurable with fn ↑ f almost everywhere. Then,

lim
n→∞

µ[fn] = µ[f ],

where both sides can take the value ∞.

Proof. Let N ∈ F be such that µ(N) = 0 and fn(ω) ↑ f(ω) for ω /∈ N . Set gn := (fn −
f1)1Nc ≥ 0. This means that gn ↑ (f−f1)1Nc =: g and with Proposition 3.19, Proposition 3.21
and Proposition 3.16.2,

µ[fn] = µ[f1] + µ[gn]
n→∞−−−→ µ[f1] + µ[g] = µ[f ].

Theorem 3.27 (Lemma of Fatou). Let (Ω,F , µ) be a measure space and f1, f2, · · · : Ω→ R+

measurable. Then,

lim inf
n→∞

µ[fn] ≥ µ[lim inf
n→∞

fn].

Proof. For all k ≥ n, fk ≥ infℓ≥n fℓ and thus, for all n,

inf
k≥n

µ[fk] ≥ µ[ inf
ℓ≥n

fℓ]

by Proposition 3.16.1 Therefore, with n→∞

lim inf
n→∞

µ[fn] = sup
n∈N

inf
k≥n

µ[fk] ≥ sup
n∈N

µ[ inf
k≥n

fk] = µ[lim inf
n→∞

fn]

by monotone convergence, Theorem 3.26, since infk≥n fk ↑ supn∈N infk≥n fk = lim infn→∞ fn.
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Theorem 3.28 (Dominated convergence). Let (Ω,F , µ) be a measure space and f, g, f1, f2, · · · :
Ω → R measurable with |fn| ≤ g almost everywhere, limn→∞ fn = f almost everywhere, and
g ∈ L1(µ). Then,

lim
n→∞

µ[fn] = µ[f ].

Proof. Without loss of generality, |fn| ≤ g and limn→∞ fn = f holds everywhere. (Otherwise,
restrict to a set of full measure.) We use Fatou’s lemma and g − fn, g + f ≥ 0, i.e.

µ[g + f ] ≤ lim inf
n→∞

µ[g + fn] = µ[g] + lim inf
n→∞

µ[fn],

µ[g − f ] ≤ lim inf
n→∞

µ[g − fn] = µ[g]− lim sup
n→∞

µ[fn].

After subtracting µ[g],

µ[f ] ≤ lim inf
n→∞

µ[fn] ≤ lim sup
n→∞

µ[fn] ≤ µ[f ].

Example 3.29. 1. Fatou’s lemma does not require that any of the fn is integrable. We
now give an example to show that in Fatou’s lemma ’<’ rather than ’=’ holds in general.
Let λ be the Lebesgue measure and fn = 1/n (i.e. in particular, fn constant), n =
1, 2, . . . . Then fn ↓ 0, but

lim inf
n→∞

µ[fn] =∞ > 0 = µ[0] = µ[lim inf
n→∞

fn].

2. In the theorem of dominated convergence, the condition that |fn| ≤ g and g ∈ L1(µ) is
necessary. For example, let λ be the Lebesgue measure on [0, 1] and fn = n · 1[0,1/n].
Then supn∈N fn(x) = sup{n : x ≤ 1/n} =

[
1
x

]
8. So there is no g ∈ L1(λ) with fn ≤ g.

Moreover, limn→∞ fn = 0 almost everywhere (since {0} is a null-set) and

lim
n→∞

µ[fn] = 1 ̸= 0 = µ[ lim
n→∞

fn].

The situation is different for fn = n · 1[0,1/n2]. Here,

sup
n∈N

fn(x) = sup{n : x ≤ 1/n2} =
[ 1√

x

]
≤ 1√

x
=: g(x).

On the one hand, g ∈ L1(λ), so dominated convergence applies. On the other hand,
limn→∞ fn = 0 almost everywhere and

lim
n→∞

µ[fn] = lim
n→∞

1
n = 0 = µ[0] = µ[ lim

n→∞
fn].

8With [x] := sup{n ∈ Z : n ≤ x} we denote the rounding function.
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4 Lp-spaces

Throughout the following section, let (Ω,F , µ) be a measure space. We will now deal with the
set of measurable functions f : Ω→ R satisfying µ[|f |p] <∞. We will recognise the resulting
function spaces Lp(µ) as normed, complete spaces (Proposition 4.8 and Remark 4.4), which
also leads to a new concept of convergence. Furthermore, the space L2(µ) will play a special
role. It is equipped with a scalar product (namely ⟨f, g⟩ := µ[fg]), so general statements are
available here, such as the Riesz-Fréchet’s theorem (Proposition 4.11). We will use this to
characterise σ-finite measures with density by the Radon-Nikodým Theorem (Corollary 4.17).

4.1 Basics

We have already mentioned the spaces Lp(µ) in Remark 3.18. By defining the integral in the
last section, we can now take a closer look at them. In particular, we show the important
Hölder and Minkowski inequalities; see Proposition 4.2. Note that the notation ||.|| in (4.1) is
reminiscent of a norm. As we will discuss in Remark 4.4, it is almost true that Lp, equipped
with ||.||p for p ≥ 1, is a normed space.

Definition 4.1 (Lp(µ)-spaces). Let 0 < p ≤ ∞. We set

Lp := Lp(µ) := {f : Ω→ R measurable with ||f ||p <∞}

for

||f ||p := (µ[|f |p])1/p, 0 < p <∞ (4.1)

and

||f ||∞ := inf{K : µ(|f | > K) = 0}.

On the spaces Lp, p ≥ 1 we now show a triangle inequality, the Minkowski inequality. It
should also be noted that the Hölder inequality in the special case p = q = 2 is also called
the Cauchy-Schwartz inequality.

Proposition 4.2 (Hölder’s and Minkowski’s inequality). Let f, g be measurable.

1. Let 0 < p, q, r ≤ ∞ such that 1
p + 1

q = 1
r . Then,

||fg||r ≤ ||f ||p||g||q (Hölder inequality) (4.2)

2. For 1 ≤ p ≤ ∞,

||f + g||p ≤ ||f ||p + ||g||p. (Minkowski inequality) (4.3)

Proof. We start with the proof of Hölder’s inequality. In the case p = ∞ or q = ∞, the
statement is clear, so let p, q < ∞. If either ||f ||p = 0, ||f ||p = ∞, ||g||q = 0 or ||g||q = ∞,
the statement is clear as well. Let f, g ≥ 0 and 0 < ||f |||p, ||g|||q <∞ and

f̃ :=
f

||f ||p
, g̃ =

g

||g|| q
.
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Then, we have to show that ||f̃ g̃||r ≤ 1. Due to the convexity of the exponential function

(xy)r = exp
(
r
pp log x+ r

q q log y
)
≤ r

px
p + r

qy
q,

and thus

||f̃ g̃||rr = µ[(f̃ g̃)r] ≤ r
pµ[f̃

p] + r
qµ[g̃

q] = 1

and the assertion follows.

To prove Minkowski’s inequality, we first note that in the cases p = 1 and p = ∞ the
assertion is clear. In the case 1 < p <∞, q = p/(p− 1) and r = 1/p+ 1/q = 1 with Hölder’s
inequality

||f + g||pp ≤ µ[|f | · |f + g|p−1] + µ[|g| · |f + g|p−1]

≤ ||f ||p · ||(f + g)p−1||q + ||g||p · ||(f + g)p−1||q
= (||f ||p + ||g||p) · ||f + g||p−1

p ,

since ||(f + g)p−1||q = ||(f + g)q(p−1)||1/q1 = ||(f + g)p||(p−1)/p
1 = ||f + g||p−1

p . Dividing by

||f + g||p−1
p gives the result.

Proposition 4.3 (Relationship between Lr and Lq). Let µ be finite and 1 ≤ r < q ≤ ∞.
Then Lq(µ) ⊆ Lr(µ).

Proof. The assertion is clear for q =∞. So let q <∞. We use Hölder’s inequality. It applies
to f ∈ Lq, since ||1||p <∞ due to the finiteness of µ,

||f ||r = ||1 · f ||r ≤ ||1||p · ||f ||q <∞ (4.4)

for 1
p = 1

r −
1
q > 0, from which the assertion immediately follows.

Remark 4.4 (Lp(µ) as a normed space). For every p > 0, we have ||af ||p = |a| · ||f ||p
for a ∈ R. Together with Minkowski’s inequality (which we have only shown for 1 ≤ p ≤
∞), this means that Lp(µ) is a real vector space. It is crucial to note that the mapping
f 7→ ||f ||p is a pseudo-norm, but not a full norm.9 Indeed, because ||f ||p = 0 according to
Proposition 3.21 only implies that µ(f ̸= 0) = 0, but not that f = 0, we have f ̸= 0 with
||f ||p = 0. In the following, we will therefore identify functions f and g if f = g applies µ
almost everywhere. (More precisely, we introduce equivalence classes, where for f ∈ Lp, the
set {g ∈ Lp : f = g almost everywhere} is the equivalence class of f .) According to the above,
({ equivalence class of f : f ∈ Lp}, || · ||p) is a normalised space. We will show below that || · ||p
is complete (Proposition 4.8), so (Lp, || · ||p) is even a Banach space for every 1 ≤ p ≤ ∞.
However, we will not make the distinction between f ∈ Lp(µ) and its equivalence class in the
sequel.

Remark 4.5 (Counterexample for σ-finite µ). We stress that Proposition 4.3 does not hold
if µ is not finite. For example, let λ be the one-dimensional Lebesgue measure and f : x 7→
1
x · 1x>1. Then f ∈ L2(λ), but f /∈ L1(λ).

9If V is a real vector space, a mapping || · || : V → R is called norm if (i) ||x|| = 0 iff x = 0, (ii)
||a · x|| = |a| · ||x|| for all a ∈ R and x ∈ V , and (iii) ||x + y|| ≤ ||x|| + ||y|| for all x, y ∈ V . Then the pair
(V, || · ||) is called a normed space. If (i) fails, || · || is called pseudo-norm.
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4.2 Lp-convergence

We have seen in the theorem of dominated convergence (Theorem 3.28) that for a sequence
of functions that converges almost everywhere, their integrals often converge as well. The
Lp-convergence considered here now assumes convergence of integrals. We will see that the
resulting notion of convergence means that every Cauchy sequence (with respect to ||.||p), see
Definition 4.1) converges (Proposition 4.8).

Definition 4.6 (Convergence in the p-th mean). A sequence f1, f2, . . . in Lp(µ) converges
to f ∈ Lp(µ) iff

||fn − f ||p
n→∞−−−→ 0.

We then also write fn
n→∞−−−→Lp f .

Proposition 4.7 (Convergence in Lp and in Lq). Let µ(Ω) < ∞, 1 ≤ r < q ≤ ∞ and
f, f1, f2, · · · ∈ Lq. If fn

n→∞−−−→Lq f , then also fn
n→∞−−−→Lr f .

Proof. The assertion is clear for q =∞, so let q <∞. From (4.4) we have ||f−g||r ≤ ||f−g||q,
from which the assertion already follows.

Proposition 4.8 (Completeness of Lp). Let p ≥ 1 and f1, f2, . . . be a Cauchy sequence in
Lp. (That is, for every ε > 0 there is N ∈ N such that ||fn − fm||p < ε for all m,n ≥ N .)

Then there is an f ∈ Lp with ||fn − f ||p
n→∞−−−→ 0.

Proof. Let ε1, ε2, . . . be summable, e.g. εn := 2−n. Since f1, f2, . . . is a Cauchy sequence,
there is an index nk for each k with ||fm − fn||p ≤ εk for all m,n ≥ nk. In particular, the
following applies

∞∑
k=1

||fnk+1
− fnk

||p ≤
∞∑
k=1

εk <∞.

With monotone convergence and Minkowski’s inequality,∣∣∣∣∣∣ ∞∑
k=1

|fnk+1
− fnk

|
∣∣∣∣∣∣
p
≤

∞∑
k=1

||fnk+1
− fnk

||p <∞.

In particular
∑∞

k=1 |fnk+1
− fnk

| < ∞ almost everywhere, i.e. for almost all ω ∈ Ω, the
sequence fn1(ω), fn2(ω), . . . is Cauchy in R. Thus, there is a measurable mapping f with

fnk

k→∞−−−→ f almost everywhere. According to Fatou’s lemma

||fn − f ||p ≤ lim inf
k→∞

||fnk
− fn||p ≤ sup

m≥n
||fm − fn||p

n→∞−−−→ 0,

i.e. fn
n→∞−−−→Lp f .

4.3 The space L2

Recall from Remark 4.4, that Lp(µ) is in fact a Banach space for all p ≥ 1. Let us consider
the special case p = 2. We define a mapping L2 × L2 → R by

⟨f, g⟩ := µ[fg].
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Then ⟨·, ·⟩ is obviously linear, symmetric and positive semi-definite, i.e. a scalar product10

Consequently, we write f ⊥ g if and only if µ[fg] = 0. Using

||f || := ||f ||2 = ⟨f, f⟩1/2

in this section, (L2, ⟨·, ·⟩) is therefore a Hilbert space.

Lemma 4.9 (Parallelogram identity). Let be f, g ∈ L2. Then

||f + g||2 + ||f − g||2 = 2||f ||2 + 2||g||2.

Proof. From the definition of || · || and the symmetry and bilinearity of ⟨·, ·⟩,

||f + g||2 + ||f − g||2 = ⟨f + g, f + g⟩+ ⟨f − g, f − g⟩ = 2⟨f, f⟩+ 2⟨g, g⟩ = 2||f ||2 + 2||g||2.

Proposition 4.10 (Decomposition of f ∈ L2). Let M be a closed, linear subspace of L2.
Then every function f ∈ L2 has an almost everywhere unique decomposition f = g + h with
g ∈M,h ⊥M .

Proof. For f ∈ L2, we define

df := inf
g∈M
{||f − g|||}.

Choose g1, g2, . . . with ||f − gn||
n→∞−−−→ df . According to the parallelogram identity

4d2f + ||gm − gn||2 ≤ ||2f − gm − gn||2 + ||gm − gn||2 = 2||f − gm||2 + 2||f − gn||2
m,n→∞−−−−−→ 4d2f .

Thus ||gm−gn||2
m,n→∞−−−−−→ 0, i.e. g1, g2, . . . is a Cauchy sequence. According to Proposition 4.8,

there is some g ∈ L2 with ||gn − g||
n→∞−−−→ 0. Since M is closed, we find g ∈ M as well as

||h|| = df for h := f − g. So, for all t > 0, l ∈M , due to the definition of df ,

d2f ≤ ||h+ tl||2 = d2f + 2t⟨h, l⟩+ t2||l||2.

Since this applies to all t, ⟨h, l⟩ = 0, i.e. h ⊥M .

To prove uniqueness, let g′+h′ be a further decomposition of f . Then, due to the linearity
ofM , on the one hand g−g′ ∈M , on the other hand, almost everywhere, g−g′ = h−h′ ⊥M ,
i.e. g−g′ ⊥ g−g′. This means ||g−g′|| = ⟨g−g′, g−g′⟩ = 0, i.e. g = g′ almost everywhere.

Proposition 4.11 (Riesz-Fréchet). A mapping F : L2 → R is continuous and linear if and
only if there exists some h ∈ L2 with

F (f) = ⟨f, h⟩, f ∈ L2.

Then, h ∈ L2 is almost everywhere uniquely determined.

10If V is a real vector space. Then a mapping is called ⟨·, ·⟩ : V × V → R is a scalar product if (i)
⟨x, αy + z⟩ = α⟨x, y⟩+ ⟨x, z⟩ for all x, y, z ∈ V and α ∈ R (linearity), (ii) ⟨x, y⟩ = ⟨y, x⟩ (symmetry) and (iii)
⟨x, x⟩ > 0 for every x ∈ V \ {0} (positive definiteness). The norm ||x|| := ⟨x, x⟩1/2 on V is defined by a scalar
product. If (V, || · ||) is complete, then (V, ⟨·, ·⟩) is called an Hilbert space.
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Proof. ’⇐’: The linearity of f 7→ ⟨f, h⟩ follows from the bilinearity of ⟨·, ·⟩. The continuity
follows from the Cauchy-Schwartz inequality using

|⟨|f − f ′|, h⟩| ≤ ||f − f ′|| · ||h||.

’⇒’: If F ≡ 0, choose h = 0. If F ̸≡ 0, M = F−1{0} is (due to the continuity of F ) a closed
and (due to the linearity of F ) linear subspace of L2. Choose f ′ ∈ L2 \M with the (according
to Proposition 4.10 almost everywhere unique) orthogonal decomposition f ′ = g′ + h′ with
g′ ∈M and h′ ⊥M . Since f ′ /∈M , we have h′ ̸≡ 0, and F (h′) = F (f ′)− F (g′) = F (f ′) ̸= 0.
We set h′′ = h′

F (h′) , so that h′′ ⊥M and F (h′′) = 1 as well as, for all f ∈ L2

F (f − F (f)h′′) = F (f)− F (f)F (h′′) = 0.

i.e. f − F (f)h′′ ∈M , in particular ⟨F (f)h′′, h′′⟩ = ⟨f, h′′⟩ and

F (f) = 1
||h′′||2 · ⟨F (f)h

′′, h′′⟩ = 1
||h′′||2 · ⟨f, h

′′⟩ = ⟨f, h′′

||h′′||2 ⟩.

Now, the assertion follows with h := h′′

||h′′||2 .

For uniqueness, let ⟨f, h1 − h2⟩ = 0 for all f ∈ L2; in particular, with f = h1 − h2

||h1 − h2||2 = ⟨h1 − h2, h1 − h2⟩ = 0,

thus h1 = h2 µ-almost everywhere.

Remark 4.12 (Generality of the last statements). Lemma 4.9, as well as the propositions 4.10
and 4.11 also apply if L2 is replaced by any other Hilbert space.

4.4 Theorem of Radon-Nikodým

Probability measures with density are already known from the lecture Elementare probabil-
ity 1. This concept is now taken up and embedded in the context of integrals. Let ν be another
measure on F . The aim is to specify conditions when the measure ν can be represented by a
density. The answer can be found in the Radon-Nikodým theorem (Corollary 4.17). It is a
special case of Lebesgue’s decomposition theorem, Theorem 4.16. This shows that for every
two σ-finite measures µ, ν, the measure ν can be (additively) decomposed into two parts: one
absolute continuous with respect to µ and one singular with respect to µ. The absolutely
continuous part has a density with respect to µ. First we have to explain all terms.

Definition 4.13 (Absolutely continuous measures). 1. We say that ν has a density f
with respect to µ if for all A ∈ F

ν(A) = µ[f ;A].

We then write f = dν
dµ and ν = f · µ.

2. The measure ν is called absolutely continuous with respect to µ if all µ-zero sets are
also ν-zero sets. We then write ν ≪ µ. If both ν ≪ µ and µ ≪ ν, then µ and ν are
called equivalent.

3. The measures µ and ν are called singular if there is an A ∈ F with µ(A) = 0 and
ν(Ac) = 0. We then write µ ⊥ ν.
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Lemma 4.14 (Chain rule and uniqueness). Let µ be a measure on F .

1. Let ν be a σ-finite measure. If g1 and g2 are densities of ν with respect to µ, then
g1 = g2, µ-almost everywhere.

2. Let f : Ω→ R+ and g : Ω→ R be measurable. Then,

(f · µ)[g] = µ[fg],

if one of the two sides exists.

Proof. 1. Let Ω1,Ω2, · · · ∈ F be such that Ωn ↑ Ω and ν(Ωn) <∞. Set An := Ωn∩{g1 > g2}.
Since both g1 and g2 are densities of ν with respect to µ,

µ[g1 − g2;An] = 0.

Since only g1 > g2 is possible on An, g1 = g2 is 1Anµ-almost everywhere. Furthermore,

µ{g1 > g2} = µ
( ⋃

n∈N
An

)
= 0.

Analogously, µ{g1 < g2} = 0 and thus g1 = g2 µ-almost everywhere.
2. The statement is clear for g = 1A with A ∈ F . This extends step by step to simple

functions, positive measurable functions and finally to the general case.

Example 4.15 (Known densities). 1. Some density functions are already known from the
lecture Elementary probability 1. For example, let µ ∈ R, σ2 ∈ R+ be

fN(µ,σ2)(x) :=
1√
2πσ2

exp
(
− (x− µ)2

2σ2

)
and λ is the one-dimensional Lebesgue measure. Then the probability measure fN(µ,σ2) ·λ
is called normal distribution with expected value µ and variance σ2. We can compute
for some X ∼ Nµ,σ2 and h : x 7→ (x− µ)/σ

P(h(X) ≤ x) = P(X ≤ µ+ xσ) =

∫ µ+xσ

−∞
fN(µ,σ2)(y)dy

z=(y−µ)/σ
=

∫ x

−∞
fN(0,1)(z)dz,

which shows that (X − µ)/σ ∼ N(0,1).

For γ ≥ 0, let
fexp(γ)(x) := 1x≥0 · γe−γx,

the probability measure fexp(γ) · λ is called exponential distribution with parameter γ.
For example, you can now use Lemma 4.14 to calculate for some X ∼ exp(γ)

E[X] = fexp(γ) · λ[id] =
∫ ∞

0
γe−γxxdx = −e−γxx

∣∣∞
0

+

∫ ∞

0
e−γxdx =

1

γ
.

So, we have computed the expected value of the exponential distribution for the parameter
γ.
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2. Of course, there are not only densities with respect to the Lebesgue measure. Let, for
example

µ =
∞∑
n=0

δn

be the counting measure on N0 (see Example 2.2) and f : N0 → R+, given for a γ ≥ 0
by

f(k) = e−γ γ
k

k!
.

Then f · µ is the Poisson distribution for the parameter γ on 2N0 according to Exam-
ple 2.2.

Theorem 4.16 (Lebesgue’s decomposition theorem). Let µ, ν be σ-finite measures on (Ω,F).
Then ν can be written uniquely as

ν = νa + νs with νa ≪ µ, νs ⊥ µ.

The measure νa has a density with respect to µ that is µ-almost everywhere finite.

Proof. Since µ, ν are σ-finite, we find Ω1,Ω2, · · · ∈ F with Ωn ↑ Ω and ν(Ωn), µ(Ωn) < ∞.
In particular, without loss of generality, we can assume that µ, ν are finite measures. With
Proposition 4.7. the linear mapping{

L2(µ+ ν) → R)
f 7→ ν[f ]

is continuous. According to Proposition 4.11, there is some h ∈ L2(µ+ ν) with

ν[f ] = (µ+ ν)[fh], (4.5)

thus

ν[f(1− h)] = µ[fh] (4.6)

for each f ∈ L2(µ+ ν). If one chooses f = 1{h<0} in (4.5), we find

0 ≤ ν{h < 0} = (µ+ ν)[h;h < 0] ≤ 0,

i.e. h ≥ 0 (µ+ ν)-almost everywhere. Similarly, f = 1{h>1} can be used to deduce from (4.6)
that

0 ≤ µ[h; {h > 1}] = ν[1− h; {h > 1} ≤ 0,

so h ≤ 1 (µ+ ν)-almost everywhere. Now, let f ≥ 0 be measurable and f1, f2, · · · ∈ L2(µ+ ν)
with fn ↑ f . With monotone convergence,

ν[f(1− h)] = lim
n→∞

ν[fn(1− h)] = lim
n→∞

µ[fnh] = µ[fh],

i.e. (4.6) applies to all measurable f ≥ 0.
Now let E := h−1{1}. From (4.6) it follows with f = 1E that

µ(E) = µ[h;E] = ν[1− h;E] = 0.
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We define two measures νa and νs for A ∈ F by

νa(A) = ν(A \ E), νs(A) = ν(A ∩ E),

so that ν = νa + νs and νs ⊥ µ. To show that νa ≪ µ choose A ∈ F with µ(A) = 0. This
means that after (4.6)

ν[1− h;A \ E] = µ[h;A \ E] = 0.

Since h < 1 on A \ E, νa(A) = ν(A \ E) = 0, i.e. νa ≪ µ.
We claim that g := h

1−h1Ω\E is the density of νa with respect to µ. Indeed, using (4.6),

µ[g;A] = µ
[ h

1− h
;A \ E

]
= ν(A \ E) = νa(A).

To show the uniqueness of the decomposition, let ν = νa + νs = ν̃a + ν̃s for νa, ν̃a ≪ µ,
νs, ν̃s ⊥ µ. Choose A, Ã ∈ A with νs(A) = µ(Ac) = ν̃s(Ã) = µ(Ãc) = 0. Then,

νs(A ∩ Ã) = ν̃s(A ∩ Ã) = νa(A
c ∪ Ãc) = ν̃a(A

c ∪ Ãc) = 0

and therefore

νa = 1
A∩Ã · νa = 1

A∩Ã · ν = 1
A∩Ã · ν̃a = ν̃a,

νs = ν − νa = ν − ν̃a = ν̃s.

Corollary 4.17 (Theorem of Radon-Nikodým). Let µ and ν be σ-finite measures. Then, ν
has a density with respect to µ if and only if ν ≪ µ.

Proof. ’⇒’: clear.
’⇐’: According to Theorem 4.16, there is a unique decomposition ν = νa + νs with νa ≪
µ, νs ⊥ µ. Since ν ≪ µ, νs = 0 must apply and therefore ν = νa. In particular, the density of
ν exists with respect to µ.

Example 4.18. In Lebesgue’s decomposition Theorem 4.16 and in the Theorem of Radon-
Nikodým 4.17, the condition that µ and ν are σ-finite cannot be omitted, as the following
example shows:

Let (Ω,F) be a measure space with uncountable Ω and

F := {A : A or Ac countable}.

Let µ and ν be infinite measures on (Ω,F), given by

ν(A) :=

{
0, A countable,

∞, otherwise,
µ(A) :=

{
|A|, A finite,

∞, otherwise.

Then obviously ν ≪ µ. Assume there is a F-measurable density of ν with respect to µ. Then,
for all ω ∈ Ω

0 = ν{ω} = µ[f ; {ω}] = f(ω)µ({ω}) = f(ω).

Thus f = 0 and ν = 0 would contradict the definition of ν.
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5 Product spaces

Let (Ωi)i∈I be a family of sets. Then,

Ω :=×
i∈I

Ωi := {(ωi)i∈I : ωi ∈ Ωi}

is the product space of (Ωi)i∈I . We further define the projections for H ⊆ J ⊆ I

πJH :×
i∈J

Ωi →×
i∈H

Ωi,

as well as πH := πIH and πi := π{i}, i ∈ I. In this chapter, we will apply all the concepts
in the context of measurability. Of particular importance is the theorem on projective limits
of probability measures, Theorem 5.24, which will play a fundamental role in the theory of
stochastic processes.

5.1 Topology

We start with the definition of a topology on product spaces. In short, this topology is made
such that projections are continuous.

Definition 5.1 (Product space and product topology). If (Ωi,Oi)i∈I is a family of topological
spaces, then the topology O, generated by (recall from Definition A.1.7)11

C := {Ai × ×
j∈I,j ̸=i

Ωj ; i ∈ I, Ai ∈ Oi}

is called the product topology on Ω.

Remark 5.2 (Continuity of projections). All projections πi, i ∈ I are continuous with respect
to the product topology.
Indeed, it is

π−1
i (Ai) = Ai × ×

I∋j ̸=i

Ωj ∈ C ⊆ O

for Ai ∈ Oi. The projection is therefore continuous (see Definition A.1.10).

5.2 Semi-rings, rings and σ-algebras

Analogous to topology, the product σ-algebra is just such that projections are measurable
functions.

Definition 5.3 (Product-σ-algebra). If (Ωi,Fi)i∈I is a family of measurable spaces, the σ-
algebra ⊗

i∈I
Fi := σ(E), E := {Ai × ×

j∈I,j ̸=i

Ωj : i ∈ I, Ai ∈ Fi} (5.1)

is called the product-σ-algebra on Ω :=×i∈I Ωi. If (Ωi,Fi) = (Ω,F), i ∈ I, we set FI :=⊗
i∈I F .

11We write A ⊆f B if ⊆ B and A is finite.
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Remark 5.4 (Measurability of projections). Analogous to the product topology, the projec-
tions πi are measurable with respect to

⊗
i∈I Fi. This is because for Ai ∈ Fi,

π−1
i (Ai) = Ai × ×

I∋j ̸=i

Ωj ∈
⊗
i∈I
Fi.

Lemma 5.5 (Product-σ-algebra for countable products). Let I be arbitrary and (Ωi,Oi)i∈I a
family of topological spaces, and (Ω,O) the product space, equipped with the product topology
from Definition 5.1. Then

⊗
i∈I B(Ωi) ⊆ B(Ω). Moreover, if I is countable and (Ωi,Oi)i∈I

a family of separable metric spaces, then B(Ω) =
⊗

i∈I B(Ωi). In particular, B(Rd) =⊗d
i=1 B(R).

Proof. Let C be as in Definition 5.1, O the product topology (i.e. σ(O) = B(Ω)), and E as in
Definition 5.3 with Fi replaced by B(Ωi). Clearly, C ⊆ O(C) as well as C ⊆ E by definition.
In addition, E ⊆ σ(C) by definition of B(Ωi). This leads to⊗

i∈I
B(Ωi) = σ(E) ⊆ σ(C) ⊆ σ(O) = B(Ω).

In case of a countable union of separable spaces, every set in O(C) is a countable union of
sets in C (see Lemma 1.8), leading to

O(C) ⊆ σ(C), so σ(O(C)) ⊆ σ(σ(C)) = σ(C).

Hence, all assertions are shown.

Remark 5.6. If I is uncountable, by using countable intersections and unions,
⊗

i∈I B(Ωi)
only contains sets which depends on a countable number of coordinates. In contrast, σ(O(B))
contains sets which arise as uncountable intersections of closed sets, which in general depend
on an uncountable number of coordinates. This shows that for uncountable product spaces, in
general

⊗
i∈I B(Ωi) ⊊ B(Ω)).

Lemma 5.7 (Products of generators/semi-rings are generators/semi-rings). Let (Ωi,Fi) be
measurable spaces and Ω =×i∈I Ωi.

1. Let I be finite and Hi a semi-ring with σ(Hi) = Fi. Then

H := {×
i∈I

Ai : Ai ∈ Hi, i ∈ I} (5.2)

is a semi-ring with σ(H) =
⊗

i∈I Fi.

2. Let I be arbitrary and Hi a ∩-stable generator of Fi, i ∈ I. Then

H := {×
i∈J

Ai × ×
i∈I\J

Ωi : J ⊆f I, Ai ∈ Hi, i ∈ J}

is a ∩-stable generator of
⊗

i∈I Fi.
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Proof. For 1., let I = {1, . . . , d} without loss of generality. It is clear that H is ∩-stable.
Property (ii) for semi-rings is shown by induction over d. The assertion is clear for d = 1,
since H1 is a semi-ring. If it holds to d− 1, then

(A1 × · · · ×Ad) \ (B1 × · · · ×Bd)

=
(
A1 × · · · ×Ad−1 × (Ad \Bd)

)
⊎
(
(A1 × · · · ×Ad−1) \ (B1 × · · · ×Bd−1)

)
× (Ad ∩Bd)

The first term of the last line can be represented as a disjoint union of sets from H, since Hd

is a semi-ring. The second term can be represented as a disjoint union, since by the induction
hypothesis, (A1 × · · · × Ad−1) \ (B1 × · · · × Bd−1) can be represented as a disjoint union of
sets of the form H1 × · · · ×Hd−1 with Hi ∈ Hi, i = 1, . . . , d− 1.

For 2. it is again clear that H is ∩-stable. From (5.1) it immediately follows that H ⊆⊗
i∈I Fi, therefore σ(H) ⊆

⊗
i∈I Fi. Conversely, it is clear that for Ai ∈ Fi

Ai ××
j ̸=i

Ωj ∈ σ
({
Ai ××

j ̸=i

Ωj : Ai ∈ Hi

})
⊆ σ(H),

from which
⊗

i∈I Fi ⊆ σ(H) and thus the assertion follows.

Corollary 5.8 (Borel’s σ-algebra on Rd is generated by cylinders). Let Ω = Rd. For a =
(a1, . . . , ad), b = (b1, . . . , bd) ∈ Rd we set a ≤ b if and only if ai ≤ bi, i = 1, . . . , d, and with

(a, b] = (a1, b1]× · · · × (ad, bd]

the half-open cylinder. Then,

H := {(a, b] : a, b ∈ Q, a ≤ b}

is a semi-ring with σ(H) = B(Rd).

Proof. According to Example 1.3.1 and Lemma 5.7.1,H is a semi-ring that generates
⊗d

i=1 B(R) =
B(Rd); see Lemma 5.5.

5.3 Measures and integrals

Integrals in multi-dimensional spaces are already known from calculus. We now first define
measures on product spaces and the corresponding (multiple) integrals. Fubini’s theorem
(Theorem 5.13) can then be used to interpret and analyse integrals according to measures
on product spaces as multiple integrals. For this purpose, it is necessary that the integrands
appearing in the multiple integrals are measurable. This is ensured in Lemma 5.11. In order
to be able to define measures on product spaces in sufficient generality, we first need the
concept of the transition kernel.

Definition 5.9 (Transition kernel). Let (Ωi,Fi), i = 1, 2 be measurable spaces. A mapping
κ : Ω1×F2 → R+ is called a transition kernel from (Ω1,F1) to (Ω2,F2) if (i) for all ω1 ∈ Ω1,
the map κ(ω1, .) is a measure on F2 and (ii) for all A2 ∈ F2 κ(., A2) is F1-measurable.

A transition kernel is called σ-finite if there is a sequence Ω21,Ω22, · · · ∈ F2 with Ω2n ↑ Ω2

and supω1
κ(ω1,Ω2n) <∞ for all n = 1, 2, . . . It is called stochastic kernel or Markov kernel

if for all ω1 ∈ Ω1 the map κ(ω1, .) is a probability measure.
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Example 5.10 (Markov chain). Let Ω = {ω1, . . . , ωn} be finite and P = (pij)1≤i,j≤n with
pij ∈ [0, 1] and

∑n
j=1 pij = 1. Then,

κ(ωi, .) :=
n∑

j=1

pij · δωj

is a Markov kernel from (Ω, 2Ω) to (Ω, 2Ω). Here, P as a stochastic matrix is the transition
matrix of a homogeneous, Ω-valued Markov chain.

Lemma 5.11 (Measurability of integrable sections). Let (Ωi,Fi), i = 1, 2 be measurable
spaces, κ be a σ-finite transition kernel from (Ω1,F1) to (Ω2,F2) and f : Ω1 × Ω2 → R+ to
F1 ⊗F2 measurable. Then

ω1 7→ κ(ω1, .)[f ] :=

∫
κ(ω1, dω2)f(ω1, ω2)

to F1-measurable.

Proof. We assume that κ(ω1,Ω2) < ∞ for all ω1 ∈ Ω1. (The general case is then performed
using a sequence Ω11,Ω12, · · · ∈ F1 with Ω1n ↑ Ω1.) Let

D := {A ∈ F1 ⊗F2 : ω1 7→ κ(ω1, .)[1A] is F1-measurable}.

Then it is easy to check that D is a ∩-stable Dynkin system. Furthermore, H ⊆ D, where H
is defined as in (5.2). Thus, according to Theorem 1.13, F1 ⊗ F2 = σ(H) ⊆ D ⊆ F1 ⊗ F2.
Therefore, ω1 7→ κ(ω1, .)[1A] is measurable for all A ∈ F1 ⊗ F2 with respect to F1. This
statement can be extended immediately by using a simple function instead of 1A. By mono-
tonic convergence, it then also follows that ω1 7→ κ(ω1, .)[f ] is measurable for all measurable,
non-negative functions according to F1.

Theorem 5.12 (Theorem of Ionescu-Tulcea). Let (Ωi,Fi), i = 0, . . . , n measurable spaces, µ a

σ-finite measure on F0 and κi a σ-finite transition kernel of
(
×i−1

j=0Ωj ,
⊗i−1

j=0Fj

)
to (Ωi,Fi),

i = 1, . . . , n. Then there is exactly one σ-finite measure µ
⊗n

i=1 κi on
(
×n

i=0Ωi,
⊗n

i=0Fi

)
with(
µ

n⊗
i=1

κi

)
(A0 × · · · ×An) =

∫
A0

µ(dω0)
(∫

A1

κ1(ω0, dω1) · · ·
(∫

An

κn(ω0, . . . , ωn−1, dωn)
)
· · ·
)
.

(5.3)

Proof. We show the theorem only for n = 1, the general case is then done by induction.

The proof is an application of Theorem 2.16. First we establish that according to Lemma 5.7,
the set system H defined in (5.2) is a semi-ring on×n

i=1Ωi. We first show that the given
set function is σ-finite on H. Namely, there is Ωi1,Ωi2,∈ Fi with Ωin ↑ Ωi, i = 0, 1 with
µ(Ω0n) < ∞, κ1(ω0,Ω1n) < ∞, n = 1, 2, . . . , ω0 ∈ Ω0 and supω0∈Ω0

κ1(ω0,Ω1n) =: Cn < ∞.
This means that µ⊗κ1(Ω0n×Ω1n) ≤ Cn ·µ(Ω0n) <∞ and Ω0n×Ω1n ↑ Ω0×Ω1. This means
that µ ⊗ κ1 is also σ-finite. If we define µ̃ on H using (5.3), this is therefore a σ-finite set
function.
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We now show that µ̃ is σ-subadditive and finitely additive on H. For A1, . . . , An ∈ H and
A =

⋃∞
n=1An ∈ H, by σ-subadditivity of κ1(ω0, .) for all ω0 ∈ Ω0

µ̃(A) =

∫
µ(dω0)

∫
κ1(ω0, dω1)1A(ω0, ω1)

≤
∞∑
n=1

∫
µ(dω0)

∫
κ1(ω0, dω1)1An(ω0, ω1) =

∞∑
n=1

µ̃(An).

Similarly, finite additivity is shown. According to Lemma 2.5, µ̃ is therefore σ-additive. From
Theorem 2.16 it now follows that there is exactly one extension of µ̃ to σ(H) =

⊗n
i=1 σ(Hi),

which is the one given in the theorem.

We now deal with the measure defined in Theorem 5.12.

Theorem 5.13 (Fubini’s theorem). Let (Ωi,Fi), µ, κi and µ
⊗n

i=1 κi be as in Theorem 5.12.
Further, let f :×n

i=0Ωi → R+ be measurable with respect to
⊗n

i=0Fi. Then,∫
fd
(
µ

n⊗
i=0

κi
)
=

∫
µ(dω0)

(∫
κ1(ω1, dω2) · · ·

(∫
κn(ω0, . . . , ωn−1, dωn)f(ω0, . . . , ωn)

)
· · ·
)
.

(5.4)

This equality also applies if f :×n
i=0Ωi → R is measurable with

∫
|f |d

(
µ
⊗n

i=0 κi
)
<∞.

Proof. Consider the set function µ̃ on
⊗n

i=0Fi, given by

µ̃ : A 7→
∫
µ(dω0)

(∫
κ1(ω1, dω2) · · ·

(∫
κn(ω0, . . . , ωn−1, dωn)1A(ω0, . . . , ωn)

)
· · ·
)
.

You can see that µ̃ corresponds on H from (5.2) with µ
⊗n

i=1 κi. Since H is ∩-stable, the
equality (5.4) for indicator functions follows due to Proposition 2.11. By means of linearity
of the integral, (5.4) is first extended to simple functions and then using monotonicity to
any non-negative, measurable function. Note that all occurring integrands are measurable
according to Lemma 5.11.

Corollary 5.14 (Product measures). Let Ω =×n
i=1Ωi and Hi ⊆ 2Ωi be a semi-ring, i =

1, . . . , n, and µi : Hi → R+ σ-finite and, σ-additive, i = 1, . . . , n. Then there is exactly one
measure µ1 ⊗ · · · ⊗ µn on

⊗n
i=1 σ(Hi) with

µ1 ⊗ · · · ⊗ µn(A1 × · · · ×An) = µ1(A1) · · ·µn(An). (5.5)

For a measurable function f : Ω→ R+, the value of the integral does not depend on the order
of integration of the coordinates ω, ..., ωn, i.e. for every permutation π on {1, . . . , n},∫

fdµ1 ⊗ · · · ⊗ µn =

∫ (
· · ·
(∫

f(ω1, . . . , ωn)µπ(1)(dωπ1)
)
· · ·
)
µπ(n)(dωπ(n)).

This formula also applies to f : Ω→ R, if
∫
|f |dµ1 ⊗ · · · ⊗ µn <∞.

Proof. The corollary follows directly from Theorem 5.12 and Theorem 5.13 if you set κi(ω0, . . . , ωi−1, .) =
µi(.) for all ω0, . . . , ωi−1.
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Definition 5.15 (Finite product measure). Consider the same situation as in Corollary 5.14.
Then, the unique measure µ1⊗ · · · ⊗ µn from Corollary 5.14 is called the product measure of
µ1, . . . , µn. We also write

n⊗
i=1

µi := µ1 ⊗ · · · ⊗ µn.

If (Ωi,Hi, µi) = (Ω0,Hi, µ0), i = 1, . . . , n, i.e. all spaces are equal, we also denote it by

µ⊗n
0 := µ1 ⊗ · · · ⊗ µn.

Example 5.16 (multidimensional Lebesgue measure). 1. Let λ be the one-dimensional Lebesgue
measure on B(R) from Proposition 2.18. Then λ⊗d is the d-dimensional Lebesgue mea-
sure.

2. Let f : R2 → R be given by

f(x, y) =
xy

(x2 + y2)2
.

Then, for every x ∈ R ∫
λ(dy)f(x, y) = 0,

since f(x, .) ∈ L1(λ) and f(x, y) = −f(x,−y). Therefore, in particular∫
λ(dx)

(∫
λ(dy)f(x, y)

)
=

∫
λ(dy)

(∫
λ(dx)f(x, y)

)
= 0.

However, |f | is not integrable with respect to λ⊗2 because f has a non-integrable pole in
(0, 0). As this example shows, we have to be careful with multiple integrals. In particular,
it does not follow from the equality and finiteness of multiple integrals that the integrand
is integrable.

5.4 Convolution of measures

We now consider a simple combination of product dimensions and image measure. To convolve
measures µ, ν on B(R), we first consider the product measure µ ⊗ ν. The image measure
under summation is then the convolution of µ, ν. We will later identify this convolution as
the distribution of X + Y if X,Y are independent random variables with distribution µ and
ν, respectively. Sometimes, for example with Poisson distributions and normal distributions,
the convolution is again a Poisson or normal distribution.

Definition 5.17 (Convolution of measures). Let µ1, . . . , µn be σ-finite measures on B(R) and
µ1 ⊗ · · · ⊗ µn their product measure. Further, let S(x1, . . . , xn) := x1 + · · · + xn. Then the
image measure S∗(µ1 ⊗ · · · ⊗ µn) is called the convolution of the measures µ1, . . . , µn and is
denoted by µ1 ∗ · · · ∗ µn or ∗ni=1µi.

Example 5.18 (Convolution of Poisson and geometric distributions). 1. For γ1, γ2 ≥ 0
let µPoi(γ1) and µPoi(γ2) be two Poisson distributions from Example 2.2. We calculate
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the convolution of the two distributions by

µPoi(γ1) ∗ µPoi(γ2) =
∑
m,n

1m+n=ke
−(γ1+γ2)γ

m
1 γ

n
2

m!n!
· δk

=

k∑
m=0

e−(γ1+γ2) γm1 γ
k−m
2

m!(k −m)
· δk

= e−(γ1+γ2) (γ1 + γ2)
k

k!
· δk

k∑
m=0

(
k

m

)
γm1 γ

k−m
2

(γ1 + γ2)k

= µPoi(γ1+γ2).

2. The geometric distribution for the parameter p ∈ [0, 1] is as well known from Exam-
ple 2.2. The convolution of two measures µgeom(p) is given by

µgeom(p) ∗ µgeom(p) =
k∑

m=2

(1− p)m−1p(1− p)k−m−1p · δk

= (k − 1)(1− p)k−2p2 · δk.

This is a negative binomial distribution for the parameters p and 2.

Lemma 5.19 (Convolution of distributions with densities). Let λ be a measure on B(R),
µ = fµ · λ and ν = fν · λ for measurable densities fµ, fν : R→ R+. Then µ ∗ ν = fµ∗ν · λ with

fµ∗ν(t) =

∫
fµ(s)fν(t− s)λ(ds).

Proof. The proof is a simple application of Fubini’s theorem, Theorem 5.13.

Example 5.20 (Convolution of normal distributions). Let fN(µ1,σ2
1)

and fN(µ2,σ2
2)

be the

density functions of two normal distributions with expected value µ1, µ2 and variance σ21 and
σ22, respectively. Let further µ := µ1+µ2 and σ

2 = σ21+σ
2
2. Then the density of the convolution

is given by

x 7→ 1

2π
√
σ21σ

2
2

∫
exp

(
− (y − µ1)2

2σ21
− (x− y − µ2)2

2σ22

)
dy

y→(y−µ1)σ/(σ1σ2)
=

1

2πσ

∫
exp

(
− σ22y

2

2σ2
−

(
(x− µ)− y σ1σ2

σ

)2
2σ22

)
dy

=
1

2πσ

∫
exp

(
−
σ22y

2 +
(
(x− µ) σ

σ2
− σ1y

)2
2σ2

)
dy

=
1

2πσ

∫
exp

(
−

(σy − σ1
σ2
(x− µ))2

2σ2
−

(x− µ)2
(
σ2

σ2
2
− σ2

1

σ2
2

)
2σ2

)
dy

=
1√
2πσ2

exp
(
− (x− µ)2

2σ2

)
.

So, the convolution is again a normal distribution. This now has expected value µ and variance
σ2.
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5.5 Projective families of probability measures

So far we have defined σ-finite measures on finite product spaces. This is not sufficient for
the probability theory to be discussed later. To understand this, let us recall the infinite
coin toss, which was already considered in the lecture Elementary probability 1. Here, we
would say that Ω = {head, tail}N and the corresponding probability measure is the product
measure P⊗∞ of P = 1

2δhead+
1
2δtail. However, this is an infinite (but still countable) product

measure whose existence we have not yet shown. More generally, a large part of the lecture
Stochastic Processes will contain such measures (even on uncountable product spaces). We
now give the general construction of probability measures on product measures, which goes
back to Kolmogorov (and Daniell). It should be mentioned here that in the resulting theorem
of Kolmogorov (theorem 5.24) the assumption is made that Ω is Polish.

Definition 5.21 (Projective limit). 1. Let (Ω,F) be a measurable space, I an arbitrary
index set and (ΩJ ,FJ)J⊆f I be a family of measurable product spaces, equipped with the
product σ-algebra, as in Definition 5.3. A family of probability measures (PJ)J⊆f I ,

where PJ is a probability measure on FJ , is called a projective family if

PH = (πJH)∗PJ

for all H ⊆ J ⊆f I. (In other words, projection of coordinates in J to coordinates in H
under PJ leads to PH .)

2. If for a projective family (PJ)J⊆f I of probability measures there exists a probability

measure PI on FI with PJ = (πJ)∗PI for all J ⊆f I, then PI is called the projective
limit of the projective family. We then write

PI = lim←−
J⊆f I

PJ .

Example 5.22 (Projective limits and stochastic processes). Projective families play a major
role in at least two situations.

1. Let (Ω,F ,P) be a probability space and I an infinite index set. In Definition 5.15 we
have defined the product measure P⊗J on FJ for each J ⊆f I. The family (P⊗J)J⊆f I

is projective. If H ⊆ J ⊆f I, then for Ai ∈ F , i ∈ H,

(πJH)∗P
⊗J
(×
i∈H

Ai

)
= P⊗J

(
(πJH)−1

(×
i∈H

Ai

))
= P⊗J

(×
i∈H

Ai × ×
i∈J\H

Ω
)

=
∏
i∈H

P(Ai) ·
∏

i∈J\H

P(Ω)

=
∏
i∈H

P(Ai)

= P⊗H
(×
i∈H

Ai

)
.

However, we have not yet shown that the projective limit of (P⊗J)J⊆f I exists. We

would then call this the infinite product measure P⊗I . (In particular, this would give
the probability space for the infinite coin toss from the beginning of this section.)
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2. Let (Ω,F ,P) be a probability space, I an arbitrary index set, (Ω̃, F̃) a measurable space
and Xi : Ω → Ω̃, i ∈ I a random variable (i.e. a function measurable with respect to
F/Fi). We will call the family X := (Xi)i∈I a stochastic process. So X : Ω→ Ω̃I with
X (ω) = (Xi(ω))i∈I . One can now ask whether the distribution of X (i.e. the image
measure X∗P) exists as a distribution on F̃I .

It should be noted that P̃J := ((Xj)j∈J)∗P, J ⊆f I is a projective family. If H ⊆ J ⊆f I

and Ãi ∈ F̃ , i ∈ H, then

(πJH)∗P̃J

(×
j∈H

Ãj

)
= P̃J

(
(πJH)−1×

j∈H
Ãj

)
= P̃J

(×
j∈H

Ãj × ×
j∈J\H

Ω̃
)

= P
(
Xj ∈ Ãj , j ∈ H and Xj ∈ Ω̃, j ∈ J \H

)
= P

(
Xj ∈ Ãj , j ∈ H

)
= P̃H

(×
j∈H

Ãj

)
.

As Theorem 5.24 below shows, the distribution X∗P (which is then the projective limit
of (P̃J)J⊆f I) exists at least if F̃ is the Borel’s σ-algebra of a Polish space.

Remark 5.23 (Uniqueness of the projective limit). For each projective family (PJ)J⊆f I there

is at most one projective limit: If PI and P̃I are two projective limits, then for

H′ :=
{
×
i∈J

Ai × ×
i∈I\J

Ωi, Ai ∈ Fi, i ∈ J ⊆f I
}
,

we see that H′ generates FI (compare with H from Lemma 5.7), and is ∩-stable. Hence, for
A =×i∈J Ai ××i∈I\J Ωi ∈ H′,

PI(A) = PJ

(
×
i∈J

Ai

)
= P̃J

(
×
i∈J

Ai

)
= P̃I(A).

This means that PI and P̃I coincide on the ∩-stable generator and according to Proposi-
tion 2.11, PI = P̃I . The content of the next theorem is that there is exactly one projective
limit for Polish spaces.

Theorem 5.24 (Existence of processes, Kolmogorov). Let (Ω,O) be Polish, F = B(O) and
(PJ)J⊆f I a projective family of probability measures on F . Then there is the projective limit
lim←−J⊆f I

PJ .

Proof. Let H′ be as in Remark 5.23 and µ be a finite additive set function on H′, defined by
the projective family using

µ
(
×
j∈J

Aj × ×
i∈I\J

Ω
)
:= PJ

(
×
j∈J

Aj

)
.

According to Lemma 5.7, H is a semi-ring and µ is a well-defined content on H. Further,

K := {×
j∈J

Kj × ×
i∈I\J

Ω : J ⊆f I,Kj compact} ⊆ H
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is a compact system.
We now show that µ is inner regular with respect to K. Let ε > 0,×i∈J Ai××i∈I\J Ω ∈ H

for J ⊆f I and Ai ∈ F , i ∈ J . Since Pj is a measure for j ∈ I, according to Lemma 2.9 there
are compact sets Kj ∈ F with Kj ⊆ Aj and Pj(Aj \Kj) ≤ ε. This means that

µ
((
×
i∈J

Ai × ×
i∈I\J

Ω
)
\
(
×
i∈J

Ki × ×
i∈I\J

Ω
))

= µ
((

(×
i∈J

Ai) \ (×
i∈J

Ki

))
× ×

i∈I\J
Ω
)

= PJ

((×
j∈J

Aj

)
\
(×
j∈J

Kj

))
≤ PJ

( ⋃
j∈J

(Aj \Kj)××
i ̸=j

Ω
)

≤
∑
j∈J

PJ

(
(Aj \Kj)××

i ̸=j

Ω
)

=
∑
j∈J

Pj(Aj \Kj)

≤ |J |ε.

Since J was finite and ε > 0 was arbitrary, we have shown inner regularity of µ with respect
to K. According to Theorem 2.10, µ is σ-additive. Furthermore, µ(ΩI) = 1, so µ can be
uniquely extended to a measure P on σ(H′) = FI according to Theorem 2.16. This must be
the projective limit of (PJ)J⊆f I .
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Part II

Probability Theory
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Prelude

These are the notes of a lecture which I gave at the University of Freiburg. After some
elementary probability and measure theory, this course introduces some main concepts in
(measure theoretic) probability theory. As a prerequisite, for measure theoretic contents, we
refer to my manuscriptMeasure theory for probabilists. In particular, references to Chapters 1–
5 are references to this manuscript.

The following books have guided me as references for the purpose of this manuscript.

• Durrett, Rick. Probability: Theory and Examples, Cambridge Series in Statistical and
Probabilistic Mathematics, 2019

• Kallenberg, Olaf. Foundations of Modern Probability Theory. Springer, third edition,
2021

• Klenke, Achim. Probability theory. A comprehensive course. Springer, 2014

Throughout the manuscript, we will use a probability space (Ω,F ,P) (recall from Defini-
tion 2.1). The integral with respect to P is denoted by E[·] := P[·] (recall from Chapter 3).
Further, we abbreviate Lp := Lp(P) if this does not lead to confusion (recall these spaces
from Chapter 4.

Our aim in the present course is to provide the most important probabilistic statements
available. Fundamental to this is the concept of the random variable, which we will examine
in Chapter 6 (see also Definition 3.3). We will often consider the case of E-valued random
variables, where E is a Polish space (see Appendix A in the lecture notes on measure theory).
The most influential theorems in probability theory are the strong law of large numbers (LLN,
Theorem 8.21) and the central limit theorem (CLT, Theorem10.8). These two theorems are
limit statements for random variables, and it is important to note that the type of convergence
in both theorems is fundamentally different. While the strong LLN describes an almost sure
convergence (refer to Remark 2.14), the CLT is a statement about convergence in distribution
(i.e. about the weak convergence of the distributions of the random variables; see Chapter 9).
Consequently, one of the tasks will be to understand the relationships between different types
of convergence (see Chapter 7 and 9).

The present english version of this manuscript was written based on the German version
with the help of DeepL.
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6 Random variables

We usually use real-valued random variables X : Ω → R (i.e. Borel-measurable functions,
i.e. random variables with values in R, measurable with respect to the Borel σ-algebra in R;
recall from Definition 1.7)). We will now recall several concepts from measure theory about
random variables and which we will need directly in the following. We will mainly deal with
connecting the lecture to measure theory on one side, and Basic Probability on the other side.

6.1 Repetition

Recall that we assume throughout that a probability space (Ω,F ,P) is given. In Defini-
tion 3.5, we already gave several notions with a relationship to random variables, which we
recall for completeness.

Remark 6.1 (Random variables and their distribution). Let (Ω′,F ′) be a measurable space.

1. Every F/F ′-measurable function X is called (Ω′-valued) random variable. If (Ω′,F ′) =
(R,B(R)), it is called real-valued. The σ-algebra σ(X) = {X−1(B) : B ∈ F ′)} is the
σ-algebra generated by X (see Definition 3.3).

2. The probability measure X∗P on F ′ (i.e. the image measure of P under X; see Sec-
tion 2.5) is called distribution of X. Furthermore, if Y is a random variable and
X∗P = Y∗P (i.e. P(X ∈ A′) = P(Y ∈ A′) for all A′ ∈ F ′), then X and Y are iden-

tically distributed and we write X
d
= Y . However, this notation should be used with

caution, as the equality X
d
= Y cannot be achieved by equivalence transformations to

other statements. (For example X
d
= Y does in general not imply X − Y d

= 0).

3. For a family (Xi)i∈I of random variables, their joint distribution is given by ((Xi)i∈I)∗P.
(This is the image measure under the mapping (Xi)i∈I : ω 7→ (Xi(ω))i∈I).

4. We will use the following notation: IfX is a random variable with distributionN(µ, σ2).
(This means means that X : Ω 7→ R is a measurable mapping and X∗P = µN(µ,σ2); see
example 2.22.) Then, we write X ∼ N(µ, σ2). Here, read ’∼’ as has distribution.

5. Let λ be another measure on F and f : Ω → R with f ≥ 0 almost everywhere and
λ[f ] = 1. Then, X has the density f with respect to µ if and only if X∗P = f · λ (see
Definition 4.13). Then, for A ∈ F ,

P(X ∈ A) = µ[f,A].

In this case, for g : R→ R that (see Lemma 4.14),

E[g(X)] = (X∗P)[g] = (f · µ)[g] = µ[fg],

if the right-hand side exists.

6. Monotonicity and linearity of the integral means for random variables X,Y ∈ L1 and
a, b ∈ R:

X ≤ Y almost surely =⇒ E[X] ≤ E[Y ],

E[aX + bY ] = aE[X] + bE[Y ].
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Furthermore, according to Proposition 3.21,

E[X] <∞ =⇒ P(X <∞) = 1.

Although we already have a σ-algebra F , in further sections, especially in the introduction of
the conditional expectation in Chapter 11, the σ-algebra generated by X will play a special
role. Simply put, a real-valued random variable Y is σ(X)-measurable if and only if Y = φ(X)
for a Borel-measurable mapping φ. In other words, this means that the value of Y (ω) is known
if you know X(ω), although you do not know what value ω has assumed. See also Exercise ??.

Lemma 6.2 (Measurability with respect to σ(X)). Let (Ω′,F ′) be a measurable space and
X a random variable with values in Ω′, and Z : Ω → R. The, Z is σ(X)-measurable if and
only if there is a F ′/B(R)-measurable mapping φ : Ω′ → R with φ ◦X = Z.

Proof. ’⇐=’: clear
’=⇒’: It suffices to consider the case Z ≥ 0; otherwise, we write Z = Z+−Z−. First, let Z =
1A for A ∈ σ(X). Then there is an A′ ∈ F ′ with X−1(A′) = A, i.e. Z = 1X−1(A′) = 1A′ ◦X,
i.e. φ = 1A′ fulfills the statement. Due to linearity, the statement is also true for simple
functions, i.e. finite linear combinations of indicator functions. In the general case, there are
simple functions Z1, Z2, · · · ≥ 0 with Zn ↑ Z. In addition, there are F ′-measurable functions
φn with Zn = φn ◦X. Then φ = supn φn is again F ′-measurable and, since Z ≥ 0, and

φ ◦X = (sup
n
φn) ◦X = sup

n
(φn ◦X) = sup

n
Zn = Z.

We now briefly repeat the convergence theorems for integrals in the context of of random
variables.

Proposition 6.3 (Integral convergence theorems). Let X,X1, X2, . . . be real-valued random
variables.

1. Lemma of Fatou, Theorem 3.27: If X1, X2, ... ≥ 0, then

lim inf
n→∞

E[Xn] ≥ E[lim inf
n→∞

Xn].

2. Monotone convergence, Theorem 3.26: If X1, X2, · · · ∈ L1 and Xn ↑ X almost surely,
then

lim
n→∞

E[Xn] = E[X],

where both sides can take the value ∞.

3. Dominated convergence, Theorem 3.28: Let Xn
n→∞−−−→ X almost surely, and Y another

real-valued random variable with |X1|, |X2|, · · · ≤ Y almost surely, and E[Y ] < ∞.
Then,

E[Xn]
n→∞−−−→ E[X].

We now collect (and re-prove) already known inequalities. They often help to estimate prob-
abilities or expected values. Most of the inequalities are already known from the lecture on
Basic Probability.
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Proposition 6.4 (Markov and Chebyshev inequality). 1. Let X be a random variable with
values in R+ and x ∈ R+. Then the Markov inequality holds, i.e.,

P(X ≥ x) ≤ E[X]

x
.

2. If X is a real-valued random variable and p, x ∈ R+, then the Chebyshev inequality
holds, i.e.

P(|X| ≥ x) ≤ E[|X|p]
xp

.

Proof. 1. Since X is non-negative, we find x · 1X≥x ≤ X. Thus,

x ·P(X ≥ x) = E[x · 1X≥x] ≤ E[X],

and the inequality follows. The inequality in 2. follows from 1. by

P(|X| ≥ x) = P(|X|p ≥ xp) ≤ E[|X|p]
xp

.

The next statement was already given in Proposition 4.2.

Proposition 6.5 (Minkowski and Hölder inequalities). Let X,Y be real-valued random vari-
ables.

1. If 0 < p, q, r ≤ ∞ such that 1
p + 1

q = 1
r . Then,

E[|XY |r]1/r ≤ E[|X|p]1/p ·E[|Y |q]1/q (Hölder inequality) (6.1)

Especially, if p = q = 2

E[|XY |] ≤ E[|X|2]1/2 ·E[|Y |2]1/2. (Cauchy-Schwartz inequality) (6.2)

2. For 1 ≤ p ≤ ∞,

E[|X + Y |p]1/p ≤ E[|X|p]1/p +E[|Y |p]1/p, 1 ≤ p ≤ ∞ (Minkowski inequality)
(6.3)

Proposition 6.6 (Jensen’s inequality). Let I ⊆ R be an open interval and X ∈ L1 with
values in I and φ : I → R convex.12 Then,

E[φ(X)] ≥ φ(E[X]).

Proof. Since φ is convex, φ is continuous and

t 7→ φ(tx+ (1− t)y)− φ(y)
t(x− y)

12A mapping φ : I → R is convex if φ(tx+ (1− t)y) ≤ tφ(x) + (1− t)φ(y) for all 0 ≤ t ≤ 1 and x, y ∈ I.
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is monotonically decreasing for y ≤ x. In particular, for y ∈ I there exists

λ(y) := lim
x↓y

φ(x)− φ(y)
x− y

= lim
t↓0

φ(tx+ (1− t)y)− φ(y)
t(x− y)

(6.4)

and

φ(x)− φ(y)
x− y

≥ λ(y) =⇒ φ(y) + λ(y)(x− y) ≤ φ(x) (6.5)

for all x ∈ I. (For y > x one argues analogously as above).

Note, since I is an interval, we have E[X] ∈ I. According to (6.5), for x ∈ I with y = E[X]

φ(x) ≥ φ(E[X]) + λ(E[X])(x−E[X])

and thus

E[φ(X)] ≥ φ(E[X]) + λ(E[X])E[X −E[X]] = φ
(
E[X]

)
.

Jensen’s inequality can be used to show, for example, that Lq ⊆ Lp for p ≤ q. Alternatively,
you can read this property from Proposition 4.3.

Lemma 6.7 (Lq and Lp). Let q > 0 and X ∈ Lq be a reel-valued random variable. Then, for
p ≤ q

E[|X|p] ≤ E[|Xq|]p/q.

In particular, Lq ⊆ Lp.

Proof. The mapping y 7→ yp/q is concave on R+, so with Jensen’s inequality,

E[|X|p] = E[(|X|q)p/q] ≤ E[|X|q]p/q.

6.2 Moments

From the lecture Basic Probability, we know terms such as expected value, variance and
covariance. When we repeat them now, you will see that all calculation rules that you learned
also apply in the measure theoretic sense. The only difference in the formulation is that E[·]
is the integral with respect to a probability measure.

Definition 6.8 (Moments). Let X,Y be real-valued random variables. Then, if it exists,
E[X] is the expected value of X. Furthermore, if it exists, the variance of X is given by

V[X] := E[(X −E[X])2].

If it exists, the covariance of X and Y is given by

COV[X,Y ] := E[(X −E[X])(Y −E[Y ])].

If COV[X,Y ] = 0, we say that X and Y are uncorrelated. Furthermore, E[Xp] for p > 0 is
the p-th moment of X and E[(X −E[X])p] is the centered p-th moment of X.

We recall a few properties here.
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Proposition 6.9 (Properties of the second moments). Let X,Y ∈ L2 be real-valued random
variables. Then, V[X],V[Y ], |COV[X,Y ]| <∞ and

V[X] = E[X2]− (E[X])2,

COV[X,Y ] = E[XY ]−E[X] ·E[Y ].

The Cauchy-Schwartz inequality holds, i.e.

COV[X,Y ]2 ≤ V[X] ·V[Y ].

If X1, . . . , Xn ∈ L2, the identity of Bienamyé holds, i.e.

V
[ n∑
k=1

Xk

]
=

n∑
k=1

V[Xk] + 2
∑

1≤k<l≤n

COV[Xk, Xl].

Proof. For the first statement, since V[X] = COV[X,X] by definition, it is sufficient to show
the second equation. This equation follows from the linearity of the expected value by means
of

COV[X,Y ] = E[(X −E[X])(Y −E[Y ])]

= E[XY ]−E[E[X]Y ]−E[XE[Y ]] +E[X]E[Y ]

= E[XY ]−E[X]E[Y ].

The Cauchy-Schwartz inequality follows by applying Proposition 6.5 using the random vari-
ablesX−E[X] and Y −E[Y ]. In particular, |COV[X,Y ]| <∞. For the equation of Bienamyé
let wlog E[Xk] = 0, k = 1, . . . , n (otherwise w use the random variables Xk −E[Xk]). Then,

V
[ n∑
k=1

Xk

]
= E

[( n∑
k=1

Xk

)2]
=

n∑
k=1

n∑
l=1

E[XkXl] =
n∑

k=1

E[X2
k ] + 2

∑
1≤k<l≤n

E[XkXl]

=
n∑

k=1

V[Xk] + 2
∑

1≤k<l≤n

COV[XkXl].

Proposition 6.10 (Moments of non-negative random variables). Let X be a random variable
with values in R+. Then,

E[Xp] = p

∫ ∞

0
P(X > t)tp−1dt = p

∫ ∞

0
P(X ≥ t)tp−1dt.

Proof. Note that both, E[.] and
∫
·dt are integrals. We use Fubini’s theorem in order to be

able to change the order of integration,

E[Xp] = pE
[ ∫ X

0
tp−1dt

]
= p

∫ ∞

0
E
[
1X>tt

p−1
]
dt = p

∫ ∞

0
P(X > t)tp−1dt.

The proof of the second equation is analogous.
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6.3 Characteristic functions and Laplace transforms

We now introduce expected values of certain functions of random variables. This results in the
characteristic function (of the distribution of real-valued random variables) and the Laplace
transform (of the distribution of of non-negative random variables). (Both are covered in some
courses on Basic Probability Theory, but not in all.) These functions are useful since they
allow the calculation of moments (see Proposition 6.14). In addition, later in Proposition 9.25,
we will show that these functions uniquely determine the underlying measure.

Definition 6.11 (Characteristic function and Laplace transform).

1. The characteristic function of an Rd-valued random variable X is given by

ψX := ψX∗P :=

{
Rd → C,
t 7→ E[eitX ] := E[cos(tX)] + iE[sin(tX)],

where tx := ⟨t, x⟩ is the scalar product in Rd.

2. The Laplace transform of X is given by

LX := LX∗P :=

{
Rd → R,
t 7→ E[e−tX ],

provided the integral on the right-hand side exists. (The Laplace transform is used
frequently for probability measures on Rd

+.)

Proposition 6.12 (Properties of characteristic functions). Let X,Y be random variables with
values in Rd and characteristic functions ψX , ψY . Then,

1. |ψX(t)| ≤ 1 for each t ∈ Rd and ψX(0) = 1.

2. ψX is uniformly continuous.

3. ψaX+b(t) = ψX(at)eibt for all a ∈ R, b ∈ Rd.

Proof. 1. is clear. For uniform continuity, we have the bound

|eihx − 1| =
√
| cos(hx) + i sin(hx)− 1|2 =

√
(cos(hx)− 1)2 + sin(hx)2

=
√
2(1− cos(hx)) = 2| sin(hx/2)| ≤ |hx| ∧ 2.

From this, 2. follows because of

sup
t∈Rd

|ψX(t+ h)− ψX(t)| = sup
t∈Rd

|E[ei(t+h)X − eitX ]| = sup
t∈Rd

|E[eitX(eihX − 1)]|

≤ E[|eihX − 1|] ≤ E[|hX| ∧ 2]
h→0−−−→ 0.

For 3. we calculate using linearity

E[eit(aX+b)] = eitbE[ei(at)X ] = eitbψX(at).
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Example 6.13 (Examples of characteristic functions functions). 1. The characteristic
function of X ∼ B(n, p) is given by

ψB(n,p)(t) = (1− p+ peit)n.

Indeed: By definition,

E[eitX ] =
n∑

k=0

(
n

k

)
pk(1− p)n−keitk = (1− p+ peit)n.

2. The characteristic function of X ∼ Poi(γ) is given by

ψPoi(γ) = eγ(e
it−1).

Indeed: We calculate

ψPoi(γ) = e−γ
∞∑
n=0

γneitn

n!
= eγ(e

it−1).

3. The characteristic function of X ∼ N(µ, σ2) is given by

ψN(µ,σ2)(t) = eitµe−σ2t2/2.

Indeed: We use that X ∼ σZ + µ for Z ∼ N(0, 1). According to Proposition 6.12.2,
it is sufficient to compute this assertion for µ = 0, σ2 = 1. For this case, using partial
integration,

d

dt
ψN(0,1)(t) =

i√
2π

∫
xe−x2/2eitxdx = − i√

2π

∫
e−x2/2iteitxdx = −tψN(0,1)(t).

This differential equation with ψN(0,1)(0) = 1 has the unique solution ψN(0,1)(t) = e−t2/2.

4. The Laplace transform of X ∼ exp(γ) is given by

Lexp(γ)(t) =
γ

γ + t
.

Indeed: A straight-forward calculation reveals

E[e−tX ] =

∫ ∞

0
γe−γxe−txdx =

γ

γ + t
.

Characteristic functions and Laplace transforms are a simple tool to calculate the moments
of random variables.

Proposition 6.14 (Characteristic function and moments). Let X be a real-valued random
variable.

1. If X ∈ Lp, then ψX is p-times continuously differentiable and for k = 0, . . . , p,

ψ
(k)
X (t) = E[(iX)keitX ].

In particular, ψ
(k)
X (0) = ikE[Xk].
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2. In particular, if X ∈ L2, then

ψX(t) = 1 + itE[X]− t2

2
E[X2] + ε(t)t2

as ε(t)
t→0−−→ 0.

Proof. 1. With |X|p also |X|p ∨ 1 is integrable. Thus, since |X|k ≤ |X|p ∨ 1, all |X|k can
be dominated by an integrable random variable and the right-hand side exists. Since the
statement is obviously true for k = 0, we assume assume that it is valid for k < n. Then

| d
k+1

dtk+1
eitX | = lim

h→0

∣∣∣(iX)kei(t+h)X − (iX)keitX

h

∣∣∣ ≤ ∣∣Xk e
ihX − 1

h

∣∣∣ ≤ ∣∣Xk+1
∣∣.

Due to dominated convergence, the derivative and integral can be interchanged and it follows

ψ
(k+1)
X (t) = E

[ d
dt
(iX)keitX

]
= E[(iX)k+1eitX ].

The continuity of the derivative also follows with dominated convergence.

2. For the estimation, we need the Taylor expansion of ψX with remainder term. We have

eitX = 1 + itX − t2X2

2
(cos(θ1tX) + i sin(θ2tX))

with random numbers θ1, θ2, so that |θ1|, |θ2| ≤ 1. Therefore we get

ψX(t) = 1 + itE[X]− t2

2
E[X2] + ε(t)t2

with 2ε(t) = E[X2(1− cos(θ1tX) + i sin(θ2tX))]
t→0−−→ 0 from dominated convergence.

Example 6.15 (Moments of the exponential and normal distribution). 1. Let X ∼ exp(γ).
We know that Lexp(γ)(t) = γ/(γ+t) from Example 6.13.4. From this and the last Propo-
sition,

E[Xn] = (−1)n d
n

dtn
E[e−tX ]

∣∣
t=0

= (−1)n d
n

dtn
γ

γ + t

∣∣∣
t=0

=
n!γ

(γ + t)n+1

∣∣∣
t=0

=
n!

γn
.

2. For X ∼ N(µ, σ2), we already know ψN(µ,σ2)(t) = eitµ−σ2t2/2. For small t we develop
this with

ψN(µ,σ2)(t) = 1 + itµ− σ2t2/2− µ2t2/2 + ε(t)t2

with ε(t)
t→0−−→ 0. From this one reads by means of Proposition 6.14.2 that

E[X] = µ, V[X] = E[X2]− µ2 = σ2.
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7 Almost sure, stochastic and Lp-convergence
It is already known from lectures on Analysis that there are different types of convergence,
such as uniform and pointwise convergence. We will now discuss the most important types
of convergence with respect to random variables. (For definitions, see below.)

In our course on measure theory, we have already seen almost sure convergence. In
addition, we will discuss convergence in probability and the Lp-convergence (see also Section
4). In Section 9, we will learn about convergence in distribution (which is the same as the weak
convergence of the distributions of random variables). The following diagram summarizes all
types of convergence:

almost sure
convergence

convergence
in probability

Lp-
convergence

Weak convergence
(conv. in distribution)

.............
...............

.................
....................

............................
................................................................................................................................................................................................... .........

........

............................................................................................................................................................................................
......................

.................
..............

............
.................................................

along a subsequence

..............
...............

.................
....................

............................
.................................................................................................................................................................. .......................... ........

.......
..

...........................................................................................................................................................................................
.....................

................
..............

............
...... ..........................................

+uniform
integrability

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
..

..........................
....
.......
.......
...

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
..
........
......................
.................

if X
constant

Prop. 7.6 Theorem 7.11

Prop. 9.5

7.1 Definition and examples

Let’s start with some definitions.

Definition 7.1 (Almost sure convergence and convergence in probability). Let X,X1, X2, . . .
be random variables with values in a metric space (E, r).

1. If
P( lim

n→∞
r(Xn, X) = 0) = 1,

we say that the sequence X1, X2, . . . converges almost surely to X and write Xn
n→∞−−−→as

X.

2. If, for all ε > 0,
lim
n→∞

P(r(Xn, X) > ε) = 0,

we say that the sequence X1, X2, . . . converges to X in probability (or stochastically)
and write Xn

n→∞−−−→p X.

3. If the random variables are real-valued and for some p > 0

lim
n→∞

E[|Xn −X|p] = 0,

we say that the sequence X1, X2, . . . converges in Lp (or in the p-th mean) to X and
also write Xn

n→∞−−−→Lp X.
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Remark 7.2 (Properties of Lp convergence). From section 4 we already know a lot about
the Lp-convergence. For example, if X,X1, X2, . . . is such that Xn

n→∞−−−→Lq X and p < q,
then Xn

n→∞−−−→Lp X according to Proposition 4.7. In addition, the spaces Lp are complete
according to Proposition 4.8. So, if for all ε > 0, there is an N ∈ N such that for all m,n ≥ n

E[|Xn −Xm|p] < ε,

then there is a random variable X ∈ Lp with Xn
n→∞−−−→Lp X.

Example 7.3 (Counterexamples). If we look at the diagram at the beginning of the chapter,
we can see that convergence in probability follows from almost sure convergence, but not vice
versa. Furthermore, convergence in probability follows from L1 convergence, but not even
almost sure convergence implies L1 convergence. We first give two examples for these two
cases.

1. Convergence in probability does not imply almost sure convergence: Let U be a [0, 1]
uniformly distributed random variable. Further we set

A1 = [0, 12 ], A2 = [12 , 1],

A3 = [0, 14 ], A4 = [14 ,
2
4 ], A5 = [24 ,

3
4 ], A6 = [34 , 1],

· · ·

and Xn := 1U∈An . Then it is clear for 0 < ε < 1

lim
n→∞

P(|Xn| > ε) = lim
n→∞

P(U ∈ An) = 0,

i.e. Xn
n→∞−−−→p 0, but for each n ∈ N there is an m > n with Xm = 1. Therefore,

X1, X2, . . . does not converge almost surely to 0.

2. Almost sure convergence does not imply L1 convergence: Let U again be a uniformly
distributed random variable on [0, 1] random variable. Further, Bn = [0, 1n ] and Yn =

n · 1U∈Bn. Then Yn
n→∞−−−→fs Y =∞· 1U=0, so Y = 0 is almost sure. On the other hand

E[Yn] = n ·P(U ∈ An) = 1,

so Y1, Y2, . . . does not converge to 0 in L1.

Lemma 7.4 (Limit in probability is (almost surely) unique). Let X,Y,X1, X2, . . . be random
variables with values in a metric space space (E, r) and Xn

n→∞−−−→p X, as well as Xn
n→∞−−−→p Y .

Then X = Y almost surely.

Proof. For all ε > 0,

P(r(X,Y ) > 2ε) ≤ P(r(Xn, X) > ε or r(Xn, Y ) > ε)

≤ P(r(Xn, X) > ε) +P(r(Xn, Y ) > ε)
n→∞−−−→ 0.

Therefore,

P(X ̸= Y ) = P
( ∞⋃

k=1

{
r(X,Y ) > 1/k

})
≤

∞∑
k=1

P(r(X,Y ) > 1/k) = 0,

and the statement follows.
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7.2 Almost sure convergence and convergence in probability

We now show a result that relates almost sure convergence and convergence in probability.

Lemma 7.5 (Characterization of convergence in probability). Let X,X1, X2, . . . be random
variables with values in a metric space (E, r). Then,

Xn
n→∞−−−→p X ⇐⇒ E[r(Xn, X) ∧ 1]

n→∞−−−→ 0. (7.1)

Proof. If Xn
n→∞−−−→p X, then for all ε > 0,

lim
n→∞

E[r(Xn, X) ∧ 1] = lim
n→∞

E[r(Xn, X) ∧ 1, r(Xn, X) ≤ ε] +E[r(Xn, X) ∧ 1, r(Xn, X) > ε]

≤ lim
n→∞

(
ε+P(r(Xn, X) > ε)

)
= ε,

which shows the right-hand side since ε > 0 was arbitrary. However, if the right-hand side
applies, the Chebyshev inequality for 0 < ε ≤ 1 implies that

P(r(Xn, X) > ε) ≤ E[r(Xn, X) ∧ 1]

ε

n→∞−−−→ 0.

Proposition 7.6 (Convergence in probability and almost sure convergence). Let X,X1, X2, . . .
be random variables with values in a metric space (E, r). Then, the following are equivalent:

1. Xn
n→∞−−−→p X

2. For each sequence (nk)k=1,2,... there is a subsequence (nkℓ)ℓ=1,2,... with Xnkℓ

ℓ→∞−−−→as X.

In particular,
Xn

n→∞−−−→fs X −→ Xn
n→∞−−−→p X.

Proof. 1. → 2.: Because of (7.1), for each sequence (nk)k=1,2,..., there is a subsequence
(nkℓ)ℓ=1,2,... such that (using monotone convergence in the first equality)

E
[ ∞∑
ℓ=1

(r(Xnkℓ
, X) ∧ 1)

]
=

∞∑
ℓ=1

E[r(Xnkℓ
, X) ∧ 1] <∞.

This means that

1 = P
( ∞∑

ℓ=1

(r(Xnkℓ
, X) ∧ 1) <∞

)
≤ P

(
lim sup
ℓ→∞

r(Xnkℓ
, X) = 0

)
≤ 1,

i.e. Xnkℓ

ℓ→∞−−−→fs X.
2. → 1.: Let’s assume that 1. is not valid. (We must show that 2. cannot hold.) Because
of (7.1), there is ε > 0 and a subsequence (nk)k=1,2,..., so that limk→∞E[r(Xnk

, X) ∧ 1] > ε.

Assuming that there is a subsequence (nkℓ)ℓ=1,2,... such that Xnkℓ

ℓ→∞−−−→as X. Then also

lim
ℓ→∞

E[r(Xnkℓ
, X) ∧ 1] = E

[
lim
ℓ→∞

r(Xnkℓ
, X) ∧ 1

]
= 0

due to dominated convergence, i.e. a contradiction. So we have found a sequence (nk)k=1,2,...

for which there is no further subsequence (nkℓ)ℓ=1,2,... with Xnkℓ

ℓ→∞−−−→as X, and we have
shown that 2. does not hold.
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7.3 Convergence in probability and Lp-convergence

In Example 7.3 we had already seen that almost sure convergence (as well as convergence
in probability) does not imply L1-convergence. This is not surprising, since the theorem of
dominated convergence states that a sequence X1, X2, . . . , which converges almost surely to
X and has an integrable dominating random variable converges in L1 to X. If the almost
sure convergence implies the L1 convergence, one would not need to make the requirement
of an integrable dominating random variable. In the following, we want to find conditions
of the integrable dominating random variable in order to suffice for L1 convergence. See
theorem 7.11 and Corollary 7.12. The concept of uniform integrability is central to this, see
Definition 7.7.

Definition 7.7 (Uniform integrability). A family (Xi)i∈I is called uniformly integrable if

inf
K

sup
i∈I

E[|Xi|; |Xi| > K] = 0.

Example 7.8 (Uniform integrability). 1. Let Y ∈ L1 and (Xi)i∈I with supi |Xi| ≤ |Y |.
Then (Xi)i∈I is uniformly integrable since

sup
i∈I

E[|Xi|; |Xi| > K] ≤ E[|Y |; |Y | > K]
K→∞−−−−→ 0

by dominated convergence. In particular, every Y ∈ L1 is uniformly integrable.

2. Every finite family (Xi)i=1,...,n with X1, ..., Xn ∈ L1 is uniformly integrable, because
sup1≤i≤n |Xi| ∈ L1 and therefore, 1. applies with Y = sup1≤i≤n |Xi|.

3. Let us consider the example 7.3.2 Here, for n > K

E[|Yn|; |Yn| > K] = E[Yn] = 1.

In particular, (Yn)n=1,2,... is not uniformly integrable.

4. Let p > 1. Then (Xi)i∈I with Xi ∈ Lp, i ∈ I is uniformly integrable if supi∈I ||Xi||p <∞.
This is because Kp−1|Xi|1|Xi|>K ≤ |Xi|p, therefore

sup
i∈I

E[|Xi|; |Xi| > K] ≤ sup
i∈I

E[|Xi|p]
Kp−1

K→∞−−−−→ 0.

.

Lemma 7.9 (Characterization of uniform integrability). Let (Xi)i∈I be a family of random
variables. Then, the following are equivalent:

1. (Xi)i∈I is uniformly integrable.

2. It holds
sup
i∈I

E[|Xi|] <∞ and lim
ε→0

sup
A:P(A)<ε

sup
i∈I

E[|Xi|;A] = 0.

.

3. It holds
lim

K→∞
sup
i∈I

E[(|Xi| −K)+] = 0.
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4. There exists a function f : R+ → R+ such that f(x)
x

x→∞−−−→∞ and
supi∈I E[f(|Xi|)] <∞.

If one of the four statements is true, the function f in 4. can be chosen to be monotonically
increasing and convex.

Proof. ’1. → 2.’: Let δ > 0 be given and K = Kδ such that supi∈I E[|Xi|; |Xi| > K] ≤ δ.
Then, for A ∈ F ,

E[|Xi|;A] = E[|Xi|;A ∩ {|Xi| > K}] +E[|Xi|;A ∩ {|Xi| ≤ K}] ≤ δ +K ·P(A).

In particular,
sup
i∈I

E[|Xi|] = sup
i∈I

E[|Xi|; Ω] ≤ δ +K <∞

and
sup

A:P(A)<ε
sup
i∈I

E[|Xi|;A] ≤ δ +Kε
ε→0−−−→ δ.

Since δ > 0 was arbitrary,
lim
ε→0

sup
A:P(A)<ε

sup
i∈I

E[|Xi|;A] = 0.

’2. ⇒ 3.’: First, we note that (|Xi| −K)+ ≤ |Xi|1|Xi|≥K . Let ε > 0. Choose K = Kε large
enough so that – using the Markov inequality –

sup
i∈I

P(|Xi| > K) ≤ sup
i∈I

E[|Xi|]
K

< ε.

This means that 3. follows from

lim
K→∞

sup
i∈I

E[(|Xi| −K)+] = lim
ε→0

sup
i∈I

E[(|Xi| −Kε)
+] ≤ lim

ε→0
sup
i∈I

E[|Xi|; |Xi| > Kε]

≤ lim
ε→0

sup
A:P(A)<ε

sup
i∈I

E[|Xi|;A] = 0.

’3. ⇒ 4.’: There is a sequence K1,K2, . . . with Kn ↑ ∞ and supi∈I E[(|Xi| −Kn)
+] ≤ 2−n.

We set

f(x) :=
∞∑
n=1

(x−Kn)
+.

Then f is monotonically increasing and convex as a sum of convex functions. Furthermore,
for x ≥ 2Kn,

f(x)

x
≥

n∑
k=1

(
1− Kk

x

)
≥ n

2
,

thus f(x)
x

x→∞−−−→∞. Because of monotone convergence,

E[f(|Xi|)] =
∞∑
n=1

E[(|Xi| −Kn)
+] ≤

∞∑
n=1

2−n = 1.

’4.⇒ 1.’: Set aK := infx≥K
f(x)
x , so that aK

K→∞−−−−→∞. Thus,

sup
i∈I

E[|Xi|; |Xi| ≥ K] ≤ 1

aK
sup
i∈I

E[f(|Xi|); |Xi| ≥ K] ≤ 1

aK
sup
i∈I

E[f(|Xi|)]
K→∞−−−−→ 0.
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Example 7.10 (Differences and uniform integrability). For X ∈ L1, (Xi)i∈I is uniformly
integrable iff (Xi −X)i∈I is uniformly integrable.

To see this, let (Xi)i∈I be uniformly integrable. According to Example 7.8.2, X is uniformly
integrable. Furthermore,

sup
i∈I

E[|Xi −X|] ≤ E[|X|] + sup
i∈I

E[|Xi|] <∞

and

sup
A:P(A)<ε

sup
i∈I

E[|Xi −X|;A] ≤ sup
A:P(A)<ε

sup
i∈I

E[|Xi|;A] + sup
A:P(A)<ε

E[|X|;A] ε→0−−−→ 0,

i.e. according to Lemma 7.9, (Xi −X)i∈I is uniformly integrable. The inverse follows analo-
gously.

Theorem 7.11 (Convergence in probability and convergence in the p-th mean). Let X1, X2, . . .
be a sequence in Lp with 1 ≤ p <∞. The following statements are equivalent:

1. There is a measurable function X ∈ Lp with Xn
n→∞−−−→Lp X.

2. The family (|Xi|p)i=1,2,... is uniformly integrable and there is a measurable function X

with Xn
n→∞−−−→p X.

If 1. or 2. applies, then the limits coincide almost surely.

Proof. 1.→ 2.: First, due to Chebyshev’s inequality for every ε > 0

P(|Xn −X| > ε) ≤ E[|Xn −X|p]
εp

=
||Xn −X||pp

εp
n→∞−−−→ 0,

i.e. convergence in probability applies. For the proof of uniform integrability, we use Lemma 7.9.
Let ε > 0 andN = Nε such that ||Xn−X||p < ε for n ≥ N . Then for A ∈ F , with Minkowski’s
inequality,

sup
n∈N

(E[|Xn|p;A])1/p = sup
n∈N
||Xn1A||p

≤ sup
n<N
||Xn1A||p + sup

n≥N
||(Xn −X)1A||p + ||X1A||p

≤ sup
n<N

(E[|Xn|p;A]) + ε+ (E[|X|p;A]).

Using A = Ω, we find supn∈N(E[|Xn|p]) <∞. Moreover, since N is finite, we find

lim
δ→0

sup
A:P(A)<δ

sup
n∈N

E[|Xn|p;A] ≤ εp.

Because ε > 0 was arbitrary, the assertion follows.

2.→ 1.: Since Xn
n→∞−−−→p X, according to proposition 7.6 there is a subsequence n1, n2, . . .

with Xnk

k→∞−−−→ X almost surely. With Fatou’s Lemma,

E[|X|p] = E[lim inf
k→∞

|Xnk
|p] ≤ sup

n∈N
E[|Xn|p] <∞
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because of Lemma 7.9. In particular, X ∈ Lp. Just like in Example 7.10, {|Xn−X|p : n ∈ N}
is uniformly integrable. For every δ > 0, due to convergence in probability,

P(|Xn −X| > δ)
n→∞−−−→ 0.

From lemma 7.9 now follows with dominated convergence

lim
n→∞

E[|Xn −X|p] = lim
n→∞

E[|Xn −X|p; |Xn −X| > δ] +E[|Xn −X|p; |Xn −X| ≤ δ] ≤ δp.

Since δ > 0 was arbitrary, Xn
n→∞−−−→Lp X follows.

Corollary 7.12 (Lp-convergence and uniform integrability). Let 1 ≤ p <∞ and X1, X2, · · · ∈
Lp and X be measurable with Xn

n→∞−−−→p X. Then, the following are equivalent:

1. Xn
n→∞−−−→Lp X,

2. ||Xn||p
n→∞−−−→ ||X||p,

3. The family (|Xn|p)n=1,2,... is uniformly integrable.

Proof. The equivalence 1.⇔ 3. is clear from Theorem 7.11.
1.⇒ 2.: follows from Minkowski’s inequality with∣∣||Xn||p − ||X||p

∣∣ ≤ ||Xn −X||p
n→∞−−−→ 0.

2.→ 3.: For fixed K, we write

E[|Xn|p; |Xn| > K] ≤ E[|Xn|p− (|Xn| ∧ (K − |Xn|)+)p]
n→∞−−−→ E[|X|p− (|X| ∧ (K − |X|)+)p].

Convergence follows fromE[|Xn|p]
n→∞−−−→ E[|X|p], and (|Xn|∧(K−Xn|)+)p

n→∞−−−→L1 |X|∧(K−
X)+)p, since the convergence according to Proposition 7.6 is in probability, and ((|Xn|∧ (K−
|Xn|)+)p)n=1,2,... is bounded, in particular uniformly integrable. Since E[|X|p − (|X| ∧ (K −
|X|)+)p] K→∞−−−−→ 0 after dominated convergence, (|Xn|p)n=1,2,... is uniformly integrable.

8 Independence and the strong law

With our knowledge on probability measures and σ-algebras we now shed light on the con-
cept of independence. In particular, in this chapter we will prove the strong law of large
numbers, see Theorem 8.21. On the way, we prove the Borel-Cantelli lemma (Theorem 8.8)
and Kolmogorov’s 0-1 law (Theorem 8.15).

8.1 Definition and simple properties

Already in the lecture Basic Probability, independent random variables were considered. The
intuitive idea of independence is often correct, but should sometimes be treated with caution.

Definition 8.1 (Independence). 1. A family of sets (Ai)i∈I with Ai ∈ F is called inde-
pendent if

P
( ⋂

j∈J
Aj

)
=
∏
j∈J

P(Aj) (8.1)

for all J ⊆f I.
13

13Recall that we write J ⊆f I iff J ⊆ I and J is finite.
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2. A family (Ci)i∈I of set systems Ci ⊆ F is called independent if (8.1) holds for all J ⊆f I
and Aj ∈ Cj , j ∈ J .

3. A family of random variables (Xi)i∈I is called independent if (σ(Xi))i∈I is independent.

We first deal with the question if there are probability spaces with an arbitrary number of
independent random variables. Here we benefit from our knowledge of product measures.

Proposition 8.2 (Independence and product measures). A family (Xi)i∈I of random vari-
ables is independent iff for each J ⊆f I

((Xi)i∈J)∗P =
⊗
i∈J

(Xi)∗P,

i.e. the joint distribution of each finite subfamily is the product distribution of the individual
distributions.

Proof. By definition, the family (Xi)i∈I is independent if and only if for each J ⊆f I and
Ai ∈ F , i ∈ J ,

P(Xi ∈ Ai, i ∈ J) =
∏
i∈J

P(Xi ∈ Ai).

The assertion now follows from the fact that P(Xi ∈ Ai) = (Xi)∗P(Ai) (see Definition 2.23)
and P(Xi ∈ Ai, i ∈ J) = ((Xi)i∈J)∗P

(×i∈J Ai

)
(see Corollary 5.14).

Corollary 8.3 (Existence of uncountably many independent random variables). Let E be a
Polish space and I an arbitrary index set. Let (Ωi,Fi,Pi) be probability spaces and Xi an
E-valued random variable, i ∈ I. Then there is a probability space (Ω,F ,P) and a family

(Yi)i∈I E-valued, independent random variable with Yi
d
= Xi.

Proof. It should be noted that (((Xi)i∈J)∗
⊗

i∈J Pi)J⊆f I is a projective family of probability
measures on (E,B(E)). Using Theorem 5.24 we find the projective limit PI . This is a
probability measure on (EI , (B(E))I). Furthermore, with πi : E

I → E, the i-th projection,

(πi)∗PI = (Xi)∗Pi, i.e. πi
d
= Xi.

Lemma 8.4 (Functions of independent random variables). Let (Ω′
i,F ′

i), (Ω
′′
i ,F ′′

i ), i ∈ I,
measurable spaces. Let (Xi)i∈I be a family of independent random variables, Xi : Ω → Ω′

i,
and φi : Ω

′
i → Ω′′

i measurable, i ∈ I. Then the family (φi(Xi))i∈I is independent.

Proof. According to Lemma 6.2, the random variable φi(Xi) is measurable according to σ(Xi),
i ∈ I, i.e. σ(φi(Xi)) ⊆ σ(Xi). Since (σ(Xi))i∈I is an independent family by assumption, the
assertion follows from the definition of independence.

Proposition 8.5 (Independent and Uncorrelated). Let X,Y ∈ L1 be independent, real-valued
random variables. Then XY ∈ L1 and

E[XY ] = E[X] ·E[Y ].
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Proof. The assertion is clear if X and Y are indicator functions. Then, note that if the
assertion applies to the pairs (Xi, Yj), i, j = 1, . . . , n, then it also for

∑n
i=1Xi and

∑n
j=1 Yj :

Indeed, due to the linearity of the expected value,

E
[ n∑

i=1

Xi ·
n∑

j=1

Yj

]
=

n∑
i=1

n∑
j=1

E[XiYj ] =

n∑
i=1

n∑
j=1

E[Xi]E[Yj ] = E
[ n∑

i=1

Xi

]
·E
[ n∑
j=1

Yj

]
.

So, since the assertion applies to indicator functions, it is also valid for simple functions, and
thus with monotonic convergence also for non-negative measurable functions. The general
case follows with the decomposition X = X+ −X− and Y = Y + − Y −.

Example 8.6 (Uncorrelated, non-independent random variables). Let U be a random variable
uniformly distributed on [0, 1], X = cos(2πU) and Y = sin(2πU). Then E[X] = E[Y ] = 0
and

E[XY ] =

∫ 1

0
cos(2πu) sin(2πu)du = 1

2

∫ 1

0
sin(4πu)du = 0

and thus X,Y are are uncorrelated. However, {|X| < ε, |Y | < ε} = ∅ for ε > 0 is small
enough and thus P(X−1(−ε, ε), Y −1(−ε, ε)) = 0 < P(X−1(−ε, ε)) · P(Y −1(−ε, ε)). This
means that X and Y are not independent.

If there is a probability space and (countably) many events, you can ask yourself how many
of these events will likely occur. The Borel-Cantelli lemma gives a sharp criterion for the
occurrence of only finitely many events.

Definition 8.7 (Limsup of sets). For A1, A2, · · · ∈ F ,

lim sup
n→∞

An :=
⋂
n≥1

⋃
m≥n

Am

is the event infinitely many of the An occur.

Theorem 8.8 (Borel-Cantelli lemma). 1. Let A1, A2, ... ∈ F . Then,

∞∑
n=1

P(An) <∞ =⇒ P(lim sup
n→∞

An) = 0.

2. If A1, A2, . . . are independent,

∞∑
n=1

P(An) =∞ =⇒ P(lim sup
n→∞

An) = 1.

Proof. We start with 1. Because of the continuity of P from above (see Proposition 2.8),

P(lim sup
n→∞

An) = lim
n→∞

P
( ⋃

m≥n

Am

)
≤ lim

n→∞

∞∑
m=n

P(Am) = 0
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by assumption. For 2. we use that log(1−x) ≤ −x for x ∈ [0, 1]. From this and the continuity
of P from below and the independence of (An)n=1,2,...,

P((lim sup
n→∞

An)
c) = P

( ∞⋃
n=1

⋂
m≥n

Ac
m

)
= lim

n→∞
P
( ∞⋂

m=n

Ac
m

)
= lim

n→∞

∞∏
m=n

(1−P(Am))

= lim
n→∞

exp
( ∞∑

m=n

log(1−P(Am))
)

≤ lim
n→∞

exp
(
−

∞∑
m=n

P(Am)
)

= 0,

and the assertion follows.

Example 8.9 (Infinite coin toss and geometric distributions).

1. We consider an infinite coin toss. This means that we have a probability space (Ω,F ,P)
and independent random variables X1, X2, . . . with values in {heads, tails}. The coin
toss is fair, i.e. P(Xn = head) = 1/2. We consider the events An = {Xn = head}.
Since

∞∑
n=1

P(An) =
∞∑
n=1

1
2 =∞

and the family (An)n∈N is independent, it follows from the Borel-Cantelli lemma that
almost surely infinitely often head occurs.

2. We consider the same situation as in 1, but the events Bn := {X1 = Kopf}. It is
clear that the family (Bn)n∈N is not independent. (For example P(B1 ∩B2) = P(B1) =
1/2 ̸= 1

4 = P(B1) · P(B2).) Just like in 1.
∑∞

n=1P(Bn) = ∞. It is also clear that
P(lim supn→∞Bn) = 1

2 . It follows from this, that in the Borel-Cantelli lemma the
condition of independence in 2. does not apply.

3. Let X1, X2, . . . be geometrically distributed with the success parameter p. We consider
the events An := {Xn ≥ n} and ask ourselves whether an infinite number of these events
can occur. Since

∞∑
n=1

P(An) =
∞∑
n=1

P(Xn ≥ n) =
∞∑
n=1

(1− p)n−1 = 1
p <∞.

Therefore, almost surely only a finite number of the events {Xn ≥ n} occur.

75



8.2 Kolmogorov’s 0-1 law

The Borel-Cantelli lemma is already a statement about when an event that depends on an
infinite number of events is occur almost surely. We will now examine this situation further.

Proposition 8.10 (Independence of generated σ-algebras). Let (Ci)i∈I be a family of inde-
pendent, ∩-stable set systems. Then, (σ(Ci))i∈I is also an independent family.

Proof. Let J = {i1, . . . , in} ⊆f I and (wlog) n > 1. Then, (8.1) holds for any Ai1 , . . . , Ain

with Aik ∈ Cik , k = 1, . . . , n. We keep Ai2 , . . . , Ain fixed and define

D := {Ai1 ∈ F : (8.1) holds}.

We will now show that D is a Dynkin system. Namely, if A ⊆ B ∈ D, then B \ A ∈ D,
because

P
(
(B \A) ∩

n⋂
k=2

Aik

)
= P

(
B ∩

n⋂
k=2

Aik

)
−P

(
A ∩

n⋂
k=2

Aik

)
= (P(B)−P(A)) ·

n∏
k=2

P(Aik)

= P(B \A) ·
n∏

k=2

P(Aik).

Furthermore, if A1, A2, · · · ∈ D with A1 ⊆ A2 ⊆ A2 . . . , then due to the continuity of P from
below,

P
(( ∞⋃

j=1

Aj

)
∩

n⋂
k=2

Aik

)
= sup

j∈N
P
(
Aj ∩

n⋂
k=2

Aik

)
= sup

j∈N
P(Aj) ·

n∏
k=2

P(Aik)

= P
( ∞⋃

j=1

Aj

)
·

n∏
k=2

P(Aik).

Since Ci1 is ∩-stable and Ci1 ⊆ D, σ(Ci1) ⊆ D according to theorem 1.13. In particular,
(8.1) applies for Ai1 ∈ σ(Ci1), Ai2 ∈ Ci2 , . . . , Ain ∈ Cin . Iterating the above procedure for
k = 2, . . . , n, you get the statement.

Corollary 8.11 (Independence of indicator functions). A family of sets (Ai)i∈I is independent
if and only if the family of random variables (1Ai)i∈I is independent. In particular,

P
( ⋂

j∈J
Bj

)
=
∏
j∈J

P(Bj)

for J ⊆f I, Bj ∈ {Aj , A
c
j}, j ∈ J.

Proof. For i ∈ I let Ci = {Ai}. Then σ(1Ai) = {∅, Ai, A
c
i ,Ω} = σ(Ci). Since Ci is trivially

cut-stable, the statement follows from Proposition 8.10.
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Corollary 8.12 (Grouping). Let (Fi)i∈I be a family of independent σ-algebras. Further, let
I be a partition of I, i.e. I = {Ik, k ∈ K} with

⊎
k∈K Ik = I, so the Ik are disjoint and their

union is I. Then, (σ(Fi : i ∈ Ik))k∈K is also an independent system.

Proof. The set system Ck :=
{⋂

i∈Jk Ai : Jk ⊆f Ik, Ai ∈ Fi

}
is ∩-stable and σ(Ck) = σ(Fi :

i ∈ Ik), k ∈ K. Since, according to the assumption, the family (Ck)k∈K is independent, the
assertion follows from Proposition 8.10.

We now come to the main statement of this section, Kolmogorov’s 0-1 law. For this we
introduce a certain σ-algebra, the terminal σ-algebra.

Definition 8.13 (Terminal and trivial σ-algebras). 1. Let F1,F2, ... ⊆ F be a sequence of
σ-algebras. Then

T (F1,F2, . . . ) =
⋂
n≥1

σ
( ⋃

m>n

Fm

)
the σ-algebra of terminal events of F1,F2, . . .

2. A σ-algebra F̃ ⊆ F is called P-trivial if P(A) ∈ {0, 1} for all A ∈ F̃ .

Lemma 8.14 (Trivial σ-algebras). 1. A σ-algebra F̃ is P-trivial if and only if F̃ is inde-
pendent of itself.

2. Let F̃ be a P-trivial σ-algebra and X a F̃-measurable random variable with values in a
separable metric space E. Then X is constant, almost surely.

Proof. 1. Let F̃ be P-trivial and A,B ∈ F̃ . Then P(A ∩B) = P(A) ∧P(B) = P(A) ·P(B),
therefore F̃ is independent of itself. If on the other hand, F̃ is independent of itself and
A ∈ F̃ , then P(A) = P(A ∩A) = (P(A))2, i.e. P(A) ∈ {0, 1}.
2. For n ∈ N, let (Bnj)j=1,2,... be a countable covering of E with balls of radius 1/n. Since F̃ is
a P-trivial σ-algebra then P(X ∈ Bnj) ∈ {0, 1} applies to all n, j. For n ∈ N let Jn := {j ∈ N :

P(X ∈ Bnj) = 1} ̸= ∅. Thus, due to the continuity from above, P
(
X ∈

⋂∞
n=1

⋂
j∈Jn Bnj

)
=

1. Since
⋂∞

n=1

⋂
j∈Jn Bnj has at most one element, the assertion follows.

Under independence, the σ-algebra of terminal events is particularly simple.

Theorem 8.15 (Kolmogorov’s 0-1 law). Let F1,F2, · · · ⊆ F be a sequence of independent
σ-algebras. Then T := T (F1,F2, . . . ) P-trivial.

Proof. Let Tn := σ
(⋃

m>nFm

)
, n = 1, 2, . . . . According to Corollary 8.12, (F1, . . . ,Fn, Tn)

are independent, n = 1, 2, . . . This means that (F1, . . . ,Fn, T ) are also independent, n =
1, 2, . . . and thus also (T ,F1,F2, . . . ). Again with Corollary 8.12, it follows that (T0, T ) are
independent and, since T ⊆ T0 it also follows that T is independent of itself. Therefore, the
assertion follows from Lemma 8.14.
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8.3 Sums of independent random variables

Many important theorems in probability theory deal with independent random variables. In
this lecture, these are in particular the Strong Law of Large Numbers (Theorem 8.21) and
the Central Limit Theorem (Theorem 10.8). We present here important tools for analyzing
sums of independent random variables. The first is the connection with the convolution of
probability measures (see section 5.4).

Proposition 8.16 (Convolution is distribution of the independent sum). Let X1, . . . , Xn be
independent, real-valued random variables. Then,

(X1 + · · ·+Xn)∗P = (X1)∗P ∗ · · · ∗ (Xn)∗P.

Further, for the characteristic functions

ψX1+···+Xn = ψX1 · · ·ψXn

and, if X1, . . . , Xn assume values in R+,

LX1+···+Xn = LX1 · · ·LXn .

Proof. First of all, according to Proposition 8.2 ((X1, . . . , Xn))∗P = (X1)∗P⊗ · · · ⊗ (Xn)∗P.
Thus, the first assertion already follows from Definition 5.17 of the convolution of measures.
The further assertions follow from Proposition 8.5, since for example

ψX1+···+Xn(t) = E[eit(X1+···+Xn)] = E
[
eitX1 · · · eitXn

]
= E[eitX1 ] · · ·E[eitXn ] = ψX1(t) · · ·ψXn(t).

Kolmogorov’s 0-1 law provides a very simple statement as to when sums of independent
random variables are almost sure to converge.

Proposition 8.17 (Convergence of sums of independent random variables). Let X1, X2, . . .
be independent random variables and Sn := X1 + · · ·+Xn.

1. Then,
P(ω : Sn(ω) converges for n→∞) ∈ {0, 1}

2. Further,
P(ω : Sn(ω)/n converges for n→∞) ∈ {0, 1}.

If P(Sn/n converges) = 1, the limit value is almost surely constant.

Proof. Set Fi := σ(Xi), i = 1, 2, . . . This means that the family (Fi)i=1,2,... is indepen-
dent. The set {ω : Sn(ω) converges for n→∞} is measurable with respect to T (F1,F2, . . . )
and thus the first statement from Theorem 8.15 follows. In the same way it follows that
P(Sn/n converges) ∈ {0, 1}. Let S = limn→∞ Sn(n)/n. Thus, for all m = 1, 2, . . . ,

S = lim
n→∞

X1 + · · ·+Xn

n
= lim

n→∞

Xm + · · ·+Xn

n
,

so S is measurable wrt σ
(⋃

k≥mFk

)
. This means that S is also T -measurable and therefore

almost surely constant according to Theorem 8.15 and Lemma 8.14.
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Proposition 8.18 (Maximum inequality of Kolmogorov). Let X1, X2, · · · ∈ L2 be indepen-
dent random variables. Then, for K > 0,

P
(
sup
n∈N

∣∣∣ n∑
k=1

Xk −E[Xk]
∣∣∣ > K

)
≤
∑∞

n=1V(Xn)

K2
.

Proof. Wlog, let E[Xk] = 0, k = 1, 2, . . . . We further set Sn = X1+ · · ·+Xn and T := inf{n :
|Sn| > K}. Then, P(supn |Sn| > K) = P(T <∞). Because of Corollary 8.12, Sk · 1T=k and
Sn − Sk are independent for k ≤ n. Therefore

n∑
k=1

E[X2
k ] = E[S2

n] ≥
n∑

k=1

E[S2
n, T = k]

=
n∑

k=1

E[S2
k + (Sn − Sk + 2Sk)(Sn − Sk), T = k]

≥
n∑

k=1

E[S2
k , T = k] + 2E[Sk(Sn − Sk), T = k]

=
n∑

k=1

E[S2
k , T = k] ≥ K2P(T ≤ n)

Now follows the assertion with n→∞.

Theorem 8.19 (Convergence criterion for series). Let X1, X2, · · · ∈ L2 be independent ran-
dom variables with

∑∞
n=1V[Xn] <∞. Then,

∑n
k=1Xk −E[Xk] converges almost surely.

Proof. Again, let E[Xk] = 0, k = 1, 2, . . . and we write Sn = X1 + · · · + Xn. For ε > 0,
according to Proposition 8.18,

lim
k→∞

P(sup
n≥k
|Sn − Sk| > ε) ≤ lim

k→∞

∑∞
n=k+1E[X2

n]

ε2
= 0.

Therefore, supn≥k |Sn−Sk|
k→∞−−−→p 0. So, by Proposition 7.6, there is a subsequence k1, k2, . . .

with supn≥ki |Sn − Ski |
i→∞−−−→fs 0. However, since (supn≥k |Sn − Sk|)k=1,2,... is decreasing,

supn≥k |Sn − Sk|
k→∞−−−→fs 0 applies. This means, however, that (Sn)n=1,2,... converges.

8.4 The Strong Law of Large Numbers

In the lecture Basic Probability, we already proved the weak law of large numbers: ifX1, X2, · · · ∈
L2 are identically distributed and uncorrelated, then, for ε > 0

P
( 1
n

∣∣∣ n∑
k=1

(Xk −E[Xk])
∣∣∣ > ε

)
≤ 1

ε2
V
[ 1
n

n∑
k=1

Xk

]
=

1

ε2n2

n∑
k=1

V[Xk] =
V[X1]

ε2n

n→∞−−−→ 0.

As we now know, this means in other terms,

1

n

n∑
k=1

Xk
n→∞−−−→p E[X0].
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We now want to improve this statement in two directions. On the one hand, we want to
replace convergence in probability by almost sure convergence, and on the other hand only
assume the existence of first moments (but not the existence of second moments). First,
however, we define what exactly what we mean when we say that a sequence of random
variables follows a law of large numbers.

Definition 8.20 (Law of large numbers). Let X1, X2, · · · ∈ L1 be a sequence of real-valued
random variables. We say that the sequence follows the weak law of large numbers if

1

n

n∑
k=1

(Xk −E[Xk])
n→∞−−−→p 0.

The sequence satisfies the strong law of large numbers if

1

n

n∑
k=1

(Xk −E[Xk])
n→∞−−−→fs 0.

Theorem 8.21 (Strong law for independent random variables). A sequence X1, X2, · · · ∈ L1
of independent and identically distributed random variables satisfies the strong law of large
numbers, i.e.

1

n

n∑
k=1

Xk
n→∞−−−→fs E[X1].

Remark 8.22 (Weak law of large numbers). Since convergence in probability is implied by
almost sure convergence (see Proposition 7.6), the sequence X1, X2, . . . from the theorem
also satisfies the weak law of large numbers. Furthermore, the sequence X+

1 , X
+
2 , . . . also

satisfies the strong law and E[ 1n(X
+
1 + · · ·X+

n )] = E[X+
1 ]. This means that the sequence

( 1n(X
+
1 + · · · + X+

n ))n=1,2,... is uniformly according to Corollary 7.12. In the same way, the
sequence of partial sums of the negative parts is uniformly integrable. It follows from Theorem
7.11 that 1

n(X1 + · · ·+Xn)
n→∞−−−→L1 E[X1].

Remark 8.23 (Finite fourth and second moments). The difficulty in proving the strong law
is that only may be used that X1 ∈ L1. The proof is significantly easier if we use X1 ∈ L4 or
X1 ∈ L2. We start with these two proofs and write Sn := X1 + · · ·+Xn.

1. The case X1 ∈ L4: Here you can get by without further aids: From the linearity of the
expected value, it is clear that E[Sn/n] = E[X1]. Wlog, let E[X1] = 0, otherwise you go
to the random variables X1 − E[X1], X2 − E[X2], · · · ∈ L4. First we calculate with the
help of the independence of (Xk)k=1,2,...

E[S4
n] =

n∑
k=1

E[X4
k ] + 3

∞∑
k,l=1
k ̸=l

E[X2
kX

2
l ] ≤ (n+ 6n2)E[X4

1 ]

because of the Cauchy-Schwartz inequality. From this,

E
[ ∞∑
n=1

(Sn
n

)4]
≤

∞∑
n=1

n+ 6n2

n4
E[X4

1 ] <∞.

Therefore,
∑∞

n=1

(
Sn
n

)4
<∞ applies is almost sure, in particular Sn

n
n→∞−−−→fs 0.
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2. The case X1 ∈ L2: Here the convergence criterion for series, theorem 8.19 is of crucial
help. We also need the following result:

Lemma 8.24 (Kronecker Lemma). Let x1, x2, · · · ∈ R, y1, y2, · · · ∈ R be monotone with
yn ↑ ∞ and

∑∞
n=1 xn/yn <∞. Then,

∑n
k=1 xk/yn

n→∞−−−→ 0.

Proof. Let z0 = 0, zn :=
∑n

k=1 xk/yk. Then zn
n→∞−−−→ z∞ <∞ and xk = yk(zk − zk−1).

We write with y0 = 0∑n
k=1 xk
yn

=
1

yn

n∑
k=1

yk(zk − zk−1) = zn +
1

yn

( n−1∑
k=0

ykzk −
n∑

k=1

ykzk−1

)
= zn −

1

yn

( n∑
k=1

ykzk−1 − yk−1zk−1

)
n→∞−−−→ z∞ − z∞ · lim

n→∞

1

yn

n∑
k=1

yk − yk−1 = 0.

Back to the proof of the strong law in the case X1 ∈ L2. Wlog, let E[X1] = 0. Con-
sider the sequence X1/1, X2/2, . . . Because

∑∞
n=1V[Xn/n] = V[X1]

∑∞
n=1 1/n

2 applies
according to Theorem 8.19 that

∑n
k=1Xk/k almost surely converges. With Lemma 8.24

it follows that Sn/n
n→∞−−−→fs 0.

Proof of theorem 8.21 if X1 ∈ L1. It is sufficient to consider the case of non-negative random
variables. In the general case, note that X+

1 , X
+
2 , · · · ∈ L1 and X−

1 , X
−
2 , · · · ∈ L1 fulfill the

conditions of the theorem, and from (X+
1 + · · · + X+

n )/n
n→∞−−−→fs E[X+

1 ] and (X−
1 + · · · +

X−
n )/n

n→∞−−−→fs E[X−
1 ] the statement follows due to linearity of the expectation.

For Sn = X1 + · · ·+Xn we will show that

E[lim sup
n→∞

Sn/n] ≤ E[X1]. (8.2)

If this is true, then firstly

E[lim inf
n→∞

Sn/n] ≥ E[lim inf
n→∞

(X1 ∧ k + · · ·+Xn ∧ k)/n]

= k −E[lim sup
n→∞

((k −X1)
+ + · · ·+ (k −Xn)

+)/n]

≥ E[k − (k −X1)
+]

k→∞−−−→ E[X1].

Secondly, thenE[lim supn→∞ Sn/n−lim infn→∞ Sn/n] = 0, i.e. lim supn→∞ Sn/n = lim infn→∞ Sn/n =
0 almost surely, since both lim infn→∞ Sn/n as well as lim supn→∞ Sn/n are terminal func-
tions, and thus according to Theorem 8.15 and Lemma 8.14 are almost surely constant.
Furthermore,

lim inf
n→∞

Sn/n = E[lim inf
n→∞

Sn/n] ≥ E[X1] ≥ E[lim sup
n→∞

Sn/n] = lim sup
n→∞

Sn/n,

from which the assertion follows.
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◦ · · · ◦ • · · · • ◦ · · · ◦ • · · · • · · · ◦ · · · ◦
In1 In2

Mi > n− i+ 1Mi > n− i+ 1 Mi > n− i+ 1︷ ︸︸ ︷︷ ︸︸ ︷ ︷ ︸︸ ︷
1 n︸ ︷︷ ︸ ︸ ︷︷ ︸

Anzahl=MIn1
Anzahl=MIn2

(XIn
1
+ · · ·+XIn

1 +MIn1
−1)/MIn

1
≥ α (XIn

2
+ · · ·+XIn

2 +MIn2
−1)/MIn

2
≥ α

Figure 1: Illustration of Mi, I
n
j , introduced below (8.3). The size Ln is the number of con-

tiguous areas of •’s.

It therefore remains to show (8.2). Wlog let E[X1] > 0, otherwise Xk = 0 is almost sure,
k = 1, 2, . . . and the statement is trivial. For this we will use

0 < α < E[lim sup
n→∞

Sn/n] =⇒ α ≤ E[X1] (8.3)

can be proved. According to the assumption, for i = 0, 1, 2, . . .

α < E[lim sup
n→∞

Sn/n] = lim sup
n→∞

Sn/n = lim sup
n→∞

(Xi+1 + · · ·Xi+n)/n.

Thus,

Mi := inf{n ∈ N : (Xi + · · ·+Xi+n−1)/n ≥ α}

is finite, almost surely, i = 1, 2, . . . TheMi’s are identically distributed. We define recursively
for n = 1, 2, . . . (see also Figure 1) In1 = 0 and for j = 0, 1, 2, . . . (with M0 := 0)

Inj+1 := inf{i ∈ N : i ≥ Inj +Mn
Ij ,Mi ≤ n− i+ 1}

with inf ∅ = ∞ and Ln := sup{n ∈ N0 : Inj < ∞}. This means that for 1 ≤ j ≤ Ln,
Inj +MInj

≤ n, i.e. (XInj
+ · · ·+XInj +MIn

j
−1)/MInj

≥ α. We now use this by means of

E[X1] = E[(X1 + · · ·+Xn)/n]

≥ 1
nE
[ Ln∑
j=1

MInj
· (XInj

+ · · ·+XInj +MIn
j
−1)/MInj

]

≥ α
nE
[ Ln∑
j=1

MInj

]
= α− α

nE
[
n−

Ln∑
j=1

MInj

]
≥ α− α

nE
[ n∑

i=1

1Mi>n−i+1

]
= α

(
1− 1

n

n∑
i=1

P(Mi > i)
)

n→∞−−−→ α,

since
(
1
n

∑n
i=1P(Mi > i)

)
n=1,2,...

as Cesàro-Limes of (P(Mi > i))i=1,2,... because of the iden-

tity of the distributions of the Mi’s converges to 0. Thus (8.3) is shown and the assertion is
proven.
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We now give a simple application of the strong law. It often happens in statistics that a large
number of independent, identically distributed, real-valued random variables must be studied.
The Glivenko-Cantelli theorem (Theorem 8.26) states that the empirical distribution of the
random variables almost surely converges to the underlying distribution.

Definition 8.25 (Empirical distribution). Let X1, X2, . . . be random variables. For n =
1, 2, . . . the distribution is called (random) probability distribution

µ̂n :=
1

n

n∑
k=1

δXk

the empirical distribution of X1, . . . , Xn. If the random variables are real-valued, then in
addition

F̂n(x) :=
1

n

n∑
k=1

1Xk≤x,

the empirical distribution function of X1, . . . , Xn.

Theorem 8.26 (Glivenko-Cantelli Theorem). Let X1, X2, . . . be independent, real-valued
random variables with identical distribution with distribution function F . Then,

lim
n→∞

sup
x∈R

widehasFn(x)− F (x)|
n→∞−−−→fs 0.

Proof. For x ∈ R and n = 1, 2, . . . let Yn(x) := 1Xn≤x and Zn(x) := 1Xn<x. According to
Theorem 8.21, for each x ∈ R

F̂n(x) =
1

n

n∑
k=1

Yk(x)
n→∞−−−→fs E[Y1(x)] = P(X1 ≤ x) = F (x),

F̂n(x−) =
1

n

n∑
k=1

Zk(x)
n→∞−−−→fs E[Z1(x)] = P(X1 < x) = F (x−).

We must show that these limits hold uniformly for all x ∈ R. For N = 1, 2, . . . and j =
0, . . . , N we set

xNj := inf{x ∈ R : F (x) ≥ j/N}

and
RN

n := max
j=1,...,N−1

(
|F̂n(x

N
j )− F (xNj )|+ |F̂n(x

N
j −)− F (xNj −)|

)
.

For N = 1, 2, . . . , therefore, RN
n

n→∞−−−→fs 0. Furthermore, for x ∈ (xNj−1, x
N
j )

F̂n(x) ≤ F̂n(x
N
j ) ≤ F̂n(x

N
j ) +RN

n ≤ F (x) +RN
n + 1

N ,

F̂n(x) ≥ F̂n(x
N
j−1) ≥ F (xNj−1)−RN

n ≥ F (x)−RN
n − 1

N ,

thus, for each N = 1, 2, . . .

sup
x∈R

widehatFn(x)− F (x)| ≤ 1
N +RN

n
n→∞−−−→fs

1
N .

Since the left-hand side does not depend on N , the assertion follows with N →∞.
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9 Weak convergence

For measurable spaces, we have often used the Borel σ-algebra, i.e. the σ-algebra that is
generated by a topology. In this section we will often assume that the topological space is
Polish, i.e. separable and metrizable by a complete metric; recall from Definition A.1 in the
manuscript on measure theory. To save us some work, we will assume throughout that (E, r)
is a metric space and sometimes we will assume that it is complete and separable.

For a measurable mapping f : E → R and a measure µ on B(E) (the Borel’s σ-algebra of
E) we will use throughout this and the next chapter the notation

µ[f ] :=

∫
fdµ.

9.1 Definition and simple properties

So far, we have dealt with different types of convergence of random variables. The convergence
in distribution of random variables is the same as the weak convergence of the distributions
of random variables. For the motivation behind the following definitions, let us recall a fact:
in a metric space (E, r) we have xn

n→∞−−−→ x if and only if f(xn)
n→∞−−−→ f(x) for all continuous

functions on E (i.e. f ∈ C(E,R)).

Definition 9.1 (Weak convergence and convergence in distribution).

1. We denote by P(E) the set of probability measures on B(E) and with P≤1(E) the set of
finite measures µ on B(E) with µ(E) ≤ 1. Further, Cb(E) is the set of the real-valued,
bounded, continuous functions on E and Cc(E) ⊆ Cb(E) is the set of the real-valued,
bounded continuous functions on E with compact support.

2. A sequence P1,P2, · · · ∈ P(E) converges weakly to P ∈ P(E), if

Pn[f ]
n→∞−−−→ P[f ] (9.1)

for all f ∈ Cb(E). We then write

Pn
n→∞
====⇒ P.

3. Let µ1, µ2, · · · ∈ P≤1 and µ be a measure on E. If (9.1) only applies to all f ∈ Cc(E),
we say that µn converges vagely to µ. We then write

µn
n→∞
====⇒

v
µ.

4. Let X,X1, X2, . . . be random variables on probability spaces (Ω,A,P), (Ω1,A1,P1),
(Ω2,A2,P2), . . . with values in E. Then, X1, X2, . . . converges in distribution to X if
(Xn)∗Pn

n→∞
====⇒ X∗P. We then write

Xn
n→∞
====⇒ X.
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Remark 9.2. 1. Note that for random variables X,X1, X2, . . . with values in E, we have
Xn

n→∞
====⇒ X if

P[f(Xn)]
n→∞−−−→ P[f(X)]

for all f ∈ Cb(E). Many of the following results can therefore be formulated in two
ways: either by means of probability distributions, or by means of random variables.
The connection here is always that the statement about the probability distributions is
also a statement about the distributions of the random variables.

2. The weak limit of probability measures must again be a probability measure, since 1 ∈
Cb(E). The vague limit of probability measures does not necessarily have to be a proba-
bility measure, since 1 /∈ Cc(E) if E is not compact; see also Example 9.3.1. After all,
the vague limit is in P≤1(E), as Lemma 9.12 shows.

3. We already know the almost sury convergence, the convergence in probability, and the
convergence in Lp of random variables X1, X2, . . . to X. The difference to convergence
in distribution is that the latter does not require that the random variables are defined
on the same probability space.

4. By Definition 9.1, the topology of weak convergence on P(E) is the weakest (i.e. the
smallest) topology for which P 7→ P[f ] for all f ∈ Cb(E) is continuous.

Example 9.3. 1. Let x, x1, x2, · · · ∈ R with xn
n→∞−−−→ x and P = δx,P1 = δx1 ,P2 =

δx2 , . . . Then, Pn
n→∞
====⇒ P, since

Pn[f ] = f(xn)
n→∞−−−→ f(x) = P[f ]

for all f ∈ Cb(R).
If the sequence x1, x2, . . . diverges, for example xn = n, then Pn

n→∞−−−→v 0 (this is the
0-measure on B(R)), since

Pn[f ] = f(xn)
n→∞−−−→ 0 = 0[f ]

for all f ∈ Cc(R). However, weak convergence does not hold, since Pn[1] = 1 ̸= 0 = 0[1].

2. Let X,X1, X2, . . . be identically distributed. Then Xn
n→∞
====⇒ X, but in general the

convergence is neither almost sure, nor in probability nor in Lp for any p > 0.

3. As we will see, the Central Limit Theorem (Theorem 10.8), is a result about conver-
gence in distribution. In its simplest form, the theorem of deMoivre-Laplace (see also
Remark 9.8 and Example 9.34), it states: let p ∈ (0, 1), Xn ∼ B(n, p), n = 1, 2, . . . and
X ∼ N(0, 1). Then,

Xn − np√
np(1− p)

n→∞
====⇒ X.

4. Similarly, the Poisson approximation of the binomial distribution is a statement about
convergence in distribution (see the course in Basic Probability and Theorem 10.5): let
Xn ∼ B(n, pn), n = 1, 2, . . . with n · pn

n→∞−−−→ λ and X ∼ Poi(λ). Then,

Xn
n→∞−−−→ X.
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Lemma 9.4 (Uniqueness of the weak limit). Let P,Q,P1,P2, · · · ∈ P(E) with Pn
n→∞
====⇒ P

and Pn
n→∞
====⇒ Q. Then P = Q.

Proof. According to Proposition 2.11 it suffices to show that P(A) = Q(A) for all closed
A ⊆ E. (The set of all closed sets is a ∩-stable generator of B(E).) So let A ⊆ E be closed.
We set

r(x,A) := inf
y∈A

r(x, y)

and
fm(x) 7→ (1−m · r(x,A))+.

form = 1, 2, . . . . Then fm
m→∞−−−−→ 1A, since A is is closed. Then, using cominated convergence,

P(A) = lim
m→∞

P[fm] = lim
m→∞

lim
n→∞

Pn[fm] = lim
m→∞

lim
m→∞

Q[fm] = Q(A)

and the assertion follows.

Recall the initial figure of Chapter 7. A sequence of random variables can converge almost
surely, in probability, in Lp or in distribution. Convergence in distribution is the weakest of
these terms in the following sense.

Proposition 9.5 (Convergence in probability and in distribution). Let X,X1, X2, . . . be
random variables with values in E. If Xn

n→∞−−−→p X, then Xn
n→∞
====⇒ X. If X is constant,

the inversion also applies.

Proof. Let Xn
n→∞−−−→p X. Suppose that there is an f ∈ Cb(E) such that limn→∞P[f(Xn)] ̸=

P[f(X)]. Then there is a subsequence (nk)k=1,2,... and a ε > 0 with

lim
k→∞

|P[f(Xnk
)]−P[f(X)]| > ε. (9.2)

Because of Xn
n→∞−−−→p X and Proposition 7.6 there is a subsequence (nkℓ)ℓ=1,2,... such that

Xnkℓ

ℓ→∞−−−→ X almost surely. By dominated convergence, this would imply

lim
ℓ→∞

P[f(Xnkℓ
)] = P[f(X)]

in contradiction to (9.2).
For the inverse, let X = s ∈ E. Note that x 7→ r(x, s) ∧ 1 is a bounded, continuous

function and therefore

P[r(Xn, s) ∧ 1]
n→∞−−−→ P[r(X, s) ∧ 1] = 0.

Thus, Xn
n→∞−−−→p X holds because of (7.1).

Theorem 9.6 (Portmanteau theorem). Let X,X1, X2, . . . be random variables with values
in E. The following conditions are equivalent:

(i) Xn
n→∞
====⇒ X

(ii) P[f(Xn)]
n→∞−−−→ P[f(X)] for all bounded, Lipschitz-continuous functions f .
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(iii) lim inf
n→∞

P(Xn ∈ G) ≥ P(X ∈ G) for all open G ⊆ E.

(iv) lim sup
n→∞

P(Xn ∈ F ) ≤ P(X ∈ F ) for all completed F ⊆ E.

(v) lim
n→∞

P(Xn ∈ B) = P(X ∈ B) for all B ∈ B(E) with14 P(X ∈ ∂B) = 0.

Proof. (i)→ (ii): clear.

(ii)⇒ (iv): Let F ⊆ E be closed and f1, f2, . . . Lipschitz-continuous such that fk ↓ 1F . (For
example, one chooses εk ↓ 0 and fk(x) = (1 − 1

εk
r(x, F ))+, where r(x, F ) := infy∈F r(x, y).)

This means that

lim sup
n→∞

P(Xn ∈ F ) ≤ inf
k=1,2,...

lim sup
n→∞

P[fk(Xn)] = inf
k=1,2,...

P[fk(X)] = P(X ∈ F ).

(iii) ⇐⇒ (iv): That is clear. For (iii) ⇒ (iv), set F := E \ G and for (iv) ⇒ (iii), set
G := E \ F .
(iii)⇒ (i): Let f ≥ 0 be continuous. By Proposition 6.10 and Fatou’s lemma,

P[f(X)] =

∫ ∞

0
P(f(X) > t)dt ≤

∫ ∞

0
lim inf
n→∞

P(f(Xn) > t)dt

≤ lim inf
n→∞

∫ ∞

0
P(f(Xn) > t)dt = lim inf

n→∞
P[f(Xn)].

For −c < f < c, since −f + c ≥ is0,

lim sup
n→∞

P[f(Xn)] = c− lim inf
n→∞

P[−f(Xn) + c] ≤ c−P[−f(X) + c] = P[f(X)]

≤ lim inf
n→∞

P[f(Xn)],

thus P[f(Xn)]
n→∞−−−→ P[f(X)].

(iii), (iv)→ (v) For B ∈ B(E),

P(X ∈ B◦) ≤ lim inf
n→∞

P(Xn ∈ B◦) ≤ lim sup
n→∞

P(Xn ∈ B) ≤ P(X ∈ B).

Given P(X ∈ ∂B) = P(X ∈ B)−P(X ∈ B◦) = 0, therefore P(Xn ∈ B)
n→∞−−−→ P(X ∈ B).

(v) → (iv): Assume (v) is true and F ⊆ E is closed. We write F ε := {x ∈ E : r(x, F ) ≤ ε}
for ε > 0. The sets ∂F ε ⊆ {x : r(x, F ) = ε} are disjoint, so

P(X ∈ ∂F ε) = 0 (9.3)

for Lebesgue-almost every ε. Let ε1, ε2, . . . denote a sequence with εk ↓ 0 such that (9.3)
holds for all ε1, ε2, . . . . This means that

lim sup
n→∞

P(Xn ∈ F ) ≤ inf
k=1,2,...

lim sup
n→∞

P(Xn ∈ F εk) = inf
k=1,2,...

P(X ∈ F εk) = P(X ∈ F ).

14For the closure B and the interior B◦ denote here ∂B := B \B◦ the edge of B.
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Corollary 9.7 (Convergence of distribution functions). Let P,P1,P2, · · · ∈ P(R) with distri-
bution functions F, F1, F2, . . . Then Pn

n→∞−−−→ P exactly if Fn(x)
n→∞−−−→ F (x) for all continuity

points x of F .

Proof. ’⇒’: If x is a continuity point of F , then P(∂(−∞;x]) = P({x}) = 0. This means
that – according to Theorem 9.6 (direction (i)⇒ (v)) – that

Fn(x) = Pn((−∞;x])
n→∞−−−→ P((−∞;x]) = F (x).

’⇐’: According to Theorem 9.6 (direction (ii)⇒ (i)), it suffices to show thatPn[f ]
n→∞−−−→ P[f ]

for all bounded, Lipschitz functions f . Wlog, we assume that |f | ≤ 1 and f has Lipschitz
constant 1. For ε > 0 choose N ∈ N and continuity points y0 < · · · < yN of F , so that
F (y0) < ε, F (yN ) > 1− ε and yi − yi−1 < ε for i = 1, . . . , N . Then Fn(yi)

n→∞−−−→ F (yi) and

f ≤ 1(−∞,y0] + 1(yN ,∞) +

N−1∑
i=1

(f(yi) + ε)1(yi,yi+1],

as well as

lim sup
n→∞

Pn[f ] ≤ lim sup
n→∞

Fn(y0) + 1− Fn(yN ) +
N∑
i=1

(f(yi) + ε)(Fn(yi)− Fn(yi−1)

≤ 3ε+

N∑
i=1

f(yi)(F (yi)− F (yi−1)) ≤ 4ε+P[f ].

With ε→ 0 and by replacing f with 1− f , we find Pn[f ]
n→∞−−−→ P[f ].

Remark 9.8 (The Theorem of deMoivre-Laplace). In Example 9.3 we claimed that deMoivre-
Laplace’s Theorem makes a statement about weak convergence. The Theorem states that for
B(n, p)-distributed random variables Xn, n = 1, 2, ...,

P
( Xn − np√

np(1− p)
≤ x

)
n→∞−−−→ Φ(x),

where Φ is the distribution function of the standard normal distribution. As Corollary 9.7
shows, this means exactly the convergence in distribution to a standard normal distribution.

Corollary 9.9 (Slutzky’s Theorem ). Let X,X1, X2, ..., Y1, Y2, ... be random variables with
values in E. If Xn

n→∞
====⇒ X and r(Xn, Yn)

n→∞−−−→p 0, then Yn
n→∞−−−→ X.

Proof. Let f : E → R be bounded and Lipschitz-continuous with Lipschitz constant L. Then,

|f(x)− f(y)| ≤ L · r(x, y) ∧ (2||f ||∞)

for all x, y ∈ E. From this,

lim sup
n→∞

E[f(Xn)− f(Yn)] ≤ lim sup
n→∞

E[L · r(Xn, Yn) ∧ (2||f ||∞)] = 0

according to Lemma 7.5. Thus,

lim sup
n→∞

∣∣E[f(Yn)]−E[f(X)]
∣∣ ≤ lim sup

n→∞

∣∣E[f(Yn)]−E[f(Xn)]
∣∣+ ∣∣E[f(Xn)]−E[f(X)]

∣∣ = 0,

and the claimed convergence follows with Theorem 9.6.
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Theorem 9.10 (Continuous mapping theorem). Let E be separable, (E′, r′) another metric
space and φ : E → E′ measurable and Uφ ⊆ E the set of discontinuity points of φ.

1. If P,P1,P2, · · · ∈ P(E) and P(Uφ) = 0 and Pn
n→∞
====⇒ P, then φ∗Pn

n→∞
====⇒ φ∗P.

2. If X,X1, X2, . . . are random variables with values in E and P(X ∈ Uφ) = 0 and

Xn
n→∞
====⇒ X, then also φ(Xn)

n→∞
====⇒ φ(X).

Proof. First, we note that 2. is an application of 1. if one sets Pn = (Xn)∗P. The set Uφ is
Borel-measurable, since

U δ,ε
φ = {x ∈ E : ∃y, z ∈ Bδ(x), r

′(φ(y), φ(z)) > ε}

is Borel-measurable (here the separability of E is included) and

Uφ =

∞⋃
n=1

∞⋂
k=1

U1/k,1/n
φ .

Let G ⊆ E′ be open and x ∈ φ−1(G) ∩ U c
φ. Since φ is continuous in x, there is a δ > 0 with

φ(y) ∈ G (i.e. y ∈ φ−1(G)) for all y with r(x, y) < δ. Therefore, φ−1(G) ∩ U c
φ ⊆ (φ−1(G))◦.

This follows with Theorem 9.6 (direction (i)⇒ (iii))

φ∗P(G) = P(φ−1(G)) = P(φ−1(G) ∩ U c
φ) ≤ P((φ−1(G))◦)

≤ lim inf
n→∞

Pn((φ
−1(G))◦) ≤ lim inf

n→∞
Pn(φ

−1(G)) = lim inf
n→∞

φ∗Pn(G).

Again due to theorem 9.6 (direction (iii)⇒ (i)), this implies φ∗Pn
n→∞
====⇒ φ∗P.

Apart from the vague convergence, convergence in distribution is the weakest form of conver-
gence. However, there is a connection with almost sure convergence, as the following theorem
shows.

Theorem 9.11 (Weak and almost sure convergence, Skorohod). Let X,X1, X2, . . . be random
variables with values in a complete and separable space (E, r). Then, Xn

n→∞
====⇒ X holds if

and only if there is a probability space on which random variables Y, Y1, Y2, . . . are defined

with Yn
n→∞−−−→fs Y and Y

d
= X,Y1

d
= X1, Y2

d
= X2, . . .

Proof. ’⇐’: This is clear, since almost sure convergence implies weak convergence (see Propo-
sition 9.5).

’⇒’: We extend the probability space on which X is defined, and we set Y = X. Let
E = {1, . . . ,m} be finite, U be uniformly distributed on [0, 1] and independent of Y , and
W1,W2, . . . independent with

P(Wn = k) =
P(Xn = k)−P(X = k) ∧P(Xn = k)

1−
∑m

l=1P(X = l) ∧P(Xn = l)
.

We set Yn = k if either

X = k and U ≤ P(Xn = k)

P(X = k)
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or

X = l and U >
P(Xn = l)

P(X = l)
and Wn = k.

Then

P(Yn = k) = P(X = k) · P(Xn = k)

P(X = k)
∧ 1

+
m∑
l=1

P(X = l) ·
(
1− P(Xn = l)

P(X = l)

)+P(Xn = k)−P(X = k) ∧P(Xn = k)

1−
∑m

l′=1P(X = l′) ∧P(Xn = l′)

= P(Xn = k) ∧P(X = k)

+

m∑
l=1

(P(X = l)−P(Xn = l) ∧P(X = l))
P(Xn = k)−P(X = k) ∧P(Xn = k)

1−
∑m

l′=1P(X = l′) ∧P(Xn = l′)

= P(Xn = k).

Thus Yn
d
= Xn. Since according to the condition P(Xn = k)

n→∞−−−→ P(X = k), the almost
sure convergence follows.

For general E, let p = 1, 2, ... and choose a partition of E in sets B1, B2, . . . in E with
P(Y ∈ ∂Bk) = 0 and diameter at most 2−p. Choosem large enough, so thatP(Y /∈ B0) < 2−p

with B0 := E \
⋃

k≤mBk. For k = 1, 2, . . . , define random variables Z̃, Z̃1, Z̃2, . . . such that

Z̃ = k exactly when Y ∈ Bk and Z̃n = k if Yn ∈ Bk. Then Z̃n
n→∞
====⇒ Z̃. Since Z̃, Z̃1, . . . only

takes values in a finite set, we can use random variables Z,Z1, Z2, . . . with Zn
n→∞−−−→fs Z.

Furthermore, let Wn,k be random variables with distribution P[Xn ∈ .|Xn ∈ Bk] and Ỹn,p =∑
kWn,k1Zn=k, so that Ỹn,p

d
= Xn for all n. It is now clear{

r(Ỹn,p, Y ) > 2−p
}
⊆ {Zn ̸= Z} ∪ {Y ∈ B0}.

Since Zn
n→∞−−−→fs Z and P{Y ∈ B0} < 2−p, for each p there are numbers n1 < n2 < . . . with

P
( ⋃

n≥np

{
r(Ỹn,p, Y ) > 2−p

})
< 2−p

for all p. With the Borel-Cantelli lemma we get

sup
n≥np

r(Ỹn,p, Y ) ≤ 2−p

for almost all p. We therefore define Yn := Ỹn,p for np ≤ n < np+1 and note that Xn
d
=

Yn
n→∞−−−→fs Y .

9.2 Prohorov’ Theorem

In this section, we first examine the concept of vague convergence. We will restrict ourselves to
the space E = R. (Most of the statements shown here are still valid in locally compact spaces).
It is already clear that weak convergence of distributions implies vague convergence (since all
continous functions with compact support are bounded), and that the weak convergence is
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equivalent to the convergence of the distribution functions (Corollary 9.7). The main result
here is the theorem of Helly (Theorem 9.13), which states that every sequence of probability
measures has a vaguely convergent subsequence.

We then examine the question when a sequence of probability measures also has weakly
convergent subsequence. This leads us to the notion of tightness of probability measures and
Prohorov’s theorem (Theorem 9.19).
As we have already seen in Remark 9.2.1, it can be that the vague limit measure of probability
measures is not a probability measure. However, the following result shows that the limit
measure has total mass at most 1.

Lemma 9.12 (Mass loss at vague convergence). Let P1,P2, · · · ∈ P(R) and µ a measure on
B(R) with Pn[f ]

n→∞−−−→ µ[f ], f ∈ Cc(R), then µ ∈ P≤1(R) applies.
Proof. Let f1, f2, · · · ∈ Cc(R) with fk ↑ 1. Then with monotonic convergence

µ(R) = sup
k∈N

µ[fk] = sup
k∈N

lim sup
n→∞

Pn[fk] ≤ 1.

.

Theorem 9.13 (Helly’s theorem). Let P1,P2, · · · ∈ P(R). Then there is a subsequence

(nk)k=1,2,... and a µ ∈ P≤1(R) with Pnk

k→∞
====⇒

v
µ.

Proof. Let F1, F2, . . . be the distribution functions of P1,P2, . . . Further, let (x1, x2, . . . ) be
a count of Q. Since [0, 1] is compact, for each sequence there is (Fn(xi))n=1,2,... a convergent
subsequence. By means of a diagonal argument, there is a sequence (nk)k=1,2,... such that
(Fnk

(xi))k=1,2,... for all i against a limit G(xi) converges to Q. We define

F (x) := inf{G(r) : r ∈ Q, r > x}.

Since all Fn and therefore G have non-negative increments, the same applies to F . From
the definition of F and the monotonicity of G, it also follows that F is right-continuous.
According to Proposition 2.19, there is a measure µ on R with µ((x, y]) = F (y) − F (x) for
all x, y ∈ R, x ≤ y. It remains to show that Pn[f ]

n→∞−−−→ µ[f ] for all f ∈ Cc(R). Wlog we can
assume that f ≥ is0.

It is Fn(x)
n→∞−−−→ F (x) at all continuity points x of F by construction. There is a countable

set D ⊆ R such that F is continuous on Dc is continuous. This means that Pn(U)
n→∞−−−→ µ(U)

for all finite unions U of intervals with vertices in Dc. Now let B ⊆ R be open and bounded.
Let U1, U2, . . . and V1, V2, . . . be sequences of finite unions of open intervals with vertices in
C such that such that Uk ↑ B, Vk ↓ B. Then,

µ(B) = lim
k→∞

µ(Uk) = lim
k→∞

lim inf
n→∞

Pn(Uk) ≤ lim inf
n→∞

Pn(B)

≤ lim sup
n→∞

Pn(B) ≤ lim
k→∞

lim sup
n→∞

Pn(Vk) = lim
k→∞

µ(Vk) = µ(B).

Since µ(f = t) > 0 for at most countably many t, and since Pn(f > t) ≤ 1t≥||f ||, it follows
with dominated convergence

µ[f ] =

∫ ∞

0
µ(f > t)dt ≤

∫ ∞

0
lim inf
n→∞

Pn(f > t)dt = lim inf
n→∞

∫ ∞

0
Pn(f > t)dt = lim inf

n→∞
En[f ]

≤ lim sup
n→∞

Pn[f ] = lim sup
n→∞

∫ ∞

0
Pn(f > t)dt =

∫ ∞

0
lim sup
n→∞

Pn(f > t)dt ≤
∫ ∞

0
µ(f ≥ t)

= µ[f ].
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We now return to the case of a general metric space (E, r). To show the existence of ac-
cumulation points in the sense of weak convergence, it must be ensured that limit measures
are again limit measures are again probability measures. In particular no mass is lost at the
boundary crossing as in the case of vague convergence (see Lemma 9.12). Here, the concept
of tightness is central.

Definition 9.14 (Tightness). Let K be the system of all compact sets in E. A family (Pi)i∈I
in P(E) is tight, if

sup
K∈K

inf
i∈I

Pi(K) = 1.

A family (Xi)i∈I of E-valued random variables is tight if ((Xi)∗P)i∈I is tight, i.e.

sup
K∈K

inf
i∈I

P(Xi ∈ K) = 1.

Remark 9.15 (Equivalent formulations). 1. The definition of the tightness of a family
(Pi)i∈I in P(E) is equivalent to the following condition: for all ε > 0 there exists
K ⊆ E compact with infi∈I Pi(K) ≥ 1− ε.

2. If E = Rd, a family (Pi)i∈I is tight if and only if

sup
r>0

inf
i∈I

Pi(Br(0)) = 1,

where Br(0) is the sphere around 0 with radius r.

3. In Lemma 2.9 we have shown that P ∈ P(E) is tight if (E, r) is complete and is
separable. It also follows that every finite family of probability measures on the Borel’s
σ-algebra of a Polish space is tight.

4. Further, a countable family (Pi)i=1,2,... is of probability measures on a Polish space (E, r)
is tight if and only if

sup
K∈K

lim inf
i=1,2,...

Pi(K) = 1.

Proof. ’⇒’: This is clear, since lim infi=1,2,...Pi(K) ≥ infi=1,2,...Pi(K) = 1.

’⇐’: Let ε > 0 and K such that lim infi=1,2,...Pi(K) ≥ 1 − ε/2. Choose N such that
infi=N+1,N+2,...Pi(K) ≥ 1 − ε and K1, . . . ,KN compact such that Pi(Ki) ≥ 1 − ε for

i = 1, . . . , N . Since K̃ = K ∪K1 ∪ · · · ∪KN is compact and infi=1,2,...Pi(K̃) ≥ 1 − ε
the tightness of (Pi)i=1,2,... follows.

Example 9.16 (Tight sets of probability measures). 1. If E is compact, every family of
probability measures on B(E) is tight.

2. A family (Xi)i∈I of real-valued random variables with

sup
i∈I

P[|Xi|] <∞,

is tight. This is because

inf
r>0

sup
i∈I

P(|Xi| ≥ r) ≤ inf
r>0

sup
i∈I

P[|Xi|]
r

= 0.

.
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3. The family (δn)n=1,2,..., where δn is the Dirac measure on n, is not tight.

Lemma 9.17 (Vague convergence and tightness). Let P1,P2, · · · ∈ P(R) and µ ∈ P≤1(R)
with

Pn
n→∞
====⇒

v
µ.

Then

µ(R) = 1 ⇐⇒ (Pn)n=1,2,... is tight

. In this case, Pn
n→∞
====⇒ µ.

Proof. For r > 0 choose a gr ∈ Cc(R), 1Br(0) ≤ gr ≤ 1Br+1(0). Then (Pn)n=1,2,... is tight if and
only if

sup
r>0

lim inf
n→∞

Pn[gr] = 1.

’⇒’: Since µ is continuous from below, we find

1 = sup
r>0

µ(Br(0)) ≤ sup
r>0

µ[gr] = sup
r>0

lim inf
n→∞

Pn[gr] ≤ 1.

’⇐’: Let (Pn)n=1,2,... be be tight. Then, from Lemma 9.12,

1 ≥ µ(R) = sup
r>0

µ(Br(0)) = sup
r>0

µ[gr] = sup
r>0

lim inf
n→∞

Pn[gr] = 1.

It remains to show the weak convergence. Assuming that (Pn)n=1,2,... is tight and f ∈ Cb(R).
Then,

lim sup
n→∞

|Pn[f ]− µ[f ]| ≤ inf
r>0

lim sup
n→∞

(
|Pn[f − fgr]|+ |Pn[fgr]| − µ[fgr]|+ |µ[f − fgr]|

)
≤ ||f || inf

r>0
lim sup
n→∞

Pn(Br(0)
c) + inf

r>0
µ[Br(0)

c] = 0,

and Pn
n→∞
====⇒ µ follows.

Corollary 9.18 (Weak convergence and tightness). Let P,P1,P2, · · · ∈ P(R). If Pn
n→∞
====⇒

P, then (Pn)n∈N is tight.

Proof. Since weak convergence ofP1,P2, . . . toP implies vague convergence, forP,P1,P2, . . .
the conditions of Lemma 9.17 and P(R) = 1 are satisfied. Therefore, (Pn)n∈N is tight.

To determine the weak convergence of probability measures Theorem 9.6 is helpful. We now
turn to the question whether a sequence of probability measures can have an accumulation
point. This means that there is a subsequence that converges weakly to a probability measure.

Theorem 9.19 (Prohorov’s theorem). Let (E, r) be complete and separable and (Pi)i∈I a
family in P(E). The following are equivalent:

1. The family (Pi)i∈I is relatively compact with respect to the topology of weak convergence,
i.e. every sequence in (Pi)i∈I has a weakly convergent subsequence.
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2. For every ε > 0 there is an N ∈ N and x1, . . . , xN ∈ E, so that

inf
i∈I

Pi

( N⋃
k=1

Bε(xk)
)
≥ 1− ε.

3. The family (Pi)i∈I is tight.

Proof. Let x1, x2, . . . be a dense subsequence in E (which exists since (E, r) is separable).
1. ⇒ 2.: Suppose 2. is not true. Then there is ε > 0 and for each N = 1, 2, . . . a PiN with

PiN

(⋃N
k=1Bε(xk)

)
≤ 1− ε. By relative compactness, there would then be some subsequence

(PiM )M=1,2,... which is weakly convergent to some P ∈ P(E). Thus, because of Theorem 9.6
((i)⇒ (iii)) we find that

1 = P(E) = sup
N∈N

P
( N⋃

k=1

Bε(xi)
)
≤ sup

N∈N
lim inf
M→∞

PiM

( N⋃
k=1

Bε(xi)
)
≤ 1− ε,

thus a contradiction.
2.⇒ 3.: Let ε > 0. For j = 1, 2, . . . we choose xj1, . . . , xjNj such that

inf
i∈I

Pi

( Nj⋃
k=1

Bε2−j (xjk)
)
> 1− ε2−j .

We further set

K :=

∞⋂
j=1

Nj⋃
k=1

Bε2−j (xjk).

Then K ⊆ E is totally bounded by construction, according to Proposition A.9 therefore
relatively compact, so K is compact. Furthermore

sup
i∈I

Pi(K
c
) ≤ sup

i∈I

∞∑
j=1

Pi

( Nj⋂
k=1

(Bε2−j (xjk))
c
)
≤ ε.

Thus the family (Pi)i∈I is tight.
3.⇒ 1.: Let P1,P2, . . . be a sequence in the family of the family (Pi)i∈I . The aim is to find
a convergent subsequence. For this purpose, we choose compact sets K1 ⊆ K2 ⊆ · · · ⊆ E
with infn=1,2,...Pn(Kj) ≥ 1− 1/j. Further, we choose the system of compact sets

K :=
{ N⋃

k=1

Kjk ∩Bεk(xk) : N, jk ∈ N, εk ∈ Q+
}
.

Since K is countable, we can use a diagonal argument in order to create a subsequence
Pn1 ,Pn2 , . . . from P1,P2, . . . so that Pnk

(A) converges for all A ∈ K. Define the set function
µ on K by

µ(A) = lim
k→∞

Pnk
(A), A ∈ K.

Our goal is to construct a probability measure P, such that, for all open sets B,

P(B) = sup
K∋A⊆B

µ(A). (9.4)
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Indeed, if we find such a P, we can write for B open

P(B) = sup
K∋A⊆B

lim
k→∞

Pnk
(A) ≤ lim inf

k→∞
Pnk

(B),

and Pnk

k→∞
====⇒ P follows by Theorem 9.6. In order to find P, we are going to construct an

outer measure γ, and show that the open sets are γ-measurable. Then, P can be defined via
γ on the σ-algebra of all measurbale sets; see Lemma 6.2.

We first extend µ to all open sets (giving rise to β below), and directly construct γ by
setting

γ(C) := inf
B⊇C open

β(B), β(B) =: sup
K∋K⊆B

µ(K).

So, β is defined on all open sets, and, by construction, β is monotone, additive, sub-additive,
and γ = β on all open sets.
We claim that

γ is an outer measure and all closed sets are γ-measurable. (9.5)

(Recall that C is measurable with respect to the outer measure γ, if γ(S) ≥ γ(S∩C)+γ(S∩Cc)
for all S ⊆ E; see Definition 2.1.6 and sub-additivity of γ). Then, we write for B open
P(B) = γ(B) = β(B) = supK∋A⊆B µ(A), i.e. (9.4) follows.
In order to show (9.5), we proceed in steps:
Step 1: If F ⊆ B ∩ K is closed, with B open and K ∈ K, then there is K ′ ∈ K with
F ⊆ K ′ ⊆ B.
For each x ∈ F , choose ε(x) ∈ Q such that Bε(x)(x) ⊆ B. Since (Bε(x)(x))x∈F is an open
cover of F ∩K, which is compact, there must be a finite subcover, i.e. some F = F ∩K ⊆⋃N

n=1Bε(xn)(xn) ∩K ⊆ B. We can now read off the required K ′.
Step 2: β is σ-sub-additive on the open sets.
For finite sub-additivity, let B1, B2 be open, and K ∋ K ⊆ B1 ∪B2. Define

F1 := {x ∈ K : r(x,Bc
1) ≥ r(x,Bc

2}, F2 := {x ∈ K : r(x,Bc
2) ≥ r(x,Bc

1)}.

Note that F1 ⊆ B1: Indeed, if x ∈ F1 ⊆ K ⊆ B1 ∪ B2 and x ∈ B2 \ B1, then 0 = r(x,Bc
1) <

r(x,Bc
2) since B

c
2 is closed, which is a contradiction. Analogously, F2 ⊆ B2.

So, for i = 1, 2, we find Fi ⊆ Bi ∩K, and we find Ki ∈ K with Fi ⊆ Ki ⊆ Bi with Step 1. So,
note that F1 ∪ F2 = K, and we can write

µ(K) ≤ µ(K1 ∪K2) ≤ µ(K1) + µ(K2) ≤ β(B1) + β(B2).

Finite sub-additivity follows by taking the supremum over K ∋ K ⊆ B1 ∪B2 on the left hand
side. For σ-sub-additivity, take K ∋ K ⊆

⋃∞
n=1Bn. Since K is compact, choose n0 such that

K ⊆
⋃n0

n=1Bn and write

µ(K) ≤ β
( n0⋃

n=1

Bn

)
≤

n0∑
n=1

β(Bn) ≤
∞∑
n=1

β(Bn).

Then, σ-sub-additivity by taking the supremum over K ∋ K ⊆
⋃∞

n=1Bn on the left hand side.
Step 3: γ is an outer measure.
Since γ(∅) = 0 and γ is monotone by construction, it remains to show σ-sub-additivity. If
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§1, S2, ... ⊆ E, let ε > 0 and choose B1 ⊆ S1, B2 ⊆ S2, ... open with β(Bn) < γ(Sn) + ε/2n.
Then, using Step 2,

γ
( ∞⋃

n=1

Sn

)
≤ β

( ∞⋃
n=1

Sn

)
≤

∞∑
n=1

β(Bn) ≤ ε+
∞∑
n=1

γ(Sn).

The assertion follows by letting ε ↓ 0.
Step 4: Closed sets are γ-measurable.
It suffices to show

β(B) ≥ γ(F ∩B) + γ(F c ∩B)

for F closed and B open. Once this is shown, consider an arbitrary S and B ⊇ S open. Then,
β(B) ≥ γ(F ∩B) + γ(F c ∩B) ≥ γ(F ∩ S) + γ(F c ∩ S) by monotonicity og γ. From here, the
assertion follows by taking infB⊆S open on the left hand side.
So, let F be closed and B be open and ε > 0. Choose K1,K2 ∈ K with K1 ⊆ F c ∩ B
and K2 ⊆ Kc

1 ∩ B (in particular, K1,K2 are disjoint) with µ(K1) > β(F c ∩ B) − ε and
µ(K2) > β(Kc

1 ∩B)− ε. Then, since β(Kc
1 ∩B) ≥ γ(F ∩B)

β(B) ≥ µ(K1 ∪K2) = µ(K1) + µ(K2) > γ(F c ∩B) + γ(Kc
1 ∩B)− 2ε.

By letting ε→ 0, this concludes the proof, i.e. (iii)⇒(i) is shown.

9.3 Separating classes of functions

Now we will introduce separating classes of functions. In particular, this will shed some
light on the usefulness of characteristic functions and Laplace transforms of distributions (see
Definition 6.11). These are based on two specific classes of functions that are separating.

Definition 9.20 (Classes of functions separating points and separating function classes).

1. A function classM⊆ C(E) is said to separate points in E if for all x, y ∈ E with x ̸= y
there exists an f ∈M with f(x) ̸= f(y).

2. A class of functionsM⊆ C(E) is called separating in P(E) if from P,Q ∈ P(E) and

P[f ] = Q[f ] for all f ∈M

implies that P = Q.

Example 9.21. 1. The class of functions M := Cb(E) is both, separating points and
separating. Namely, if x ̸= y, then z 7→ r(x, z) ∧ 1 is a bounded, continuous function
that separates x and y. Furthermore, if P,Q ∈ P(E) and P ̸= Q, then there is an
open ball A with P(A) ̸= Q(A). Let f1, f2, . . . be a sequence in Cb(E) with fn ↑ 1A. If
P[fn] = Q[fn] for all n = 1, 2, . . . , then it would also

P(A) = lim
n→∞

P[fn] = lim
n→∞

Q[fn] = Q(A)

in contradiction to the assumption.

2. The class of functions {x 7→ cx : c ∈ R} of all linear functions separates points, but is
not separating.
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The next result requires the Stone-Weierstrass theorem, which we repeat first.

Definition 9.22 (Algebra). A set system M ⊆ C(E) is called an algebra, if 1 ∈ M, and if
α, β ∈ R and it contains f, g it also contains αf + βg, as well as fg.

Theorem 9.23 (Stone-Weierstrass). Let (E, r) be compact and M⊆ Cb(E) an algebra sep-
arating points. Then,M is dense in Cb(E) with respect to the supremum norm.

Proof. See some lecture on Analysis.

Theorem 9.24 (Algebras separating points and separating algebras).
Let (E, r) be complete and separable. IfM⊆ Cb(E) separates points and is such that f, g ∈M
implies fg ∈M. ThenM is is separating.

Proof. Let P,Q ∈ P(E). Without restriction, 1 ∈ M, since P[1] = Q[1] always holds. Thus
M is wlog an algebra. Let ε > 0 andK be compact such that P(K) > 1−ε, Q(K) > 1−ε. For
g ∈ Cb(E), according to the Stone-Weierstrass Theorem 9.23 there is a sequence (gn)n=1,2,...

inM with

sup
x∈K
|gn(x)− g(x)|

n→∞−−−→ 0. (9.6)

Now, ∣∣P[ge−εg2 ]−Q[ge−εg2 ]
∣∣ ≤ ∣∣P[ge−εg2 ]−P[ge−εg2 ;K]

∣∣
+
∣∣P[ge−εg2 ;K]−P[gne

−εg2n ;K]
∣∣

+
∣∣P[gne

−εg2n ;K]−P[gne
−εg2n ]

∣∣
+ |P[gne

−εg2n ]−Q[gne
−εg2n ]

∣∣
+
∣∣Q[gne

−εg2n ]−Q[gne
−εg2n ;K]

∣∣
+
∣∣Q[gne

−εg2n ]−Q[ge−εg2 ;K]
∣∣

+
∣∣Q[ge−εg2 ;K]−Q[ge−εg2 ]

∣∣
We restrict the first term by∣∣P[ge−εg2 ]−P[ge−εg2 ;K]

∣∣ ≤ C√
ε
P(Kc) ≤ C

√
ε

with C = supx≥0 xe
−x2

; analogous to the third, fifth and last terms. The second and penul-

timate terms converge to 0 for n → ∞ due to (9.6). Since M is an algebra, gne
−εg2n can be

approximated by functions inM, which means that the fourth term for n→∞ converges to
0. This means that∣∣P[g]−Q[g]

∣∣ = lim
ε→0

∣∣P[ge−εg2 ]−Q[ge−εg2 ]
∣∣ ≤ 4C lim

ε→0

√
ε = 0.

Since g was arbitrary and Cb(E) is separating, P = Q follows.

We now come back to the characteristic function and the Laplace transform. As already
mentioned, the usefulness of the characteristic function and the Laplace transforms is due to
the fact that they are distribution-determining.
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Proposition 9.25 (Characteristic function distribution-determining).
A probability measure P ∈ P(Rd) (P ∈ P(Rd

+)) is uniquely characterized by the characteristic
function ψP (the Laplace transform LP).

Proof. We show the statement only for characteristic functions that are proven for Laplace
transforms is proven analogously. We establish that the set M := {x 7→ eitx; t ∈ Rd} in
Rd separates points. Since M ⊆ Cb(Rd) and is closed under product formation, it is also
separating according to theorem 9.24. This finishes the proof.

Corollary 9.26 (Independence and characteristic function). 1. A family (Xj)j∈I of real-
valued random variables is is independent if and only if for all J ⊆f I

E
[∏
j∈J

eitjXj

]
=
∏
j∈J

E[eitjXj ] (9.7)

for all (tj)j∈J ∈ RJ is valid.

2. A family (Xj)j∈I of random variables with values in R+ is independent if and only if
for all J ⊆f I

E
[∏
j∈I

e−tjXj

]
=
∏
j∈J

E[e−tjXj ]

for all (tj)j∈J ∈ RJ applies.

Proof. We only show the first statement, the second follows analogously. If (Xj)j∈I is inde-
pendent, then according to Lemma 8.4, the random variables (eitjXj )j∈I for all (tj)j∈J ∈ RJ

are independent. Thus, (9.7) follows from Proposition 8.5. Conversely, the following applies.
On the one hand, the left-hand side of (9.7) represents the characteristic function of the
distribution ((Xj)j∈J)∗P. On the other hand, the right side of (9.7) is the characteristic
function of

⊗
j∈J(Xj)∗P. Since the characteristic function according to Proposition 9.25 is

the joint distribution of (Xj)j∈J is uniquely determined, ((Xj)j∈J)∗P =
⊗

j∈J(Xj)∗P. The
independence of (Xj)j∈I thus follows from Proposition 8.2.

9.4 Lévy’s theorem

We now want to analyze the relationship between weak convergence and the convergence
of the characteristic functions of the underlying distributions. Let P,P1,P2, · · · ∈ P(Rd).
How to get from Proposition 9.27, the weak convergence follows Pn

n→∞
====⇒ P follows from

the pointwise convergence of the characteristic functions, ψPn(t)
n→∞−−−→ ψP(t), t ∈ Rd, given

(Pn)n∈N is tight. The decisive factor is that the tightness of the family (Pn)n∈N can also
be read from the characteristic functions as we will show in Proposition 9.32. This leads to
the statement of Lévy’s continuity theorem (Theorem 9.33), which states when the pointwise
limit of characteristic functions is again a characteristic function of a probability measure.

Proposition 9.27 (Separating class of functions and weak convergence). Let (E, r) be com-
plete and separable and P,P1,P2, · · · ∈ P(E). Then the following are equivalent:

1. Pn
n→∞
====⇒ P.
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2. (Pn)n=1,2,... is tight and there is a separating familyM⊆ Cb(E) with

Pn[f ]
n→∞−−−→ P[f ] for all f ∈M.

Proof. 1. ⇒ 2. According to Corollary 9.18, we have that (Pn)n=1,2,... is tight. The second
part of 2. holds because of the definition of weak convergence.
2. ⇒ 1. Suppose (Pn)n=1,2,... is tight and P1,P2, . . . does not converge weakly to P. Then
there is ε > 0, some f ∈ Cb(E) and a subsequence (nk)k=1,2,... such that

Pnk
[f ]−P[f ]| > ε for all k. (9.8)

According to theorem 9.19 there is a subsequence (nkℓ)ℓ=1,2,... and a Q ∈ P(E), such that

Pnkℓ

ℓ→∞
===⇒ Q. Because of (9.8),

|P[f ]−Q[f ]| ≥ | lim inf
ℓ→∞

(
P[f ]−Pnkℓ

[f ]|) + lim inf
ℓ→∞

(Pnkℓ
[f ]−Q[f ])| > ε,

in particular P ̸= Q. On the other hand, for all g ∈M we have

P[g] = lim
ℓ→∞

Pnkℓ
[g] = Q[g].

SinceM is separating, this is a contradiction and 1. is shown.

Let P ∈ P(R) and ψP be its characteristic function. We first show an estimate, which is
important to relate tightness and ψP.

Lemma 9.28 (Tightness and the characteristic function function). Let P ∈ P(R). Then for
all r > 0

P((−∞;−r] ∪ [r;∞)) ≤ r

2

∫ 2/r

−2/r
(1− ψP(t))dt, (9.9)

Proof. It is sin(x)/x ≤ 1 for x ≤ 2 and sinx ≤ x/2 for x ≥ 2. Let X be a random variable
with distribution P. Therefore, for every c > 0 according to Fubini,∫ c

−c
(1− ψP(t))dt = P

[ ∫ c

−c
(1− eitX)dt

]
= P

[
2c− 1

iX
eitX

∣∣∣c
t=−c

]
= 2cP

[
1− sin(cX)

cX

]
≥ 2cP

[
1− sin(cX)

cX
; |cX| ≥ 2

]
≥ c ·P(|cX| ≥ 2) = cP((−∞;−2

c ] ∪ [2c ;∞)),

and the assertion follows with c = 2/r.

Definition 9.29 (Uniform continuity). We repeat a definition from calculus. A set M ⊆
C(Rd) is called uniformly continuous in x ∈ Rd if

sup
f∈M

|f(y)− f(x)| y→x−−−→ 0.
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Remark 9.30 (Equivalent condition for sequences). IfM = {f1, f2, . . . }, then the condition

lim sup
n→∞

|fn(y)− fn(x)|
y→x−−−→ 0

equivalent.

Lemma 9.31 (Uniform integrability and convergence). Let f1, f2, · · · ∈ C(Rd), so that
fn

n→∞−−−→ f pointwise for a function f : Rd → R. Then f is continuous in 0 iff (fn)n=1,2,... is
uniformly continuous in 0.

Proof. If (fn)n=1,2,... is uniformly continuous in 0, then

|f(t)− f(0)| = | lim
n→∞

(fn(t)− fn(0))| ≤ lim sup
n→∞

|fn(t)− fn(0)|
t→0−−→ 0.

Conversely, if f is continuous in 0, then

lim sup
n→∞

|fn(t)−fn(0)| ≤ lim sup
n→∞

|fn(t)−f(t)|+|f(t)−f(0)|+|f(0)−fn(0) = |f(t)−f(0)|
t→0−−→ 0.

Proposition 9.32 (Tightness and uniformity continuity). Let (Pi)i∈I be a family in P(Rd).
If (ψPi)i∈I is uniformly continuous in 0, then (Pi)i∈I is tight.

Proof. It suffices to show that ((πk)∗Pi)i∈I is tight for all projections π1, . . . , πd. Apparently,
ψ(πk)∗Pi

(t) = ψPi(tek), if ek is the k-th unit vector. It is therefore sufficient to prove the
assertion in the case d = 1. Since ψPi(0) = 1 for all i ∈ I, we conclude from uniform
continuity that

sup
i∈I
|1− ψPi(t)|

t→0−−→ 0,

thus, see Remark 9.15,

sup
r>0

inf
i∈I

Pi([−r; r]) ≥ 1− inf
r>0

sup
i∈I

r

2

∫ 2/r

−2/r
(1− ψPi(t))dt

≥ 1− inf
r>0

r

2

∫ 2/r

−2/r
sup
i∈I
|1− ψPi(t)|dt

≥ 1− 2 inf
r>0

sup
t∈[0;2/r]

sup
i∈I
|1− ψPi(t)| = 1.

This shows the assertion.

Theorem 9.33 (Lévy’s continuity theorem). Let P1,P2, · · · ∈ P(Rd) and ψ : Rd → C, so
that ψPn(t)

n→∞−−−→ ψ(t) for all t ∈ Rd. If ψ is continuous in 0, then Pn
n→∞
====⇒ P for a

P ∈ P(Rd) with ψP = ψ.

Proof. Since ψPn converges pointwise to a function ψ which is continuous in 0, it follows
from Lemma 9.31 that (ψPn)n=1,2,... is uniformly continuous in 0. With Proposition 9.32 it
follows that (Pn)n=1,2,... is tight. Let (nk)k=1,2,... be a subsequence and P ∈ P(Rd) such that

Pnk

k→∞
====⇒ P. Since x 7→ eitx is a continuous, bounded function, it follows that ψPnk

(t)
k→∞−−−→

ψP(t) for all t ∈ Rd. On the other hand, since ψPn(t)
n→∞−−−→ ψ(t), and ψP = ψ follows. This

identifies ψ as a characteristic function of P and since this uniquely determines P, we find
Pn

n→∞
====⇒ P.
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Example 9.34 (Theorem of deMoivre-Laplace). Let Sn ∼ B(n, p). The Theorem of deMoivre-
Laplace states that

S∗
n :=

Sn − np√
np(1− p)

n→∞
====⇒ N(0, 1). (9.10)

We now want to show this again with the help of characteristic functions, i.e. ψS∗
n

n→∞−−−→
ψN(0,1) pointwise. To do this, we use Proposition 6.12.3 and write with q := 1 − p and
C1, C2, · · · ∈ C with lim supn→∞ |Cn| <∞

ψS∗
n
(t) = exp

(
− it

√
np

q

)
· ψB(n,p)

( t
√
npq

)
= exp

(
− it

√
np

q

)(
q + p exp

( it
√
npq

))n
=
(
q exp

(
− it

√
p

nq

)
+ p exp

(
it

√
q

np

))n
=
(
1− qit

√
p

nq
− q t

2

2

p

nq
+ pit

√
q

np
− pt

2

2

q

np
+

Cn

n3/2

)n
=
(
1− t2

2

1

n
+

Cn

n3/2

)n n→∞−−−→ e−
t2

2 = ψN(0,1)(t).

The result now follows from Theorem 9.33.

Lévy’s continuity theorem can also be formulated with Laplace transforms. We state the
theorem without proof:

Theorem 9.35 (Lévy’s continuity theorem for Laplace transforms). Let P1,P2, · · · ∈ P(Rd
+)

and L : Rd → [0, 1], so that LPn(t)
n→∞−−−→ L (t) for all t ∈ Rd. If L is continuous in 0, then

Pn
n→∞
====⇒ P for a P ∈ P(Rd) with LP = L .

Example 9.36 (Convergence of the geometric to the exponential distribution). Let Xn ∼
µgeo(pn) be distributed and n · pn

n→∞−−−→ λ. Then

LXn/n(t) = P[e−tXn/n] =
∞∑
k=1

(1− pn)k−1pne
−tk/n

= pne
−t/n 1

1− (1− pn)e−t/n

=
λ

n(1− (1− λ/n)(1− t/n))
+ o(1/n)

n→∞−−−→ λ

λ+ t
.

Therefore, Xn
n

n→∞
====⇒ Y , where Y ∼ µexp(λ), since

Lexp(λ)(t) =

∫ ∞

0
λe−λae−tada =

λ

λ+ t
.
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10 Weak limit laws

We will now apply our knowledge of weak convergence and characteristic functions in special
situations. In Section 10.1 we are concerned with statements about when the sum of random
variables converges against a Poisson distributed random variable. In section 10.2 we will ap-
ply the central Lindeberg-Feller’s central limit theorem, which provides a characterization for
the weak convergence against a normal distribution. Section 10.3 finally deals with extensions
for the case of multidimensional random variables.

10.1 Poisson convergence

We already know the statement that B(n, pn) for n · pn
n→∞−−−→ λ converges weakly against

Poi(λ) for large n; see Example 10.1. In this section we generalize this statement; see Theo-
rem 10.5.

Example 10.1 (Poisson approximation of the binomial distribution). Let p1, p2, · · · ∈ [0, 1]
be such that n · pn

n→∞−−−→ λ. Then we already know from Basic probability that

B(n, pn)({k})
n→∞−−−→ Poi(λ)({k}).

In other words, this is a statement about weak convergence:

B(n, pn)
n→∞
====⇒ Poi(λ). (10.1)

Lévy’s theorem provides another way to prove this result. We recall the characteristic functions
of the binomial and Poisson distribution from Example 6.13. We write directly

ψB(n,pn)(t) =
(
1− pn

(
1− eit

))n
=
(
1− n · pn

n

(
1− eit

))n
n→∞−−−→ exp

(
− λ(1− eit)

)
= ψPoi(λ)(t).

In particular, the characteristic functions of the binomial distributions converge pointwise to a
function that is continuous in 0, namely the characteristic function of the Poisson distribution.
With Theorem 9.33 this imples (10.1).

In the following, we will see that the weak convergence to a Poisson distribution is even more
general. For this we will use use generating functions.

Remark 10.2 (Generating function). Consider a random variable X with values in Z+ and
define the generating function

z 7→ φX(z) := P[zX ] =

∞∑
k=0

zkP[X = k].

We note that for z ∈ [0, 1] this is related to the Laplace transform of X because (with z = e−t)

LX(t) = P[e−tX ] = P[zX ] = φX(z).

In particular, the following two properties of Laplace transforms carry ofer to generating
functions.
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1. Generating functions determine the distribution, see Proposition 9.25: The distribution
of X is uniquely determined by z 7→ φX(z) for z ∈ [0, 1].

2. Weak convergence equivalent to the convergence of the generating functions, see The-
orem 9.33: Let X1, X2, . . . be a sequence of random variables with values in Z+ such
that φXn(z)

n→∞−−−→ φ(z) for z ∈ [0, 1] for a function φ that is continuous from below in
1. Then Xn

n→∞
====⇒ X for a random variable X with generating function φ.

Sometimes generating functions are practical tools. By their definition, they are power series
with radius of convergence r ≥ 1. It is known that inside the radius of convergence, the
derivative and sum are interchanged. So if r > 1, for example, we write

φ′
X(1) =

∞∑
k=0

kzk−1P(X = k)
∣∣∣
z=1

=
∞∑
k=0

kP(X = k) = P[X].

Analogous calculations for higher derivatives are also possible.

Definition 10.3 (Asymptotic negligibility). A triagonal family of random variables
(Xnj)n=1,2,...,n,j=1,...,mn with m1,m2, · · · ∈ N is asymptotically negligible, if the random vari-
ables Xn1, . . . , Xn,mn are independent for each n = 1, 2, . . . , and

sup
j=1,...,mn

P(|Xnj | > ε)
n→∞−−−→ 0 (10.2)

for all ε > 0. If Xij ≥ 0 for all i, j, then mn =∞ is also permitted.

Remark 10.4 (Equivalent formulation). 1. For a triagonal family of random variables
(Xnj)n=1,2,...,n,j=1,...,mn, (10.2) holds iff

sup
j=1,...,mn

E[|Xnj | ∧ 1]
n→∞−−−→ 0.

2. Let (Xnj)n=1,2,...,n,j=1,...,mn be a triangular of Z+-valued random variables. Then (10.2)
holds iff

inf
z∈[0,1]

inf
j=1,...,mn

φXnj (z) = inf
j=1,...,mn

φXnj (0) = inf
j=1,...,mn

P(|Xnj | = 0)
n→∞−−−→ 1. (10.3)

Theorem 10.5 (Poisson convergence). Let (Xnj)n=1,2,...,n,j=1,...,mn be a family of asymptoti-
cally negligible random variables with values in Z+ and X ∼ Poi(λ). Then,

mn∑
j=1

Xnj
n→∞
====⇒ X

iff

1.

mn∑
j=1

P(Xnj > 1)
n→∞−−−→ 0

2.

mn∑
j=1

P(Xnj = 1)
n→∞−−−→ λ.
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We prepare the proof with a lemma.

Lemma 10.6. Let (λnj)n=1,2,...,j=1,...,mn be a triangular family of asymptotically negligible,
non-negative constants and λ ∈ [0;∞]. Then,

mn∏
j=1

(1− λnj)
n→∞−−−→ e−λ ⇐⇒

mn∑
j=1

λnj
n→∞−−−→ λ

Proof. First note that log(1 − x) = −x + ε(x) for x > 0 with ε(x)/x
x→0−−−→ 0. Since

supj=1,...,mn
λnj < 1 for large n, the left hand side is equivalent to

−λ = lim
n→∞

mn∑
j=1

log(1− λnj) = − lim
n→∞

mn∑
j=1

λnj
(
1− ε(λnj)

λnj

)
= − lim

n→∞

mn∑
j=1

λnj ,

as

sup
j=1,...,mn

ε(λnj)
λnj

n→∞−−−→ 0.

From this, the right hand side is immediate.

Proof of Theorem 10.5. We denote by φn,j the generating function of Xn,j . According to
Remark 10.2.2, the weak convergence in the theorem is equivalent to pointwise convergence
of
∏mn

j=1 φnj(z)
n→∞−−−→ e−λ(1−z), since

φX(z) =
∞∑
k=0

e−λλ
k

k!
zk = e−λ(1−z).

By Lemma 10.6 this is true iff

An(z) :=

mn∑
j=1

(1− φnj(z))
n→∞−−−→ λ(1− z), (10.4)

since the family (1 − φnj(z))n=1,2,...,j=1,...,mn for each z ∈ [0, 1] after (10.3) is asymptotically
negligible. We decompose An(z) = A1

n(z) +A2
n(z) with

A1
n(z) =

∞∑
k=1

(1− z)
mn∑
j=1

P(Xnj = k) = (1− z)
mn∑
j=1

P(Xnj > 0),

A2
n(z) =

∞∑
k=2

(z − zk)
mn∑
j=1

P(Xnj = k).

First, z(1− z) ≤ z − zk ≤ z for all k = 2, 3, . . . This means that

z(1− z)
mn∑
j=1

P(Xnj > 1) ≤ A2
n(z) ≤ z

mn∑
j=1

P(Xnj > 1). (10.5)

Let us now turn to the proof of the assertion.
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’⇒’: Let (10.4) hold. For z = 0 this means, since φnj(0) = P(Xnj = 0), that

mn∑
j=1

P(Xnj > 0) =

mn∑
j=1

(1− φnj(0))
n→∞−−−→ λ.

Therefore, A1
n(z)

n→∞−−−→ λ(1 − z) for z ∈ [0, 1]. But then A2
n(z)

n→∞−−−→ 0 must apply to
z ∈ [0, 1]. Because of (10.5) this means that 1. is valid. The statement 2. follows from this
by subtraction.

’⇐’: So 1. and 2. apply. It is clear that A2
n(z)

n→∞−−−→ 0 by (10.5). Then A1
n(z)

n→∞−−−→ (1− z)λ
by 2., i.e. (10.4) is shown.

Example 10.7 (Convergence of geometric distributions against Poisson). Let Xnj, j =
1, . . . , n, n = 1, 2, . . . be geometrically distributed with parameter pn (i.e. P(Xnj = k) =
(1 − pn)k−1pn, see Example 2.2.4) and Ynj = Xnj − 1. (Thus, Ynj is the number of failures
before the first success). We set Yn :=

∑n
j=1 Ynj, which is as distributed as the number of

failures before the nth success. If Y ∼ Poi(λ) and (1 − pn) · n
n→∞−−−→ λ, then Yn

n→∞−−−→ Y .
Since

n∑
j=1

P(Ynj = 1) = n(1− pn)pn
n→∞−−−→ λ,

n∑
j=1

P(Ynj > 1) = n(1− pn)2
n→∞−−−→ 0,

Theorem 10.5 gives the result.

10.2 The Central Limit Theorem

The central limit theorem, Theorem 10.8, generalizes the Theorem of deMoivre Laplace. The
generalization consists of the fact that any sums of independent (not necessarily identically
distributed) random variables converge weakly to a normally distributed random variable if
they satisfy the Lindeberg condition (see 2. in Theorem 10.8).

Theorem 10.8 (Central limit theorem of Lindeberg-Feller). Let (Xnj)n=1,2,...,j=1,...,mn be
a family of random variables such that for n = 1, 2, . . . the random variables Xn1, . . . , Xnmn

are independent. Assume that

mn∑
j=1

E[Xnj ]
n→∞−−−→ µ,

mn∑
j=1

V[Xnj ]
n→∞−−−→ σ2

and X ∼ N(µ, σ2). Then the following statements are equivalent:

1.

mn∑
j=1

Xnj
n→∞
====⇒ X and sup

j=1,...,mn

V[Xnj ]
n→∞−−−→ 0,

2.

mn∑
j=1

E[(Xnj −E[Xnj ])
2; |Xnj −E[Xnj ]| > ε]

n→∞−−−→ 0 for all ε > 0.
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Before we prove the central limit theorem, we refer to the special case of identically distributed
random variables, which was already discussed in the lecture Basic Probability.

Corollary 10.9 (Central limit theorem for identically distributed random variables). Let
X1, X2, . . . be independent and identically distributed with E[X1] = µ,V[X1] = σ2 > 0. Let
Sn :=

∑n
k=1Xk and X ∼ N(0, 1). Then,

Sn − nµ√
nσ2

n→∞
====⇒ X.

Proof. Let mn = n and Xnj =
Xj−µ√
nσ2

. Then the family (Xnj)n=1,2,...,j=1,...,n fulfills the condi-

tions of Theorem 10.8 with µ = 0, σ2 = 1. Furthermore

n∑
j=1

E[X2
nj ; |Xnj | > ε] =

1

σ2
E[(X1 − µ)2; |X1 − µ| > ε

√
nσ2]

n→∞−−−→ 0

due to dominated convergence.

The Lindeberg condition is often not easy to verify. The stronger Lyapunoff condition is often
simpler.

Remark 10.10 (Lyapunoff condition). The family (Xnj)n=1,2,...,j=1,...,mn from Theorem 10.8
satisfies the Lyapunoff condition if for some δ > 0

mn∑
j=1

E
[
|Xnj −E[Xnj ]|2+δ

] n→∞−−−→ 0.

Under the conditions of Theorem 10.8, the Lyapunoff condition implies the Lindeberg condi-
tion. To see this, let wlog E[Xnj ] = 0. For all ε > 0,

x21|x|>ε ≤
|x|2+δ

εδ
1|x|>ε ≤

|x|2+δ

εδ
.

If the Lyapunoff condition applies, the Lindeberg condition follows from

mn∑
j=1

E[X2
nj ; |Xnj | > ε] ≤ 1

εδ

mn∑
j=1

E[|Xnj |2+δ]
n→∞−−−→ 0.

The proof of Theorem 10.8 is based on the clever use of the characteristic functions of the
random variable random variable Xnj and Taylor approximations. We prepare the proof of
the theorem with two lemmas.

Lemma 10.11 (An estimate). For complex numbers z1, . . . , zn, z
′
1, . . . , z

′
n with |zi| ≤ 1, |z′i| ≤

1 for i = 1, . . . , n,

∣∣∣ n∏
k=1

zk −
n∏

k=1

z′k

∣∣∣ ≤ n∑
k=1

|zk − z′k|. (10.6)
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Proof. For n = 1 the equation is obviously correct. Moreover, if (10.6) is valid for an n, then∣∣∣ n+1∏
k=1

zk −
n+1∏
k=1

z′k

∣∣∣ ≤ ∣∣∣zn+1

( n∏
k=1

zk −
n∏

k=1

z′k

)∣∣∣+ ∣∣∣(zn+1 − z′n+1)

n∏
k=1

z′k

∣∣∣
≤

n∑
k=1

|zk − z′k|+ |zn+1 − z′n+1|.

From this the assertion follows.

Lemma 10.12 (Taylor approximation of the exponential function). Let t ∈ C and n ∈ Z+.
Then, ∣∣∣eit − n∑

k=0

(it)k

k!

∣∣∣ ≤ 2|t|n

n!
∧ |t|

n+1

(n+ 1)!
. (10.7)

Proof. Denote by hn(t) the difference on the left-hand side. For n = 0, (10.7) follows from

|h0(t)| =
∣∣∣ ∫ t

0
eisds

∣∣∣ ≤ ∫ t

0
|eis|ds = |t|

and
|h0(t)| ≤ |eit|+ 1 = 2.

In general, the following applies to t ∈ R, n ∈ N∣∣∣ ∫ t

0
hn(s)ds

∣∣∣ = ∣∣∣− i(eit − 1) + i
n∑

k=0

(it)k+1

(k + 1)!

∣∣∣ = ∣∣∣ieit − i n+1∑
k=0

(it)k

k!

∣∣∣ = |hn+1(t)|,

and (10.7) follows by induction.

Remark 10.13 (notation). In the following proof, we will use for functions a and b the
notation a > b iff there is a constant C with a ≤ Cb.

Proof of theorem 10.8. Wlog let E[Xnj ] = µ = 0 and σ2 = 1; otherwise we replace Xnj by
Xnj−E[Xnj ]√

σ2
. Let σ2nj := V[Xnj ] and σ

2
n :=

∑mn
j=1 σ

2
nj

n→∞−−−→ 1. Denote by ψnj the characteristic

function of Xnj .
2.⇒ 1. Since for every ε > 0

sup
j=1,...,mn

σ2nj ≤ ε2 + sup
j=1,...,mn

E[X2
nj ; |Xnj | > ε] ≤ ε2 +

mn∑
j=1

E[X2
nj ; |Xnj | > ε]

n→∞−−−→ ε2, (10.8)

the second part of 1. is already shown.
Let (Znj)n=1,2,...,j=1,...,mn be independent random variables with Znj ∼ N(0, σ2nj). This

means that Zn =
∑mn

j=1 Znj ∼ N(0, σ2n). In particular, the following applies thus Zn
n→∞
====⇒ X,

which can be derived directly from the form of the characteristic functions of the normal
distribution, Example 6.13.3 can be read off. Let ψ̃nj be the characteristic function of Znj .
Then it suffices to show, see Theorem 9.33, that

nj∏
j=1

ψnj(t)−
mn∏
j=1

ψ̃nj(t)
n→∞−−−→ 0 (10.9)
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for all t. Using Lemma 10.11 and Lemma 10.12 we write∣∣∣ mn∏
j=1

ψnj(t)−
mn∏
j=1

ψ̃nj(t)
∣∣∣ ≤ mn∑

j=1

|ψnj(t)− ψ̃nj(t)|

≤
mn∑
j=1

|ψnj(t)− 1 + 1
2 t

2σ2nj |+
mn∑
j=1

|ψ̃nj(t)− 1 + 1
2 t

2σ2nj |

> 2

mn∑
j=1

E[X2
nj(1 ∧ |Xnj |) +

mn∑
j=1

|e−
1
2σ

2
njt

2

− 1 + 1
2 t

2σ2nj |.

Furthermore,

mn∑
j=1

E[X2
nj(1 ∧ |Xnj |)] ≤ ε

mn∑
j=1

σ2nj +

mn∑
j=1

E[X2
nj ; |Xnj | > ε]

n→∞−−−→ ε

and

mn∑
j=1

|e−
1
2σ

2
njt

2

− 1 + 1
2 t

2σ2nj | >
mn∑
j=1

σ4nj ≤ σ2n sup
j=1,...,mn

σ2nj
n→∞−−−→ 0

because of (10.8). This means (10.9) is already proven.
1.⇒ 2. According to the second part of 1. for each ε > 0 with the Chebyshev inequality

sup
j=1,...,mn

P[|Xnj | > ε] ≤ sup
j=1,...,mn

σ2nj
ε2

n→∞−−−→ 0. (10.10)

With Lemma 10.12,

sup
j=1,...,mn

|ψnj(t)− 1| ≤ sup
j=1,...,mn

E[2 ∧ |t ·Xnj |] ≤ 2 sup
j=1,...,mn

P[|Xnj | > ε] + ε|t| n→∞−−−→ ε|t|.

In particular,
∑mn

j=1 logψnj(t) is defined for every t if n is large enough. From 1.

mn∑
j=1

logψnj(t)
n→∞−−−→ − t

2

2
. (10.11)

Furthermore, because ψ′
nj(0) = iE[Xnj ] = 0, ψ′′

nj(0) = −V[Xnj ] = −σ2nj with the help of a
Taylor expansion of ψnj around 0

|ψnj(t)− 1| > σ2nj |t|2

and ∣∣∣ mn∑
j=1

logψnj(t)−
mn∑
j=1

(ψnj(t)− 1)
∣∣∣ > mn∑

j=1

|ψnj(t)− 1|2

>
mn∑
j=1

(σ2nj)
2|t|4 > |t|4 sup

j=1,...,mn

σ2nj
n→∞−−−→ 0.

(10.12)
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Since the convergence of an imaginary series follows from the convergence of its real and
imaginary parts, we deduce from (10.11) and (10.12) because Re(ψnj(t)) = E[cos(tXnj)]

mn∑
j=1

E[cos(tXnj)− 1]
n→∞−−−→ − t

2

2

For ε > 0 is now because of 0 ≤ 1− cos(θ) ≤ θ2

2

0 ≤ lim sup
n→∞

mn∑
j=1

E[X2
nj ; |Xnj | > ε] = lim sup

n→∞
1−

mn∑
j=1

E[X2
nj ; |Xnj | ≤ ε]

≤ lim sup
n→∞

1− 2

t2

mn∑
j=1

E[1− cos(tXnj); |Xnj | ≤ ε]

= lim sup
n→∞

2

t2

mn∑
j=1

E[1− cos(tXnj); |Xnj | > ε]

≤ lim sup
n→∞

2

t2

mn∑
j=1

P[|Xnj | > ε]

≤ 2

ε2t2
lim sup
n→∞

mn∑
j=1

σnj =
2

ε2t2
.

(10.13)

Since t, ε > 0 were arbitrary, 2. is shown, if in the the last inequality chain t → ∞ is
considered.

10.3 Multidimensional limit laws

So far, we have only considered weak limit theorems (Theorems 10.5 and 10.8) for the case
of R–valued random variables. We now generalize this to Rd–valued random variables. In
particular, we give a variant of the multidimensional central limit theorem.

Definition 10.14 (Multidimensional normal distribution). Let µ ∈ Rd and C ∈ Rd×d be a
strictly positive definite symmetric matrix.15,16. The d-dimensional normal distribution with
expected value µ and covariance matrix C is the probability measure Nµ,C on Rd with density

fµ,C(x) =
1√

(2π)d det(C)
exp

(
− 1

2(x− µ)C
−1(x− µ)⊤

)
.

Proposition 10.15 (Properties of the multidimensional normal distribution). Let µ ∈ Rd,
C = AA⊤ ∈ Rd×d a strictly positive definite symmetric matrix and I the d-dimensional unit
matrix. The following are equivalent:

1. X ∼ Nµ,C ;

2. tX⊤ ∼ Ntµ⊤,tCt⊤ for each t ∈ Rd;

15We denote row vectors by x and column vectors by x⊤.
16Strictly positive definite means xCx⊤ > 0 for all x ∈ Rd. From linear algebra it is known that for a strictly

positive definite matrix C there is always an invertible matrix A with C = AA⊤
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3. ψX(t) = eitµ
⊤
e−

1
2 tCt⊤ for each t ∈ Rd.

In each of these cases

4. X
d
= AY + µ for Y ∼ N0,I ,

5. E[Xi] = µi for i = 1, . . . , d,

6. COV[Xi, Xj ] = Cij for i, j = 1, . . . , d.

Proof. First, let X ∼ Nµ,C . We first show 4.-6. The property 4. is an application of the
transformation theorem. For B ∈ B(Rd) and T : y 7→ Ay⊤ + µ⊤,

N0,I(T
−1(B)) =

1√
(2π)d

∫
T−1(B)

e−
1
2yy

⊤
dy

y=A−1(x−µ)
=

1√
(2π)d

1

detA

∫
B
exp

(
− 1

2(x− µ)(A
⊤)−1A−1(x− µ)⊤

)
dx

=
1√

(2π)d detC

∫
B
exp

(
− 1

2(x− µ)C
−1(x− µ)⊤

)
dx

= Nµ,C(B).

5. follows from 4. with

E[Xi] = E[πi(AY + µ)] = πiµ = µi,

where πi is the projection onto the i-th coordinate.

6. also follows from 4. with

COV[Xi, Xj ] = E[(πiAY
⊤)(πjAY

⊤)] = E[(Ai·Y
⊤)(Aj·Y

⊤)] = E[Ai·Y
⊤Y A⊤

j·]

= Ai·A
⊤
j· = (AA⊤)ij = Cij .

We now come to the equivalence of 1.-3.: ’1. ⇒ 2.’: Since X
d
= AY ⊤ + µ⊤ as in 4. tX⊤ =

tAY ⊤ + tµ⊤ as a linear combination of (one-dimensional) normal distributions is normally
distributed again. The expected value is obviously tµ⊤ and the variance

V[tX⊤] = E[(tAY ⊤)2] = E[tAY ⊤Y A⊤t⊤] = tAA⊤t⊤ = tCt⊤.

’2.⇒ 3.’: Since tX⊤ ∼ Ntµ⊤,tCt⊤ , the statement follows from example 6.13.3.

’3.⇒ 1.’: This follows from Proposition 9.25.

Remark 10.16 (Special cases). 1. If C in Definition 10.14 is positive, but not strictly
positive definite (i.e. there is x ∈ Rd with x ̸= 0 and xCx = 0), one cannot determine
Nµ,C by specifying the density as in the definition above. In this case Nµ,C is defined by
specifying the characteristic function, i.e. function, i.e. Nµ,C is the uniquely determined

distribution on Rd with ψNµ,C
(t) = eitµe−

1
2 tCt⊤.

2. If Y ∼ N0,I and A is an orthogonal matrix, then also X := AY ∼ N0,I . This follows
from Proposition 10.15, if you write I = AA⊤ and use 4. is used.
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Proposition 10.17 (Cramér-Wold Device). If X,X1, X2, . . . are random variables with val-
ues in Rd. Then Xn

n→∞
====⇒ X applies if and only if tXn

n→∞
====⇒ tX for all t ∈ Rd (where

(t, x) 7→ tx is the scalar product in Rd).

Proof. ’⇒’: Let t ∈ Rd and f ∈ Cb(R). Then f(t·) ∈ Cb(Rd). This means thatE[f(tXn)]
n→∞−−−→

E[f(tX)], i.e. tXn
n→∞−−−→ tX.

’⇐’: Let πi be the projection onto the ith coordinate. Since (πiXn)n=1,2,... according to
Corollary 9.18 is tight for all i, you can see that (Xn)n=1,2,... is tight. Since {x 7→ eitx : t ∈ Rd}
is a separating class of functions, the assertion follows from E[eitXn ]

n→∞−−−→ E[eitX ] for all
t ∈ Rd and Proposition 9.27.

Theorem 10.18 (Multidimensional central limit theorem). Let X1, X2, . . . be indepen-
dent, identical distributed random variables with values in Rd with E[Xn] = µ ∈ Rd and
COV[Xn,i, Xn,j ] = Cij for i, j = 1, . . . , d and Sn =

∑n
i=1Xi. If X ∼ N0,C , then

Sn − nµ√
n

n→∞
====⇒ X.

Proof. We apply the one-dimensional central limit theorem, Corollary 10.9, to the indepen-
dent, identically distributed random variables tX1, tX2, . . . . This provides

t
Sn − nµ√

n

n→∞
====⇒ tX.

Since t was arbitrary, the statement follows from Proposition 10.17.

11 The conditional expectation

Let (Ω,A,P) be a probability space. We write L1 := L1(P) for the set of all real random
variables whose expected value exists. In this chapter we again use the notation E[·] for the
integral with respect to the probability measure P, as well as Lp := Lp(P).

11.1 Motivation

Define as in Elementary Probability for A,G ∈ A and P(G) > 0

P(A|G) := P(A ∩G)
P(G)

and analogously the conditional expectation

E[X|G] := E[X;G]

P(G)
.

Then P(A|G) = E[1A|G]. This relationship means that conditional expectations can be used
to calculate conditional probabilities. In particular, the notion of conditional expectation is
more general than the notion of conditional probability.

In this chapter, we will use the conditional expectation E[X|G] for a random variable
X and a σ-algebra G ⊆ F . Here, E[X|G] is a G-measurable random variable. As a simple
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example, {G1, G2, . . . } ⊆ F is a partition of Ω with P(Gi) > 0 for i = 1, 2, . . . and G the
generated σ algebra. Then we set for X ∈ L1

E[X|G](ω) :=
∞∑
i=1

E[X|Gi] · 1Gi(ω). (11.1)

The following therefore applies: for ω ∈ Gi, the random variableE[X|G] is given byE[X|G](ω) =
E[X|Gi] = E[X;Gi]/P(Gi). In particular it is constant on Gi, i = 1, 2, . . . In other words,
E[X|G] is measurable with respect to G. The following also applies to J ⊆ N and A =⋃

j∈J Gj ∈ G

E[E[X|G];A] = E
[ ∞∑

i=1

E[X|Gi]1Gi1A

]
=
∑
j∈J

E
[
E[X|Gj ]1Gj

]
=
∑
j∈J

E[X|Gj ] ·P(Gj)

= E[X;A].

(11.2)

In particular, with J = N therefore E
[
E[X|F ]

]
= E[X]. The definition of the conditional

expectation (11.1) can be generalized with the help of the property (11.2) to any σ-algebras
G ⊆ F .

Example 11.1 (Binomial distribution with random success probability). Let X be uniformly
distributed on [0, 1], i.e. the distribution of X has density 1[0;1]. Given X = x let Y1, . . . , Yn be
a sequence of Bernoulli distributed random variables with probability of success x. Therefore,
Y = Y1+ · · ·+Yn is binomially distributed with n and x, i.e. Y counts the number of successes
in n independent experiments with probability of success x. Intuitively, it is clear what

P(Y = k|X) =

(
n

k

)
Xk(1−X)n−k

should mean. However, this has not yet been defined, since P(X = x) = 0. However, it is
worth noting that the right side is a σ(X)-measurable random variable (since it is a function
of X; see Lemma 6.2).

11.2 Definition and properties

We now formally define the conditional expectation E[X|G] for G ⊆ F . As mentioned above,
this is a G-measurable random variable whose expectations are as in (11.2) match those of X.

Theorem 11.2 (Existence and properties of the conditional expectation). Let G ⊆ F be a
σ-algebra. Then there is an almost surely unique linear operator E[.|G] : L1 → L1 such that
E[X|G] for all X ∈ L1 a G-measurable random variable with

1. E
[
E[X|G];A

]
= E[X;A] for all A ∈ G.

Further,

2. E[X|G] ≥ 0 if X ≥ 0.
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3. E
[
|E[X|G]|

]
≤ E[|X|].

4. If 0 ≤ Xn ↑ X for n→∞, then also E[Xn|G] ↑ E[X|G] in L1 if all expectations exist.

5. If X is a G-measurable function, then E[XY |G] = XE[Y |G] if all expectations exist.

6. E
[
XE[Y |G]

]
= E

[
E[X|G]Y

]
= E

[
E[X|G]E[Y |G]

]
if all expectations exist.

7. If H ⊆ G, then E
[
E[X|G]|H

]
= E[X|H].

8. If X is independent of G, then E[X|G] = E[X].

Proof. 1. in the case X ∈ L2: LetM be the closed linear subspace of L2, which consists of all
functions which, except for a zero set, correspond to a G-measurable function. According to
Proposition 4.10 there are almost surely unique functions Y ∈ M,Z ⊥ M with X = Y + Z.
We define E[X|G] := Y . This means that X − E[X|G] ⊥ M , i.e. E[X − E[X|G];A] = 0 for
A ∈ G, from which 1. for X ∈ L2 follows.
3. in the case X ∈ L2: Choose A := {E[X|G] ≥ 0}. According to 1.,

E[|E[X|G]|] = E[E[X|G];A]−E[E[X|G];Ac] = E[X;A]−E[X;Ac] ≤ E[|X|].

1. in the case X ∈ L1: If X ∈ L1 ⊃ L2, then choose X1, X2, · · · ∈ L2 with ||Xn−X||1
n→∞−−−→ 0

(such that |Xn| := |X| ∧ n), and define E[X|G] := limn→∞E[Xn|G]. This limit value exists
in L1, since because of 3.

E[|E[Xn|G]−E[Xm|G]|] = E[|E[Xn −Xm|G]|] ≤ E[|Xn −Xm|]
n,m→∞−−−−−→ 0

the sequence (E[Xn|G])n=1,2,... is a Cauchy sequence and L1 is complete. Furthermore, this

means that ||E[Xn|G]−E[X|G]||1
n→∞−−−→ 0. Furthermore, for A ∈ G

|E[X −E[X|G];A]| ≤ E[|X1A −Xn1A|]
+ |E[Xn −E[Xn|G];A]]|
+E[|E[Xn|G]1A −E[X|G]1A|]
n→∞−−−→ 0

due to dominated convergence and 1. follows in the case X ∈ L1.
3. in the case X ∈ L1. Here, too, you can see through an approximation argument if
X1, X2, · · · ∈ L2 with Xn

n→∞−−−→L1 X,

E[|E[X|G]|] = lim
n→∞

E[|E[Xn|G]|] ≤ lim
n→∞

E[|Xn|] = E[|X|],

since, due to the inverse triangle inequality, approximately,

E[||E[Xn|G]| − |E[X|G]||] ≤ E[|E[X|G]−E[Xn|G]|]
n→∞−−−→ 0.

.
2. set A = {E[X|G] ≤ 0} and thus

0 ≥ E[E[X|G];A] = E[X;A] ≥ 0,

thus because of E[X|G]1A ≤ 0 also E[X|G]1A = 0 is almost sure.
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4. Due to monotone convergence, ||Xn −X||1
n→∞−−−→ 0, i.e. with 3.,

E[|E[Xn|G]−E[X|G]|] = E[|E[Xn −X|G]|] ≤ E[|Xn −X|]
n→∞−−−→ 0.

6. in the case X,Y ∈ L2. According to the definition of the conditional expectation,
E[X|G],E[Y |G] ∈M if M is the linear subspace of L2 which contains functions which, apart
from a zero set with a G-measurable function. Furthermore X −E[X|G] ⊥M . Thus

E[(X −E[X|G])E[Y |G]] = 0.

6. in the case X,Y ∈ L1. Choose X1, Y1, X2, Y2, · · · ∈ L2 with Xn ↑ X,Yn ↑ Y . Because of
4. and dominated convergence, if all expectations exist,

E[(X −E[X|G])E[Y |G]] = lim
n→∞

E[(Xn −E[Xn|G])E[Yn|G]] = 0.

5. because of 1. is E[X|G]1A = X1A for A ∈ G, almost surely. This means that

E[XY ;A] = E[XE[Y |G];A]

after 6. from this follows after 1. already E[XY |G] = XE[Y |G].
Since H ⊆ G, for A ∈ H,

E[E[X|G];A] = E[X;A] = E[E[X|H];A]

after 1. From here follows but E[E[X|G]|H] = E[X|H].
8. Certainly, E[X] is measurable with respect to G. For A ∈ G,

E[E[X|G];A] = E[X;A] = E[X]E[1A] = E
[
E[X];A

]
and thus E[X|G] = E[X].

Remark 11.3 (Interpretation and alternative proof). 1. Let X ∈ L2. As the proof of 1.
in Theorem 11.2 shows, X − E[X|G] is perpendicular to the linear subspace of all G-
measurable functions. In particular E[X|G] is the G-measurable random variable that
(in terms of the L2 norm) is closest to the random variable X comes closest. Therefore,
we can say that E[X|G] is the best estimate of X if information from the σ algebra G is
available.

2. The almost surely unambiguous existence of the conditional expectation with the property
1. in Theorem 11.2 can be proved differently than above with the help of the theorem of
Radon-Nikodým (Corollary 4.17):

Let X ≥ 0 first. Set P̃ := P|G, the restriction of P to G, and µ(.) := Ẽ[X; .] a finite
measure. Then obviously µ≪ P̃ applies. The theorem of Radon-Nikodým ensures that
µ is a density with respect to P̃, i.e. there is a G-measurable random variable Z with

E[X;A] = Ẽ[X;A] = µ(A) = Ẽ[Z;A] = E[Z;A]

for all A ∈ G. Thus Z fulfills the properties of 1. from theorem 11.2. The general case
(i.e. X can also take can also assume negative values) then follows with the decompo-
sition X = X+ −X−.

To prove the (almost sure) uniqueness of the conditional expectation, let Z ′ be another
G-measurable random variable with random variable with E[Z ′;A] = E[X;A] for all
A ∈ G. Then B := {Z ′ − E[X|G] > 0} ∈ G and E[E[X|G]− Z ′;B] = E[X −X;B] = 0
and likewise E[E[X|G]−Z ′;Bc] = 0. This therefore means Z ′ = E[X|G], almost surely.
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Proposition 11.4 (Jensen’s inequality for conditional expectations). Let I be an open in-
terval, G ⊆ A and X ∈ L1 with values in I and φ : I → R is convex. Then,

E[φ(X)|G] ≥ φ(E[X|G]).

Proof. The proof is analogous to that of Jensen’s inequality in the unconditional case, Propo-
sition 6.6: Since I is open, E[X|G] ∈ I, almost surely. We recall the definition of λ in (6.4).
Further, as in (6.5) for x ∈ I,

φ(x) ≥ φ(E[X|G]) + λ(E[X|G])(x−E[X|G])

and thus

E[φ(X)|G] ≥ E[φ(E[X|G])|G] +E[λ(E[X|G]) · (X −E[X|G])|G]
= φ

(
E[X|G]

)
.

Lemma 11.5 (Uniform integrability and conditional expectation). Let X ∈ L1. Then the
family (E[X|G])G⊆A is uniformly integrable.

Proof. Since {X} is uniformly integrable, according to Lemma 7.9 there is a monotonically

increasing convex function φ : R+ → R+ with φ(x)
x

x→∞−−−→ ∞ and E[φ(|X|)] < ∞. With
Theorem 11.2.3, we obtain

sup
F⊆A

E[φ(|E[X|F ]|)] ≤ E[φ(|X|)] <∞.

This means that {E[X|F ] : F ⊆ A σ-algebra} is uniformly integrable, again according to
Lemma 7.9.

Theorem 11.6 (Dominated and monotone convergence for conditional expectations). Let
G ⊆ F and X1, X2, · · · ∈ L1. Assume one of the following:

1. Let X ∈ L1 such that Xn ↑ X, almost surely.

2. If Y ∈ L1 such that |Xn| ≤ |Y | for all n, and Xn
n→∞−−−→ X almost surely.

Then
E[Xn|G]

n→∞−−−→ E[X|G]

almost surely and in L1.

Proof. For the L1-convergence one has in both cases with Theorem 11.2.3

E
[∣∣E[Xn|G]−E[X|G]

∣∣] = E
[∣∣E[Xn −X|G]

∣∣]
≤ E[|Xn −X|]

n→∞−−−→ 0.

We divide the almost sure convergence into the two cases: in case 1. it is clear from Theo-
rem 11.2.2 that E[Xn|G] grows monotonically. Furthermore, for A ∈ F with the theorem of
monotone convergence

E
[
sup
n

E[Xn|G];A
]
= sup

n
E
[
E[Xn|G];A

]
= sup

n
E[Xn;A] = E[sup

n
Xn;A] = E[X;A].
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However, this shows that supnE[Xn|G] = E[X|G], almost surely. In case 2. we set

Yn := sup
k≥n

Xk ↓ lim sup
n

Xn = X almost surely,

Zn := inf
k≥n

Xk ↑ lim inf
n

Xn = X almost surely.

Thus −Y ≤ Zn ≤ Xn ≤ Yn ≤ Y , i.e. in particular Y1, Z1, Y2, Z2, · · · ∈ L1, so according to 1.,

E[X|G] = lim
n→∞

E[Zn|G] ≤ lim
n→∞

E[Xn|G] ≤ lim
n→∞

E[Yn|G] = E[X|G],

almost surely. In particular, E[Xn|G]
n→∞−−−→ E[X|G], almost surely.

11.3 The case G = σ(X)

In the case G = σ(X), E[Y |X] := E[Y |σ(X)] is the expectation of Y , given that the random
variable X is fixed. This is a function of X, as Proposition 11.7 shows.

Proposition 11.7 (Conditioning on a random variable). Let (Ω′,F ′) be a measurable space,
X a random variable with values in Ω′ and Y ∈ L1. Then there exists a F ′/B(R)-measurable
mapping φ : Ω′ → R with E[Y |X] = φ(X).

Proof. Clear according to Lemma 6.2.

Example 11.8 (Random success probability). Let us consider the question posed in Ex-
ample 11.1 regarding the existence of the conditional probability P(Y = k|X), where X is
uniform on [0, 1] and X is independently binomially distributed with n and X. We now show
(the intuitive equation)

P(Y = k|X) =

(
n

k

)
Xk(1−X)n−k. (11.3)

Let A = {X ∈ I} for I ∈ B([0, 1]), i.e. A is a σ(X)-measurable quantity. Then,

E[1Y=k;A] = P(Y = k,X ∈ I) =
∫
I

(
n

k

)
xk(1− x)n−kdx = E

[(n
k

)
Xk(1−X)n−k;A

]
However, this means that (11.3) is true.

Example 11.9 (Sums of independent identically distributed random variables). Let
X1, X2, . . . be a sequence of independent, identically distributed random variables, µ = E[X1]
and Sn := X1 + · · ·+Xn. Then

E[Sn|X1] = E[X1|X1] +E[X2 + · · ·+Xn|X1] = X1 + (n− 1)µ,

E[X1|Sn] = 1
n

n∑
i=1

E[Xi|Sn] = 1
nE[Sn|Sn] = 1

nSn.

In the second calculation, for example, for X = Sn and Y = X1 the function φ from Propo-
sition 11.7 is given by φ(x) = 1

nx.
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Example 11.10 (Buffon’s needle problem). On a plane, vertical lines are at a horizontal
distance of 1. Needles, also of length 1, are thrown onto the plane; see Figure 2. Let us
consider a needle. We set

Z :=

{
1, if the needle intersects a straight line

0, otherwise
.

The center of the needle X is away from the left straight line and the (extension of the)

x

θθ

Figure 2: Sketch of Buffon’s needle problem

needle makes an angle Θ with the straight line. This means that X is uniform on [0; 1], Θ is
uniformly independent on [0; π2 ] and

P(Z = 1|Θ) = P(X ≤ 1
2 sin(Θ) or X ≥ 1− 1

2 sin(Θ)Theta) = sin(Θ).

This means that

P(Z = 1) = E[P(Z = 1|Θ)] = E[sin(Θ)] =
2

π

∫ π/2

0
(sin(θ)dθ =

2

π
.

This can be interpreted as follows: if you want to determine by simulation (i.e. by a Monte
Carlo method) to find the numerical value of π you can simulate Buffon’s needles. Since each
individual needle has the probability 2

π of hitting a vertical line, is approximately

π ≈ 2

proportion of needles that hit a vertical line

according to the law of large numbers.

Example 11.11 (Search in lists). Consider n names of people who come from r different
cities. Each person comes (independently of any other) with probability pj from city j, j =
1, . . . , r. The names (together with other personal data) are entered in r different (unordered)
lists. If you now want a (random, according to the probabilities p1, . . . , pr) person in the list,
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first determine the list, you first determine the city j from which the person comes from and
then search the list j for the person’s name. Until you realize that the name does not appear
in the list you have to compare the person to be found with names on the list. The question
now is: How many times on average do you have to compare the name of the person to be
found with names on the list without success until you finally know that the person is not on
the list?

We first define a few random variables:
J : number of the city from which the person to be searched comes
L : number of unsuccessful comparisons until the name of the person to be found is found
Zj : number of people from city j
and Z = (Z1, . . . , Zr). In order to determine E[L], we first determine

P(L = a|J, Z) = 1ZJ=a

and thus

P(L = a|Z) =
r∑

j=1

pj1Zj=a.

From this we conclude

E[L|Z] =
∞∑
a=1

r∑
j=1

a · pj · 1Zj=a =
r∑

j=1

pjZJ

and therefore

E[L] = E[E[L|Z]] =
r∑

j=1

pjE[Zj ] = n ·
r∑

j=1

p2j .

Example 11.12 (Mixture of Poisson distributions). Let λ > 0 and λ ∼ exp(λ) and for a
given λ let X ∼ Poi(λ). We now show that X + 1 ∼ geo(1/(1 + λ)).
Because: According of Proposition 9.25, the distribution is determined by the characteristic
function. First of all, the characteristic function of Y ∼ geo(p)

t 7→ E[eitY ] =
∞∑
k=0

(1− p)k−1peitk = peit
∞∑
k=0

(
(1− p)eit

)k
=

peit

1− (1− p)eit
=

p
1−pe

it

1
1−p − eit

.

We calculate with Example 6.13.2 for t ∈ R

E[eit(X+1)] = eitE
[
E[eitX |Λ]

]
= eitE

[
e−(1−eit)Λ

]
=

λeit

1 + λ− eit
,

so that the assertion with λ = p/(1− p) or p = 1/(1 + λ) follows.

11.4 Conditional independence

In Section 8, we have already learned about the independence of σ algebras (or of random
variables). Conditional expectations and independence are closely related, as the next lemma
shows.

Lemma 11.13 (Conditional probability and independence). The σ-algebras G,H ⊆ F are
independent if and only if P(G|H) = P(G) for all G ∈ G.
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Proof. ’⇒’: Let G and H be independent. Then, for G ∈ G, H ∈ H,

E[P(G), H] = P(G ∩H) = E[P(G|H), H].

This means that P(G|H) = P(G) according to the definition of the conditional expectation.
’⇐’: So if P(G|H) = P(G), it follows for H ∈ H

P(G ∩H) = E[1G, H] = E[P(G|H), H] = E[P(G), H] = P(G) ·P(H).

The concept of independence is often also required in a conditional form. Let’s start with an
important example.

Example 11.14 (Markov chains). Let E be a countable set. A Markov chain X = (Xt)t=0,1,2,...

is a family of E-valued random variables such that for all A ⊆ E

P(Xt+1 ∈ A|X0, . . . , Xt) = P(Xt+1 ∈ A|Xt). (11.4)

This means: if you want to know the distribution of Xt+1, and the information of the random
variable Xt is already available, the information about the random variables X0, . . . , Xt−1 does
not provide any additional information. One also says:

Given Xt, Xt+1 is independent of X0, . . . , Xt−1.

Or in terms of σ-algebras:

Given σ(Xt), σ(Xt+1) is independent of σ(X0, . . . , Xt−1).

One can also say in this case: given the present (that is the state at time t, Xt) the future
(i.e. Xt+1) is independent of the past (these are the states X0, . . . , Xt−1).

A simple example of a Markov chain is the one-dimensional random walk: let Y1, Y2, . . .
be independent and identically distributed such that P(Y1 = 1) = p and P(Y1 = −1) = q for
a p ∈ [0, 1]. Further, let X0 = 0 and Xt = Y1 + · · · + Yt. Then (Xt)t≥0 is a Markov chain,
because

P(Xt+1 = k|X0, . . . , Xt) =

{
p, k = Xt + 1,

q, k = Xt − 1.

In particular, the right-hand side defines an Xt-measurable random variable and is therefore
equal to P(Xt+1 = k|Xt).

Definition 11.15 (Conditional independence). Let G ⊆ F . A family (Ci)i∈I of set systems
with Ci ⊆ F is called independently given G if

P
( ⋂

j∈J
Aj |G

)
=
∏
j∈J

P(Aj |G) (11.5)

applies to all J ⊆f I and Aj ∈ Cj , j ∈ J .
Similarly, conditional independence is de fined for random variables. Let Y be a random

variable. A family (Xi)i∈I of random variables is independent given G (or Y ) if (σ(Xi))i∈I is
independent given G (resp. σ(Y )).
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Example 11.16 (Simple cases). Let G ⊆ F be a σ-algebra and (Ci)i∈I a family of set systems.

1. If G = F , then (Ci)i∈I is always independent given G.

2. If G = {∅,Ω}, then (Ci)i∈I is independent given G if and only if (Ci)i∈I are independent.

Example 11.17 (Binomial distribution with random success probability). We look again
at the coin toss with random success probability from Example 11.1 and 11.8. Here X was
uniformly distributed on [0, 1] and, given X, Y1, . . . , Yn are Bernoulli distributed. Now it
should hold that (Y1, . . . , Yn) are independent given X. Just like in Example 11.8, we calculate
for A = {X ∈ I} and for some I ∈ B([0, 1]) and y1, . . . , yn ∈ {0, 1} and k := y1 + · · ·+ yn

E[1Y1=y1,...,Yn=yn , A] = P(Y1 = y1, . . . , Yn = yn, X ∈ I)

=

∫
I
xy1+···+yn(1− x)n−y1−···−yndx = E

[
Xk(1−X)n−k, A

]
,

so
P(Y1 = y1, . . . , Yn = yn|X) = Xk(1−X)n−k.

Analogously, one shows for i = 1, . . . , n

P(Yi = y1|X) = Xyi(1−X)1−yi .

From this follows

P(Y1 = y1, . . . , Yn = yn|X) =
n∏

i=1

P(Yi = yi|X),

so (Y1, . . . , Yn) are independent given X.

Lemma 11.13 also exists in the following version, in which the independence is replaced by
conditional independence.

Proposition 11.18 (Conditional probability and conditional independence). Let K ⊆ F be
a σ-algebra. The σ-algebras G,H ⊆ F are independent given K if and only if P(G|σ(H,K)) =
P(G|K) for all G ∈ G.
Proof. ’⇒’: If G and H are independent given K, then for G ∈ G, H ∈ H,K ∈ K

E[P(G|K), H ∩K] = E[P(G|K)P(H|K),K] = E[P(G ∩H|K),K] = P(G ∩H ∩K).

Now we can show that the set system

D := {A ∈ σ(H,K) : E[P(G|K), A] = P(G ∩A)}

is a ∩-stable Dynkin system with D ⊇ H,K. Now it follows from Theorem 1.13 that D =
σ(H,K), from which P(G|σ(H,K)) = P(G|K) follows.
’⇐’: So if P(G|σ(H,K)) = P(G|K), it follows for H ∈ H

P(G ∩H|K) = E[P(G|σ(H,K)), H|K] = E[P(G|K), H|K] = P(G|K) ·P(H|K).

Example 11.19 (Markov chains). Let’s look again at the Markov chain (Xt)t=0,1,2,... from
Example 11.14. For fixed t we set G = σ(Xt+1),H = σ(X0, . . . ., Xt−1),K = σ(Xt). The
Markov property (11.4) now says for G ∈ G, H ∈ H,K ∈ K that P(G|σ(H,K)) = P(G|K).
According to Proposition 11.18 this means that Xt+1 and (X0, . . . , Xt−1) are independent
given Xt.
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11.5 Regular version of the conditional distribution

We have seen in Section 11.1 how the conditional probability P(A|G) := E[1A|G] for a σ-
algebra G ⊆ F is defined. However, this does not mean that we have a probability measure
A 7→ P(A|G); see the next remark. In most cases, however, one can define such a (random,
G-measurable) measure, the (or better: a) regular version of the conditional distribution.

Remark 11.20 (Conditional probabilities and conditional distributions). Let G ⊆ F be a
σ-algebra and A1, A2, · · · ∈ F with Ai ∩Aj = ∅. Then, for B ∈ G

E
[
P
( ∞⋃

n=1

An|G
)
;B
]
= E

[
E[1⋃∞

n=1 An
|G];B

]
= E[1⋃∞

n=1 An
;B]

= E
[ ∞∑
n=1

1An ;B
]
=

∞∑
n=1

E[1An ;B]

=

∞∑
n=1

E
[
P(An|G);B

]
= E

[ ∞∑
n=1

P(An|G);B
]

and therefore

P
( ∞⋃

n=1

An|G
)
=

∞∑
n=1

P(An|G) (11.6)

P-almost surely. This means that there is a zero set (depending on A1, A2, . . . ) so that (11.6)
applies to all ω outside this zero set. However, since there are uncountably many sequences
A1, A2, · · · ∈ F , there does not have to be a zero set N , so that (11.6) holds for every choice
of A1, A2, · · · ∈ F outside of N . However, if there is such an N , we will say that a regular
version of the conditional distribution of P given G exists. We will give conditions for this
in Theorem 11.23.

We recall the concept of the stochastic kernel; see Definition 5.9.

Definition 11.21 (Regular version of the conditional distribution). Let (Ω′,F ′) be a measur-
able space, Y an Ω′-valued measurable random variable and G ⊆ F . A stochastic kernel κY,G
from (Ω,G) to (Ω′,F ′) is called regular version of the conditional distribution of Y , given G,
if

κY,G(ω,B) = P(Y ∈ B|G)(ω)

for P-almost all ω and every B ∈ F ′.

Remark 11.22 (Distribution conditional on a random variable). 42

1. For the stochastic kernel from Definition 11.21 it is sufficient to use property (ii) from
Definition 5.9 only for a ∩-stable generator C of F . This is because

D := {A′ ∈ F ′ : ω 7→ κ(ω,A′) is A-measurable}

is alwaysa Dynkin system. Thus, according to Theorem 1.13, D = σ(C).
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2. Let G = σ(X) for a random variable X in Definition 11.21.2. Then, if κY,σ(X) is a
regular version of the conditional expectation of Y given σ(X), then ω 7→ κY,σ(X)(ω,A

′)
σ(X)-is measurable for all A′ ∈ A′. This means that, according to Proposition 11.7,
there is a σ(X)/B([0; 1])-measurable map φA′ : Ω→ [0; 1] with φA′ ◦X = κY,σ(X)(., A

′).
We then set

κY,X(x,A′) := φA′(x)

and say κY,X is the regular version of the conditional distribution of Y given X.

Theorem 11.23 (Existence of the regular version of the conditional distribution). Let (E, r)
be a complete and separable metric space space equipped with Borel’s σ-algebra, G ⊆ F a
σ-algebra and Y a (according to F measurable) random variable with values in E. Then there
exists a regular version of the conditional distribution of Y given G.

Before we can prove the theorem, we need a property (Proposition 11.25) over complete,
separable metric spaces.

Definition 11.24 (Borel space). 1. Two metric spaces (Ω,F) and (Ω′,F ′) are called iso-
morphic if there is a bijective, according to F/F ′-measurable mapping φ : Ω→ Ω′ exists
such that φ−1 is F ′/F-measurable.

2. A measurable space (Ω,F) is called Borel space if there is a Borel set A ∈ B(R) exists
such that (Ω,F) and (A,B(A)) are isomorphic.

Proposition 11.25 (Polish and Borel spaces). Every complete and separable metric space
(E, r), equipped with the Borel’s σ-algebra, is a Borel space.

Proof. See, for example, Dudley, Real analysis and probability, Theorem 13.1.1.

Proof of theorem 11.23. We prove the theorem under the weaker condition that E, equipped
with the Borel σ-algebra, is a Borel space. Wlog, we can therefore assume that E ∈ B(R)
is. The strategy of our proof consists of finding a distribution function of the conditional
distribution by first fixing it for rational values before extending it to all real numbers.

For r ∈ Q, let Fr be a version of P(Y ≤ r|G) (i.e. Fr = P(Y ≤ r|G) almost surely. Let
A ∈ F be such that for ω ∈ A the mapping r 7→ Fr(ω) is non-increasing with limits 1 and
0 at ±∞. Since A is given by countably many conditions, all of which are almost certainly
fulfilled, P(A) = 1. Now define for x ∈ R

Fx(ω) := 1A(ω) · inf
r>x

Fr(ω) + 1Ac(ω) · 1x≥0.

Thus, x 7→ Fx(ω) is a distribution function for all ω. Define

κ(ω, .) := measure defined by x 7→ Fx(ω).

For r ∈ Q and B = (−∞; r],

ω 7→ κ(ω,B) = 1A(ω) ·P(Y ≤ r|G)(ω) + 1Ac(ω) · 1r≥0 (11.7)

is F-measurable. Since {(−∞; r] : r ∈ Q} is a ∩-stable generator of B(R), according to
Remark 11.22 the mapping ω 7→ κ(ω,B) is measurable for all B ∈ F . Therefore, κ is a
stochastic kernel.
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It remains to show that κ is a regular version of the conditional distribution. Since (11.7)
is based on a ∩-stable generator of E , for ω ∈ A

κ(ω,B) = P(Y ∈ B|G)(ω).

In other words, κ is a regular version of the conditional distribution.

Part III

Stochastic Processes
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Stochastic processes play a central role in modern stochastics. They are used in various
application fields, including financial mathematics, as well as in biology and physics. Stochas-
tic processes are always used when a variable - for example a stock price, the frequency of an
allele in a population or the position of a small particle – changes randomly over time.

The aim here is to provide important tools for dealing with stochastic processes. We will
deal with important examples, such as the Poisson process or Brownian motion. The latter
also plays a decisive role in the construction of stochastic integrals.

The following books have guided me as references for the purpose of this manuscript.

• Durrett, Rick. Probability: Theory and Examples, Cambridge Series in Statistical and
Probabilistic Mathematics, 2019

• Kallenberg, Olaf. Foundations of Modern Probability Theory. Springer, third edition,
2021

• Klenke, Achim. Probability theory. A comprehensive course. Springer, 2014

This manuscript is based on the courses in Measure Theory and Probability Theory, which
cover Sections 1–3, and 4–12, respectively.

The present english version of this manuscript was written based on the German version
with the help of DeepL.
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12 Introduction

Stochastic processes are nothing more than families of random variables. It is important to
realize that this family is indexed by with time. In the course of time, more and more random
variables are realized.

In the following, let (Ω,F ,P) be a probability space, (E, r) a complete and separable
metric space with with Borel’s σ-algebra B(E) and I an ordered subset of R, which we also
call index set. We will always consider the two cases I ⊆ Z and I ⊆ R. Note already here
that an uncountable index set, such as I = R, raises new questions, as probability measures
are only known to be able to deal with countably number of events.

12.1 Definition and existence

First of all, we take care of the elementary question of what a stochastic process is and how
it can be defined in an unambiguous way.

Definition 12.1 (Stochastic process). 1. Let X = (Xt)t∈I such that Xt : Ω → E is
F/B(E)-measurable. Then, X is called an E-valued (stochastic) process. For ω ∈ Ω,
the mapping given by X(ω) : t 7→ Xt(ω) is called a path of X.

2. If in 1., the probability space Ω = EI and Xt = πt is the projection, then X is called
canonical process.

3. Let 0 < p <∞. A real-valued process X = (Xt)t∈I is called p-fold integrable if E[|Xt|p] <
∞ for all t ∈ I. It is called Lp-bounded, if supt∈I E[|Xt|p] <∞.

In the Sections 12.2 and 12.3, we will become familiar with two examples of stochastic pro-
cesses. In particular, the Poisson process (see Section 12.2) is the first process with an
uncountable index set I = [0,∞).

Example 12.2 (Sums of independent random variables and Markov chains). From the lecture
Elementary Probability Theory, some stochastic processes are already known, even if they
were not called stochastic processes.

1. Let (Xt)t∈I be independent. Then X = (Xt)t∈I is a (very simple) stochastic process.

2. Let X1, X2, ... be real-valued, independent, identically distributed random variables. Then,
S = (St)t=0,1,2,... with S0 = 0 and

St =
t∑

i=1

Xi

for t = 1, 2, ... is a real-valued, stochastic process with index set I = {0, 1, 2, ...}. In
particular, if P(Xi = ±1) = 1/2, then S is called a one-dimensional, simple random
walk; see Figure 3.

3. Let κ(., .) be a stochastic kernel (see Definition 5.9) from (E,B(E)) to (E,B(E)). Fur-
ther, let X0 be an E-valued random variable and given Xt, Xt+1 has the distribution
κ(Xt, .), t = 0, 1, 2, ... Then (Xt)t=0,1,... is called an E-valued Markov chain.
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Figure 3: A path of a one-dimensional random walk.

Remark 12.3 (Repetition: Existence of stochastic Processes).

1. Recall from Section 5: the product σ-algebra on the space EI is defined as the smallest
σ-algebra with respect to which all projections πt, t ∈ I are measurable. In particular,
for an E-valued stochastic process X = (Xt)t∈I , the mapping ω 7→ X(ω) is F/B(E)I-
measurable. Furthermore, a projective family on F is a family of distributions (PJ)J⊆f I

with PH = (πJH)∗PJ for H ⊆ J , where πJH is the projection of EJ onto EH .

2. Often, the finite-dimensional distributions of a stochastic process X = (Xt)t∈I , i.e.
the joint distribution of (Xt1 , ..., Xtn) for any t1, ..., tn ∈ I, are given. For example, in
Sections 12.2 and 12.3, the Poisson process and Brownian motion are given by specifying
the joint distribution of (Xt1 , Xt2 −Xt1 , ..., Xtn −Xtn−1). This also uniquely defines the
finite-dimensional distributions. In order to ensure that there is a stochastic process
for these finite-dimensional distributions, we need Kolmogorov’s extension theorem; see
Theorem 5.24. It should be noted that finite dimensional distributions of stochastic
processes are always projective; see also Example 5.22.2.

Definition 12.4 (Equality of stochastic processes). Let X = (Xt)t∈I and Y = (Yt)t∈I be two
E-valued stochastic processes.

1. If X d
= Y, then Y is a version of X (and vice versa).

2. If X and Y are defined on the same probability space and P(Xt = Yt) = 1 for all t ∈ I,
then X is called a modification of Y (and vice versa).

3. If X and Y are defined on the same probability space and P(Xt = Yt for all t ∈ I) = 1,
then X and Y are called indistinguishable.

The paths t 7→ Xt(ω) of a stochastic process can have have certain properties. For example,
they can be continuous functions I → E. In addition to processes with continuous paths, we
will need processes with right-continuous paths and left-limits.

Definition 12.5 (Right-continuous functions, left limits). A function f : I → E is called
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right-continuous in t ∈ I with left-sided limit value17 if

f(t) = lim
s↓t

f(s) and lim
s↑t

f(s) exists.

It is called right-continuous with left limit values if this property holds for all t ∈ I. The set
of right-continuous functions with left limits is denoted by DE(I).

Proposition 12.6 (Versions, modifications, indistinguishable processes). Let X = (Xt)t∈I
and Y = (Yt)t∈I be stochastic processes with values in E.

1. The process Y is a version of X (and vice versa) if both processes have the same finite-

dimensional distributions, i.e. (Xt1 , ..., Xtn)
d
= (Yt1 , ..., Ytn) for any choice of n ∈ N and

t1, ..., tn ∈ I.

2. If X and Y are indistinguishable, then X is a modification of Y (or vice versa). If X is
a modification of Y, then X is a version of Y.

3. If I is at most countable and X is a modification of Y (or vice versa), then X and Y
are indistinguishable.

4. If I = [0,∞) and X and Y have almost surely right-continuous paths and X is a modi-
fication of Y, then X and Y are indistinguishable.

Proof. 1. ’⇒’: clear. ’⇐’: Let (Ω,F ,P) and (Ω′,F ′,P′) the probability spaces on which
probability spaces on which X and Y are defined. We consider the ∩-stable generator

C := {π−1
J (A) : A ∈ B(E)|J |; J ⊆f I} ⊆ B(E)I

of B(E)I . Further, for J ⊆f I, A ∈ B(E)|J |,

P((Xt)t∈J ∈ A) = P′
I((Yt)t∈J ∈ A),

i.e. X∗P and Y∗P′ coincide on C. According to Theorem 2.11, this means that X∗P = Y∗P′.
So Y is a version of X .
2. Let t ∈ I. If X and Y are indistinguishable, then P(Xt ̸= Yt) ≤ P(Xs ̸= Ys for a s ∈ I) =
0. If X and Y are modifications and t1, ..., tn ∈ I, then

P(Xt1 = Yt1 , ..., Xtn = Ytn) = 1

since finite unions of null-sets are null-sets. In particular, X and Y have the same finite-
dimensional distributions. According to 1. Y is therefore is a version of X .
3. The statement is clear because of the σ-subadditivity of probability measures,

P(Xt ̸= Yt for a t ∈ I) ≤
∑
t∈I

P(Xt ̸= Yt) = 0.

4. Let R be a set with P(R) = 1 such that X and Y have right-continuous paths on R and
Nt := {Xt ̸= Yt}. Further, let I ′ = I ∩Q. Then, P(

⋃
t∈I′ Nt) = 0 and

P
(⋃

t∈I
Nt

)
≤ P

(
R ∩

⋃
t∈I

⋃
r≥t,r∈I′

Nr

)
= P

(
R ∩

⋃
r∈I′

Nr

)
= 0.

17Such functions are also called rcll (right-continuous with left limits) or càdlàg (continue à droite, limite à
gauche)

127



Remark 12.7 (Versions with different path properties). Let X = (Xt)t∈I be an E-valued
stochastic process and I = [0,∞). Each path t 7→ Xt(ω) is therefore a mapping I → E.
A distinction is made between stochastic processes according to their path properties. For
example, if t 7→ Xt(ω) is a continuous function for almost all ω, we say that X has (almost
certainly) continuous paths. It is important to realize that the property of the process to have
continuous paths cannot be read from its distribution:

Let Y = (Yt)t∈I with Yt = 0, and T ∼ exp(1) and X = (Xt)t∈I given by

Xt =

{
1, t = T,

0, otherwise.

Then P(Xt = Yt) = P(T ̸= t) = 1 for each t ∈ I. So X is a modification of Y. In particular,
according to the last proposition, the distributions of X and Y coincide. However, only Y has
continuous paths, but every path of X is discontinuous (at T ). In particular, X and Y are
not indistinguishable.

Theorem 12.8 (Continuous modifications; Kolmogorov, Chentsov). Let X = (Xt)t∈I be an
E-valued stochastic process with I = R or I = [0,∞). For every τ > 0 there are numbers
α, β, C > 0 with

E[r(Xs, Xt)
α] ≤ C|t− s|1+β

for all 0 ≤ s, t ≤ τ . Then there is a modification X̃ = (X̃t)t∈I of X with continuous paths.
The paths are even almost surely local Hölder-continuous of any order γ ∈ (0, β/α).18

Proof. It is sufficient to show the statement for I = [0, 1]. The general case follows by dividing
I into countably many intervals of length 1. We consider the set of time points

Dn := {0, 1, ..., 2n} · 2−n

for n = 0, 1, ..., D =
⋃∞

n=0Dn and the random variable

ξn := max{r(Xs, Xt) : s, t ∈ Dn, |t− s| = 2−n}.

Let 0 < γ < β/α. Then for some C > 0,

E
[ ∞∑
n=0

(2γnξn)
α
]
=

∞∑
n=0

2αγnE[ξαn ] ≤
∞∑
n=0

2αγn
∑

s,t∈Dn,|t−s|=2−n

E[r(Xs, Xt)
α]

≤ C
∞∑
n=0

2αγn2n2−n(1+β) = C

∞∑
n=0

2(αγ−β)n <∞.

(12.1)

Therefore, there is a random variable C ′ with ξn ≤ C ′2−γn for all n = 0, 1, ... Now let
m ∈ {0, 1, ...} and r ∈ [2−m−1, 2−m] ∩D. Then,

sup
{
r(Xs, Xt) : s, t ∈ D,|s− t| ≤ r} = sup

n≥m

{
r(Xs, Xt) : s, t ∈ Dn, |s− t| ≤ r}

≤ 2
∑
n≥m

ξn ≤ 2C ′
∑
n≥m

2−γn ≤ C ′′2−γ(m−1) ≤ C ′′rγ .
(12.2)

18As a reminder: a function f : I → E is locally Hölder-continuous of order γ, if for every τ > 0 there is a
C with r(f(s), f(t)) ≤ C|t− s|γ for all 0 ≤ s, t ≤ τ .

128



for a random variable C ′′. It follows that almost every path on D is Hölder-continuous
to the parameter γ. This means that X can be extended Hölder-continuously to I. We
call this continuous extension Y = (Yt)t∈I . To show that Y is a modification of X , we
consider a t ∈ I and a sequence t1, t2, ... ∈ D with tn → t with n → ∞. Because of the
condition, P(r(Xtn , Xt) > ε) ≤ E[r(Xtn , Xt)

α]/εα
n→∞−−−→ 0 for each ε > 0, i.e. Xtn

n→∞−−−→p Xt.

Furthermore, due to the continuity of Y, we find Ytn
n→∞−−−→fs Yt. In particular, P(Xt = Yt) =

1. This completes the proof.

12.2 Example 1: The Poisson process

For the first time, we consider a concrete stochastic process with process with index set
I = [0,∞). A path of the Poisson process is shown in Figure 4.

Remark 12.9 (Modeling by a Poisson process). We want to model clicks of a Geiger
counter, calls to a call-center, mutation events along ancestral lines, or something else which
has events randomly occurring in time. We want to analyze such counting processes with
the help of a stochastic process X = (Xt)t∈I with I = [0,∞). Let Xt be the number of
clicks/calls/mutations up to time t. For such a process it makes sense to make a few assump-
tions:

1. Independent increments: If 0 = t0 < t1 < ... < tn, then (Xti −Xti−1 : i = 1, ..., n) is an
independent family.

2. Identically distributed increments: If 0 < t1 < t2, then Xt2 −Xt1
d
= Xt2−t1 −X0.

3. No double-points: It is lim supε→0
1
εP(Xε −X0 > 1) = 0.

Definition 12.10 (Poisson process). A real-valued stochastic process X = (Xt)t∈[0,∞) with
X0 = 0 is called a Poisson process with intensity λ if the following applies:

1. For 0 = t0 < ... < tn, the family (Xti −Xti−1 : i = 1, ..., n) is independent.

2. For 0 ≤ t1 < t2 is Xt2 −Xt1 ∼ Poi(λ(t2 − t1)).

Proposition 12.11 (Existence of Poisson processes). Let λ ≥ 0. Then there is exactly one
distribution PI on (B(R))I such that the canonical process with respect to PI is a Poisson
process with intensity λ.

Proof. As for uniqueness: The finite-dimensional distributions of PI as given by 1. and 2.
from Definition 12.10 are uniquely defined. Therefore the uniqueness follows from Proposition
12.6.1.

For existence, we define the Poisson process as a projective limit. For J = {t1, ..., tn} ⊆f I
with 0 = t0 < t1 < ... < tn we set for x0 = 0

Sn : (x1 − x0, ..., xn − xn−1) 7→ (x1, ..., xn).

Further,

PJ := Sn
∗

n⊗
i=1

Poi(λ(ti − ti−1)). (12.3)
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In other words: If Yti−ti−1 for i = 1, ..., n are independently Poisson distributed with parameter
λ(ti − ti−1), then S

n(Y(t1−t0), ..., Ytn−tn−1)) ∼ PJ .

We now show that the family (PJ : J ⊆f I) is projective: let J = {t1, ..., tn} as above and
H = J \ {ti} for one i. Then,

Poi(λ(ti+1 − ti)) ∗ Poi(λ(ti − ti−1)) = Poi(λ(ti+1 − ti−1))

and therefore

(πJH)∗PJ = (πJH ◦ Sn)∗

n⊗
j=1

Poi(λ(tj − tj−1)) = PH .

According to Theorem 5.24, there is the projective limit PI . Let us consider the canonical
process X = (Xt)t∈I with respect to PI . It has the finite-dimensional distributions (PJ : J ⊆f

I). In particular, because of (12.3) increments are independent and Poisson distributed. Thus
X fulfills the conditions 1. and 2. from Definition 12.10.

Proposition 12.12 (Characterization of Poisson processes). A non-decreasing stochastic
process X = (Xt)t∈I with X0 = 0 and values in Z+ is a Poisson process with intensity λ iff
λ = E[X1 −X0] <∞ and 1.-3. from Remark 12.9 are fulfilled.

Proof. ’⇒’: 1. and 2. from remark 12.9 are clearly fulfilled. For 3. we calculate directly

1
εP(Xε > 1) =

1− e−λε(1 + λε)

ε
≤ 1− (1− λε)(1 + λε)

ε

ε→0−−−→ 0.

’⇐’: 1. from Definition 12.10 is fulfilled. It remains to show that Xt ∼ Poi(λt). Let for
n ∈ N, k = 1, ..., n,

Zn
k := (Xtk/n −Xt(k−1)/n) ∧ 1, Xn

t =
n∑

k=1

Zn
k .

This means that Zn
k indicates whether in the interval (t(k− 1)/n; tk/n] at least one jump has

taken place. Then, since Xn
t is monotonic in n,

P( lim
n→∞

Xn
t ̸= Xt) = lim

n→∞
P(Xn

t ̸= Xt)

= lim
n→∞

P(Xtk/n −Xt(k−1)/n > 1 for a k)

≤ lim
n→∞

n∑
k=1

P(Xtk/n −Xt(k−1)/n > 1)

= lim
n→∞

nP(Xt/n > 1)
n→∞−−−→ 0

from 3. Further, Xn
t is binomially distributed with n and probability of success pn :=

P(Xt/n > 0). Because of the linearity of the mapping t 7→ E[Xt] and, since X
n
t ↑ Xt, it

follows from the theorem on monotone convergence,

λt = E[Xt] = lim
n→∞

E[Xn
t ] = lim

n→∞
npn.
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By a Poisson approximation (see Example 10.1),

P(Xt = k) = lim
n→∞

P(Xn
t = k)−P(Xn

t = k;Xt ̸= Xn
t ) +P(Xt = k;Xt ̸= Xn

t )

= lim
n→∞

P(Xn
t = k) = Poi(λt)(k),

i.e. Xt ∼ Poi(λt) and the assertion follows.

Proposition 12.13 (Construction by exponential distributions). Let S1, S2, ... be indepen-
dent, exponentially distributed with parameter λ. Further, let X = (Xt)t∈I be given by

Xt := max{i : S1 + ...+ Si < t}

with max ∅ = 0. Then X is a Poisson process with intensity λ.

Proof. We must show that for 0 = t0 < ... < tn, k1, ..., kn ∈ N

P(Xt1 −Xt0 = k1, ..., Xtn −Xtn−1 = kn) =
n∏

j=1

Poi(λ(tj − tj−1))(kj).

This will only be calculated for the case n = 2, the general case follows analogously. In the
following calculation, let 0 ≤ s < t and U1, U2, ... uniformly distributed random variables on
[0, t]. We calculate

P(Xs −X0 = k,Xt −Xs = ℓ)

=

∫ s

0

∫ s

s1

· · ·
∫ s

sk−1

∫ t

s

∫ t

sk+1

· · ·
∫ t

sk+ℓ−1

∫ ∞

t
λk+ℓ+1e−λs1e−λ(s2−s1) · · ·

· · · e−λ(sk+ℓ+1−sk+ℓ)dsk+ℓ+1...ds1

= λk+ℓ

∫ s

0

∫ s

s1

· · ·
∫ s

sk−1

∫ t

s

∫ t

sk+1

· · ·
∫ t

sk+ℓ−1

(∫ ∞

t
λe−λsk+ℓ+1dsk+ℓ+1

)
dsk+ℓ · · · ds1

= e−λtλk+ℓtk+ℓP[U1 < ... < Uk < s < Uk+1 < ... < Uk+ℓ]

= e−λtλℓtℓ
(
k + ℓ

k

)(s
t

)k( t− s
t

)ℓ 1

(k + ℓ)!

= e−λs (λs)
k

k!
· e−λ(t−s) (λ(t− s))ℓ

ℓ!
,

and the assertion follows.

Example 12.14 (Left- and right-continuous Poisson process). Let, similar to Proposition
12.13, the stochastic process process Y = (Yt)t∈I given by

Yt := max{i : S1 + ...+ Si ≤ t}.

Paths of the processes X from proposition 12.13 and Y can be seen in Figure 4. The two
processes differ in that X is right-continuous and Y is left-continuous. However, both processes
are Poisson processes with intensity λ, as you can easily see. This is because P(Xt = Yt) = 1
applies for all t ∈ [0,∞) and thus Y is a version of X according to Proposition 12.6. As
you can see from this example, two processes with the same distribution can have completely
different paths.
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Figure 4: The right-continuous Poisson process X and the left-continuous Poisson process Y.

12.3 Example 2: Brownian motion

Brownian motion is named after the botanist Robert Brown who observed in a microscope
how pollen appears to move under thermal fluctuations seem to move erratically. We will give
a mathematical definition for this process, that will be particularly important in stochastic
analysis. Moreover, the normal distribution will play an important role in this process. A
path of a one-dimensional Brownian motion can be found in Figure 5.

This section only serves to introduce Brownian motion. We will learn more about prop-
erties of Brownian motion later.
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Figure 5: A path of a Brownian motion.

Definition 12.15 (Brownian motion and Gaussian processes). Let X = (Xt)t∈I be a stochas-
tic process with values in R.

1. The process X is called Gaussian if c1Xt1 + · · ·+ cnXtn for each choice of c1, ..., cn ∈ R
and t1, ..., tn ∈ I is normally distributed. For a Gaussian process, t 7→ E[Xt] denotes its
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expectation and (s, t) 7→ COV(Xs, Xt) its covariance structure.

2. If I = [0,∞), then X is called a Brownian motion with start in x, if the process has
continuous paths and if for each choice of 0 = t0 < t1 < · · · < tn it holds that Xt0 = x
and Xti −Xti−1 are independently distributed according to N(0, ti − ti−1), i = 1, ..., n.
If x = 0, then X is also called standardized or also Wiener process.

3. Let X 1 = (X1
t )t∈[0,∞), ...,X d = (Xd

t )t∈[0,∞) Brownian motion. Then the Rd-valued

process X = (Xt)t∈[0,∞) with Xt = (X1
t , ..., X

d
t ) is called ad-dimensional Brownian

motion.

Remark 12.16 (Continuity of Brownian motion). According to Theorem 5.24 it is clear
that there is a process whose increments are normally distributed as specified in Defini-
tion 12.15.2. The specified distributions (Xt1 , ..., Xtn)n∈N,t1,...,tn∈I are in fact a projective
family. For example, if Xti −Xti−1 ∼ N(0, ti − ti−1) and Xti−1 −Xti−2 ∼ N(0, ti−1 − ti−2),
then Xti − Xti−2 = Xti − Xti−1 + Xti−1 − Xti−2 ∼ N(0, ti − ti−2) because of example 5.20.
However, it is less clear whether there is there is also a process with such increments that has
continuous paths has. To check this, we use the criterion from Theorem 12.8.

Proposition 12.17 (Existence of Brownian motion). Let X = (Xt)t∈[0,∞) be a real-valued
stochastic process such that for any choice of 0 = t0 < t1 < ... < tn it holds that Xt0 = x and
Xti−Xti−1 are independent and are distributed according to N(0, ti− ti−1), i = 1, ..., n. Then
there exists a modification Y of X with continuous paths. In other words, Y is a Brownian
motion. The process Y is even locally Hölder continuous for every parameter γ < 1/2. Fur-
thermore, the covariance structure of Brownian motion Y is given by COV(Xs, Xt) = s ∧ t.

Proof. Wlog let x = 0. The existence and uniqueness of a process with independent normally
distributed increments follows as in the proof of Proposition 12.11. Since Xs ∼ N(0, s),

Xs
d
= s1/2X1, as can be seen, for example, from Example 6.13.3. For a > 2,

E[|Xt −Xs|a] = E[|Xt−s|a] = E[((t− s)1/2|X1|)a] = (t− s)a/2E[|X1|a].

According to Theorem 12.8, there is therefore a modification of X with continuous paths.
According to the above calculation, these are Hölder-continuous for each parameter γ ∈
(0, ((a/2)− 1)/a) = (0, (a− 2)/(2a)). Since a was arbitrary, the Hölder continuity follows for
each γ ∈ (0, 1/2).

To determine the covariance structure of X , we calculate for 0 ≤ s ≤ t

COV(Xs, Xt) = COV(Xs, Xs) +COV(Xs, Xt −Xs) = V[Xs] = s.

An analogous calculation for t < s provides the result COV(Xs, Xt) = s ∧ t.

Lemma 12.18 (Characterization of Gaussian processes).
Let X = (Xt)t∈[0,∞) and Y = (Yt)t∈[0,∞) be Gaussian processes with E[Xt] = E[Yt] and
COV(Xs, Xt) = COV(Ys, Yt). Then Y is a version of X (and vice versa).

Proof. Let n ∈ N and c1, ..., cn ∈ R be arbitrary. Then, for each choice of t1, ..., tn ∈ I
both ZX := c1Xt1 + · · · + cnXtn as well as ZY := c1Yt1 + · · · cnYtn are normally distributed.
Furthermore, according to the assumption,

E[ZX ] = c1E[Xt1 ] + · · ·+ cnE[Xtn ] = c1E[Yt1 ] + · · ·+ cnE[Ytn ] = E[ZY ]
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and

V(ZX) =
n∑

i,j=1

cicjCOV(Xti , Xtj ) =
n∑

i,j=1

cicjCOV(Yti , Ytj ) = V(ZY ).

This means that ZX
d
= ZY . Since c1, ..., cn were arbitrary, it follows from Proposition 10.17

that (Xt1 , ..., Xtn)
d
= (Yt1 , ..., Ytn). With Proposition 12.6.1 the statement follows.

Theorem 12.19 (Brownian scaling). Let X = (Xt)t∈[0,∞) be a Brownian motion. Then, the
processes (Xc2t/c)t∈[0,∞) are for each c > 0 and (tX1/t)t∈[0,∞) also Brownian motions.

Proof. It is clear that both (Xc2t/c)t∈[0,∞) and (tX1/t)t∈[0,∞) are Gaussian processes. Fur-
thermore,

E[Xc2t/c] = 0,

E[tX1/t] = 0,

and for s, t ≥ 0

COV[Xc2s/c,Xc2t/c] =
1

c2
(c2s ∧ c2t) = s ∧ t,

COV[sX1/s, tX1/t] = st
(1
s
∧ 1

t

)
= s ∧ t.

Now the assertion follows with Lemma 12.18.

12.4 Filtrations and stopping times

In a stochastic process, more and more of the underlying random variables of the underlying
random variables are realized as time goes by. This means that more and more information
about the path of the process becomes process becomes visible. Now information is synony-
mous with the measurability with respect to a σ-algebra, as can be seen from the lecture
Probability Theory. Since the information grows over over time, a stochastic process involves
an increasing family of σ-algebras, which we will call a filtration in the in the following.

Definition 12.20 (Filtrations, stopping times). Let X = (Xt)t∈I be an E-valued stochastic
process defined on a probability space (Ω,F ,P).

1. A family (Ft)t∈I of σ-algebras with Ft ⊆ F , t ∈ I, is called filtration if Fs ⊆ Ft for all
s ≤ t.

2. The filtration F = (Ft)t∈I with Ft = σ(Xs : s ≤ t) is called the filtration generated by
X .

3. The stochastic process (Xt)t∈I is called adapted to the filtration (Ft)t∈I if Xt is a
Ft/B(E)-measurable random variable for all t ∈ I.

Now let F = (Ft)t∈I be a filtration.
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5. A random time is a random variable with values in Ī (the completion of I). A random
time T is called ((Ft)t∈I -)stopping time if {T ≤ t} ∈ Ft for all t ∈ I. If I = [0,∞),
then a random time T is called ((Ft)t∈I -)option time if {T < t} ∈ Ft for all t ∈ I. (In
the case I = {0, 1, 2, ...} we do not need this term.)

6. Each stopping time T defines the σ-algebra

FT := {A ∈ A : A ∩ {T ≤ t} ∈ Ft, t ∈ I}

of the T -past.

7. For a random time T , XT is defined by ω 7→ XT (ω)(ω). Further, X T := (XT∧t)t∈I is
the process stopped at T .

Remark 12.21 (Interpretation of the definition of stopping times). Let X = (Xt)t∈I be a
stochastic process and (Ft)t∈I the canonical filtration. One can view Ft as the information
that is available at time t through knowledge of (Xs)0≤s≤t. If T is a stopping time, then
{T ≤ t} ∈ Ft. So the occurrence of the event {T ≤ t} can be predicted by knowledge of
(Xs)s≤t. In other words by knowing the stochastic process up to time t it can be decided
whether the stopping time T has occurred by now at the latest. If T is an option time, then
by knowing the stochastic process up to time t, it can be decided whether the stopping time T
has already occurred in the past of t.

Example 12.22 (Hitting times in the Poisson process). Let X = (Xt)t∈[0,∞) and Y =
(Yt)t∈[0,∞) the right and left continuous Poisson process from example 12.14, respectively,

and (FX
t )t∈[0,∞) and (FY

t )t∈0,∞) the corresponding filtrations. Further, let

T1 := inf{t ≥ 0 : Xt = 1} = inf{t ≥ 0 : Yt = 1}

be the hitting time of 1. (The last equality holds because the processes X and Y jump from 0
to 1 at the same time). Then:

• T1 is both (FX
t )t∈[0,∞)-stopping time, as well as a (FX

t )t∈[0,∞) option time.

Indeed: If T1 = t is the jump time from 0 to 1, then Xt = 1, i.e. {T1 ≤ t} = {Xt ≥ 1} ∈
σ((Xs)s≤t) = FX

t and {T1 < t} = {Xt− ≥ 1} ∈ σ((Xs)s<t) ⊆ FX
t .

• T1 is indeed an (FY
t )t∈[0,∞) option time, but not a (FY

t )t∈[0,∞) stopping time.

Indeed: If T1 = t is the jump time from 0 to 1, then Yt = 0, but Yt+ = 1, i.e. {T1 ≤
t} = {Xt+ ≥ 1} ∈ σ((Ys)s≤t+h) for every h > 0, but not {T1 ≤ t} ∈ FY

t . However, still
{T1 < t} = {Yt ≥ 1} ∈ σ((Ys)s≤t) ⊆ FY

t .

Lemma 12.23 (Simple properties of stopping times). Let (Ft)t∈I be a filtration.

1. Each time T = s ∈ I is a stopping time

2. For stopping times S, T , the times S ∧ T and S ∨ T are also stopping times.

3. For stopping times S, T ≥ 0, S + T is a stopping time.

4. Each stopping time T is FT measurable.
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5. For stopping times S, T with S ≤ T is FS ⊆ FT .

Proof. 1. for t ∈ I is {s ≤ t} ∈ {∅,Ω} ⊆ Ft, i.e. T = s is a stopping time.
2. for t ∈ I is {S∧T ≤ t} = {S ≤ t}∪{T ≤ t} ∈ Ft and {S∨T ≤ t} = {S ≤ t}∩{T ≤ t} ∈ Ft.
3. Let t ∈ I. There are S ∧ t and T ∧ t stopping times, i.e. for s ≤ t is {S ∧ t ≤ s} ∈ Fs ⊆ Ft.
For s > t, {S∧t ≤ s} = Ω ∈ Ft, i.e. S∧t is Ft-measurable. Analogously, it follows that T ∧t is
Ft-measurable. Furthermore, 1{S>t}, 1{T>t} Ft-measurable. If we set S′ = S∧t+1{S>t}, T

′ =
T ∧ t+ 1{T>t}, then S

′ + T ′ is Ft-measurable and {S + T ≤ t} = {S′ + T ′ ≤ t} ∈ Ft.
4. Since T is a stopping time, {T ≤ t} ∈ Ft. According to the definition of FT this means
{T ≤ t} ∈ FT . Since H := {(−∞; t] : t ∈ R} is a generator of B(R), so the assertion follows.
5. Let A ∈ FS and t ∈ I. Since B := A ∩ {S ≤ t} ∈ Ft,

A ∩ {T ≤ t} = B ∩ {T ≤ t} ∈ Ft,

i.e. A ∈ FT .

Definition 12.24 (Continuous and complete filtration). 1. Let (Ft)t∈[0,∞) be a filtration.

We define (F+
t )t∈[0,∞) by F+

t :=
⋂

s>tFs. Further, (Ft)t∈[0,∞) is continuous if F+
t = Ft.

2. Let N = {A : there exists a N ⊇ A with N ∈ F and P(N) = 0}. Then, the filtration
(Ft)t∈I is called complete if N ⊆ Ft for each t ∈ I.

Lemma 12.25 (Usual completion of a filtration). Let (Ω,F ,P) be a probability space, (Ft)t∈[0,∞)

a filtration and N as in Definition 12.24. Then there is a smallest continuous and complete
filtration (Gt)t∈[0,∞) with Ft ⊆ Gt, t ∈ [0,∞). This is given by

Gt = σ(F+
t ,N ).

Furthermore, σ(F+
t ,N ) = σ(Ft,N )+.

Proof. First we show the last equation. It is clear that

σ(F+
t ,N ) ⊆ σ(σ(Ft,N )+,N ) = σ(Ft,N )+.

Conversely, let A ∈ σ(Ft,N )+. Then, A ∈ σ(Ft+h,N ) for all h > 0. So there is an Ah ∈ Ft+h

with P((A \Ah) ∪ (Ah \A)) = 0. Now choose h1, h2, ... with hn ↓ 0 and

A′ = {Ahn infinitely often}.

Then, obviously, A′ ∈ F+
t and P((A \ A′) ∪ (A′ \ A)) = 0, i.e. A ∈ σ(F+

t ,N ). From this
follows σ(Ft,N )+ ⊆ σ(F+

t ,N ).
To prove the minimality of (Gt)t∈[0,∞) let (Ht)t∈[0,∞) be another right-continuous complete

extension of (Ft)t∈[0,∞). Then,

Gt = σ(F+
t ,N ) ⊆ σ(Ht,N ) = Ht

for all t ∈ [0,∞).

Lemma 12.26 (Option and stopping times). Let (Ft)t∈[0,∞) be a filtration. A random time

T is an (Ft)t∈[0,∞) option time iff T is a (F+
t )t∈[0,∞)-stopping time. In this case,

F+
T = {A ∈ F : A ∩ {T < t} ∈ Ft, t > 0}.

In particular, if (Ft)t∈[0,∞) is continuous, then every random time is a (Ft)t∈[0,∞)-stopping
time if it is a (Ft)t∈[0,∞) option time.

136



Proof. First,

{T ≤ t} =
⋂

Q∋s>t

{T < s}, {T < t} =
⋃

Q∋s<t

{T ≤ s}.

If T is a (F+
t )t∈[0,∞)-stopping time and A ∩ {T ≤ t} ∈ F+

t . Then,

A ∩ {T < t} =
⋃

Q∋s<t

(A ∩ {T ≤ s}) ∈ Ft.

If, on the other hand, A ∩ {T < t} ∈ Ft, then

A ∩ {T ≤ t} =
⋂
h>0

⋂
t<s<t+h

(A ∩ {T < s}) ∈
⋂
h>0

Ft+h = F+
t .

If you set A = Ω in the last two equations, the first assertion follows. For general A the
second also follows.

Lemma 12.27 (Suprema and infima of stopping times). Let T1, T2, ... be random times and
(Ft)t∈I a filtration. Then the following applies:

1. If T1, T2, ... are stopping times, then T := supn Tn is also a stopping time.

2. If I = {0, 1, 2, ...} and T1, T2, ... are stopping times, then T := infn Tn is also a stopping
time.

3. If I = [0,∞) and T1, T2, ... are option times, then T := infn Tn is also an option time.
In addition, F+

T =
⋂

nF
+
Tn
.

Proof. 1. We have {T ≤ t} =
⋂

n{Tn ≤ t} ∈ Ft and the assertion follows.
2. It holds {T ≤ t} =

⋃
n{Tn ≤ t} ∈ Ft, from which the assertion follows.

3. Here, {T < t} =
⋃

n{Tn < t} ∈ Ft. Since T ≤ Tn, F+
T ⊆

⋂
nF

+
Tn

according to

Lemma 12.23.5. If, on the other hand, A ∈
⋂

nF
+
Tn
, then

A ∩ {T < t} = A ∩
⋃
n

{Tn < t} =
⋃
n

(A ∩ {Tn < t}) ∈ Ft.

Thus A ∈ F+
T .

Proposition 12.28 (Approximation by countable stopping times). If I = [0,∞), each option
time T can be replaced by a sequence of stopping times T1, T2, ..., such that Tn only assumes
values in a discrete (in particular countable) quantity and Tn ↓ T .

Proof. We define Tn = 2−n[2nT + 1]. Then T1, T2, ... is a sequence decreasing towards T ,
where Tn only contains the values {1, 2, ...} · 2−n, n = 1, 2, ... Further, {Tn ≤ k2−n} = {T <
k2−n} ∈ Fk2−n , so Tn is a stopping time, n = 1, 2, ...

Definition 12.29 (Hitting time). Let B ∈ B(E). Then the hitting time of B is given by

TB := inf{t : Xt ∈ B}.

To find out whether the hitting time TB is a stopping (or option) time, the following result
is important.
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Proposition 12.30 (Hitting times as option and stopping times). Let X = (Xt)t∈I be an
E-valued process that is adapted with respect to a filtration (Ft)t∈I . Then, for B ∈ B(E):

1. If I = {0, 1, 2, ...}, then the time TB is a stopping time.

2. If I = [0,∞), B is open and X has right-continuous paths, then TB is an option time.

3. If I = [0,∞), B is closed and X has continuous paths, then TB is a stopping time.

Proof. 1. Here,

{TB ≤ t} =
⋃
s≤t

{Xs ∈ B} ∈ Ft.

For 2. we write
{TB < t} =

⋃
Q∋s<t

{Xs ∈ B} ∈ Ft.

For 3. with Bn := {x ∈ E : r(x,B) < 1/n}

{TB ≤ t} =
⋂
n

{TBn ≤ t} =
⋂
n

({TBn < t} ∪ {Xt ∈ Bn}) ∈ Ft.

This shows all assertions.

12.5 Progressive measurability

By definition, for a stochastic process X = (Xt)t∈I , each of the variables Xt is measurable,
t ∈ I. However, it is (still) unclear when exactly for a random time T the quantity XT :
ω 7→ XT (ω)(ω) is measurable and therefore a random variable. For this we need a stronger
measurability concept for the process X .

Definition 12.31 (Progressive measurability). Let (Ft)t∈I be a filtration and X = (Xt)t∈I a
stochastic process adapted to it. Then X is called progressively measurable with respect to
(Ft)t∈I , if for all t ∈ I the mapping{

I ∩ [0, t]× Ω → E

(s, ω) 7→ Xs(ω)

is measurable with respect to I ∩ B([0, t])⊗Ft/B(E).

Lemma 12.32 (Right-continuous paths and progressive measurability). Let X = (Xt)t∈I
be a stochastic process adapted to the filtration (Ft)t∈I . If either I is countable, or X has
right-continuous paths, then X is progressively measurable with respect to (Ft)t∈I .

Proof. Let t ∈ I. We consider the mapping

Y :

{
I ∩ [0, t]× Ω → E

(s, ω) 7→ Xs(ω).

First, let I be countable and B ∈ B(E). Then,

Y −1(B) =
⋃

s∈I,s≤t

{s} ×X−1
s (B) ∈ B(I ∩ [0, t])⊗Ft.
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Next, let I be uncountable and let X have right-continuous paths. Consider the processes
X n = (Xn

s )t∈I∩[0,t], n = 1, 2, ... with Xn
s := X(2−n⌈2ns⌉)∧t and the corresponding mappings Yn.

Due to the right continuity of the paths, Yn
n→∞−−−→as Y . Furthermore

Y −1
n (B) =

⋃
k:(k+1)2−n≤t

[k2−n, (k + 1)2−n)×X−1
(k+1)2−n(B) ∪ [2−n⌊2nt⌋, t]×X−1

t (B)

∈ B([0, t])⊗Ft.

Proposition 12.33 (Measurability of XT ). Let X = (Xt)t∈I be adapted to the filtration
(Ft)t∈I , progressively measurable, and T a (Ft)t∈I stopping time. Then

XT :

{
{T <∞} → E

ω 7→ XT (ω)(ω)

is measurable with respect to {T <∞} ∩ FT /B(E).

Proof. We have to show that {XT ∈ B, T ≤ t} ∈ Ft for B ∈ B(E) holds, t ∈ I. By definition
of FT , it then holds that {XT ∈ B} ∈ FT , from which the assertion follows. However,
since {XT ∈ B, T ≤ t} = {XT∧t ∈ B, T ≤ t}, it suffices to show that XT∧t is measurable
with respect to Ft, t ∈ I. We can therefore wlog assume that T ≤ t applies. We write
XT = Yt ◦ψ, where ψ(ω) := (T (ω), ω) is measurable with respect to Ft/(I∩B([0, t])⊗Ft) and
Yt(s, ω) = Xs(ω) according to condition I ∩ B([0, t]) ⊗ Ft/B(E)-measurable. The assertion
now follows with Lemma 3.6.2.

13 Martingales

We now begin to deal with a particular class of stochastic processes, martingales. They are
often referred to as fair games. Simply put, a martingale is a real-valued stochastic process
whose increments vanish on average.

13.1 Introduction

Throughout the section, let (Ω,F ,P) be a probability space, (E, r) a complete and separable
metric space and I ⊆ R an ordered index set (usually I = {0, 1, 2, ...} or I = R+). In addition,
let a filtration (Ft)t∈I be given. Adaptedness of a stochastic process is always with respect
to (Ft)t∈I .

Example 13.1 (A simple martingale). For a F-measurable random variable X one can define
a stochastic process, namely X = (Xt)t∈I with

Xt := E[X|Ft]. (∗)

Of course, because of Theorem 11.2.7,

E[Xt|Fs] = E[E[X|Ft]|Fs] = E[X|Fs] = Xs.

Stochastic processes X with this property will be called martingales. In Section 13.4, we will
then (among other things) deal with when a martingale (Xt)t∈I is associated with a random
variable X so that (∗) applies.
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Definition 13.2 ((Sub-, Super-)martingale). Let X = (Xt)t∈I be an adapted, real-valued
stochastic process with E[|Xt|] <∞, t ∈ I. Then X is called

martingale, if E[Xt|Fs] = Xs for s, t ∈ I, s < t,

sub-martingale, if E[Xt|Fs] ≥ Xs for s, t ∈ I, s < t,

super-martingale, if E[Xt|Fs] ≤ Xs for s, t ∈ I, s < t.

More precisely, we say that X is a (Ft)t∈I-(sub, super)-martingale.

Remark 13.3 (Martingale property with discrete index set). If I is discrete, for example I =
{0, 1, 2, ...}, then a real-valued stochastic process X = (Xt)t∈I is a martingale iff E[|Xt|] <∞,
t ∈ I and E[Xt|Ft−1] = Xt−1 for all t = 1, 2, .... Then, for s, t ∈ I, s ≤ t,

E[Xt|Fs] = E[· · ·E[E[Xt|Ft−1]|Ft−2] · · · Fs] = Xs

according to theorem 11.2.7 The same holds to sub- and super martingales.

Example 13.4 (Sums and products of integrable random variables).

1. Let X1, X2, ... be a sequence of independent, integrable random variables with E[Xi] =
0, i = 1, 2, ... and Ft := σ(X1, ..., Xt). Further, let S0 := 0 and for t = 1, 2, ...

St :=

t∑
i=1

Xi.

Then,

E[St|Ft−1] = E[St−1 +Xt|Ft−1] = St−1 +E[Xt|Ft−1] = St−1 +E[Xt] = St−1,

i.e. (St)t=0,1,2,... is a martingale.

If E[Xi] ≥ 0 for all i = 1, 2, ..., then (St)t≥0 is a sub-martingale.

2. Let I = {−1,−2, ...} and X1, X2, ... be integrable, independent, identically distributed
random variables. Further, we set for t ∈ I

St :=
1

|t|

|t|∑
i=1

Xi

and Ft := σ(..., St−1, St). Then for t ∈ I,

E[St|Ft−1] = E
[ 1
|t|

|t|∑
i=1

Xi

∣∣∣St−1, St−2, ...
]

=
1

|t|

|t|∑
i=1

E
[
Xi

∣∣∣ |t|+1∑
i=1

Xi

]

= E
[
X1

∣∣∣ |t|+1∑
i=1

Xi

]

=
1

|t− 1|

|t−1|∑
i=1

Xi

= St−1
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according to Example 11.9. Specifically,

E[X1|Ft] = E
[
X1

∣∣∣ |t|∑
i=1

Xi

]

=
1

|t|

|t|∑
i=1

Xi

= St.

3. Let I = {0, 1, 2, ...} and X1, X2, ... be a sequence of independent, integrable random
variables with E[Xi] = 1, i = 1, 2, ... and Ft := σ(X1, ..., Xt). Further, S0 := 1 and for
t = 1, 2, ...

St :=

t∏
i=1

Xi.

Then, S1, S2, ... are integrable and

E[St|Ft−1] = E[St−1Xt|Ft−1] = St−1 ·E[Xt|Ft−1] = St−1 ·E[Xt] = St−1,

i.e. (St)t∈I is a martingale.

If E[Xi] ≥ 1 for all i = 1, 2, ..., then (St)t∈I is a sub-martingale.

Example 13.5 (Branching processes in discrete time). We consider a simple model for a

randomly evolving population. evolving population. Let X
(t)
i ) be independent, {0, 1, 2, ...}-

valued random variable and µ = E[X
(t)
i ]. Here, X

(t)
i stands for the number of offspring of the

ith individual of generation t with i, t = 0, 1, ..., t = 1, 2, .... Starting with Z0 = k we set

Zt+1 =

Zt∑
i=1

X
(t)
i ,

so Z = (Zt)t=0,1,2,... is the stochastic process of the total process of the total number of indi-

viduals. The distribution of X
(t)
i is also called the offspring distribution.

The process Z a (non-negative) martingale (with respect to the filtration generated by Z),
iff E[X

(t)
i ] = 1, i.e. each individual has on average has one offspring. Then, for t = 1, 2, ...

E[Zt+1 − Zt|Ft] = E
[ Zt∑

i=1

X
(t)
i − Zt|Ft

]
= (µ− 1)Zt.

If µ > 1, Z is a sub-martingale, and if µ < 1, Z is a super-martingale. Also, we call19.

Z a critical branching process if µ = 1,

Z a super-critical branching process if µ > 1,

Z a sub-critical branching process if µ < 1.

19It may seem irritating that a supercritical branching process is a sub-martingale and a subcritical branching
process is a super martingale
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In general, (Zt/µ
t)t=0,1,2,... is a (non-negative) martingale, because just like in the last calcu-

lation,

E[Zt+1 − µZt|Ft] = µZt − µZt = 0.

It is also worth noting that E[Zt+1|Ft] = µZt, from which one can recursively conclude that

E[Zt] = µt.

Example 13.6 (Martingales derived from Markov chains). With (discrete-time) Markov
chains, we have already described a fairly simple dependency structure between random vari-
ables. Let I = {0, 1, 2, ...}, E at most countable and P = (pxy)x,y∈E a stochastic matrix,
i.e.

pxy ≥ 0,
∑
z∈E

pxz = 1

for all x, y ∈ E. We find for f : E → R bounded and all s = 0, 1, 2, ...,

E[f(Xs+1)− f(Xs)|Fs] = E[f(Xs+1)− f(Xs)|Xs] =
∑
x∈E

pXs,y(f(y)− f(Xs)).

Therefore, settingM = (Mt)t=0,1,2,... with

Mt = f(Xt)−
t−1∑
s=1

E[f(Xs+1)− f(Xs)|Xs],

we have

E[Mt −Mt−1|Ft−1] = E[f(Xt)− f(Xt−1)|Ft−1]−E[f(Xt)− f(Xt−1)|Xt−1] = 0.

In other words,M is a martingale.

We conclude this section with a simple statement on how to obtain further sub-martingales
from known (sub)-martingales.

Proposition 13.7 (Convex functions of martingales are sub-martingales). Let X = (Xt)t∈I
be a stochastic process and φ : R→ R convex. If φ(X) = (φ(Xt))t∈I is integrable and one of
the two conditions

1. X is a martingale

2. X is a sub-martingale and varphi is non-decreasing

is satisfied, then φ(X ) = (φ(Xt))t∈I is a sub-martingale.

Proof. If X is a martingale, then φ(Xs) = φ(E[Xt|Fs]). If X is a sub-martingale and φ is
non-decreasing, φ(Xs) ≤ φ(E[Xt|Fs]). In both cases, for s ≤ t because of Jensen’s inequality
for conditional expectations, Proposition 11.4,

φ(Xs) ≤ φ(E[Xt|Fs]) ≤ E[φ(Xt)|Fs],

i.e. φ(X ) is a sub-martingale.
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13.2 The stochastic integral as a martingale

In this section, let always I = {0, 1, 2, ...} (whereby all results can be transferred to a discrete
index set I = {t0, t1, ...} with t0 < t1 < ...). All concepts introduced here have an analogue for
processes in continuous time. However, the statements are much more complex to formulate
and prove in that case. Some of these analogous statements are first formulated in the lecture
Stochastic analysis.

Definition 13.8 (Previsible process). A stochastic process X is called (Ft)t∈I-previsible if
X0 = 0 and Xt is Ft−1-measurable, t = 1, 2, ...

Proposition 13.9 (Doob decomposition). Let I = {0, 1, 2, ...}. Each adapted process X =
(Xt)t∈I has an almost surely unique decomposition X = M + A, where M is a martingale
and A is previsible. In particular, X is a sub-martingale iff A almost surely non-decreasing.

Proof. Define the previsible process A = (At)t∈I by

At =
t∑

s=1

E[Xs −Xs−1|Fs−1]. (13.1)

ThenM = X −A is a martingale, because

E[Mt −Mt−1|Ft−1] = E[Xt −Xt−1|Ft−1]− (At −At−1) = 0.

Now we come to the uniqueness of the representation. If X = M + A for a martingale M
and a previsible process A, then At−At−1 = E[Xt−Xt−1|Ft−1] for all t = 1, 2, ..., i.e. (13.1)
is almost surely true.

Definition 13.10 (Quadratic variation, increasing process). Let I = {0, 1, 2, ...} and X =
(Xt)t∈I be a square integrable martingale. The almost surely uniquely determined, previsible
process (⟨X ⟩t)t∈I , for which (X2

t − ⟨X⟩t)t∈I is a is a martingale, is the quadratic variation
process (or also the increasing process) of X .

Proposition 13.11 (Increasing process and variance). Let I = {0, 1, 2, ...}, X = (Xt)t∈I be
a martingale with quadratic variation process ⟨X ⟩ = (⟨X ⟩t)t∈I . Then

⟨X ⟩t =
t∑

s=1

E[X2
s −X2

s−1|Fs−1] =
t∑

s=1

E[(Xs −Xs−1)
2|Fs−1]

and
E[⟨X⟩t] = V[Xt −X0].

Proof. As in the proof of Proposition 13.9, the process ⟨X ⟩ using (13.1) can be written. This
immediately results in the first equals sign. The second follows, since E[XsXs−1|Fs−1] =
X2

s−1. Further is

E[⟨X ⟩t] =
t∑

s=1

E[X2
s −X2

s−1] = E[X2
t −X2

0 ] = E[(Xt −X0)
2] = V[Xt −X0].
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Example 13.12 (Increasing processes). 1. Let S = (St)∈I with St =
∑t

s=1Xs as in ex-
ample 13.4.1 with square integrable random variables X1, X2, .... Then, with Proposi-
tion 13.11

⟨S⟩t =
t∑

s=1

E[X2
s ].

In particular, the quadratic variation process of S is deterministic.

2. Let S = (St)∈I with St =
∏t

s=1Xs as in Example 13.4.3 with square integrable random
variables X1, X2, .... Then

⟨S⟩t =
t∑

s=1

E[(Ss − Ss−1)
2|Fs−1] =

t∑
s=1

S2
s−1E[(Xs − 1)2|Fs−1] =

t∑
s=1

S2
s−1V[Xs].

In particular, in this example the process ⟨S⟩ is truly stochastic.

3. Let I = [0,∞) and (Xt)t∈I be a Brownian motion. Even in continuous time, the in-
creasing process (⟨X ⟩t)t∈I is defined such that (X2

t −⟨X⟩t)t∈I is a martingale. According
to Example 13.47, ⟨X ⟩t = t is a candidate for the increasing process of the Brownian
motion. However, in continuous time it is more difficult to say what the equivalent of
a previsible process should be.

Definition 13.13 (Discrete stochastic integral). Let I = {0, 1, 2, ...} and H = (Ht)t∈I ,X =
(Xt)t∈I be a stochastic processes with values in R. If X is adapted and H is previsible, then
we define the stochastic integral H · X = ((H · X )t)t∈I by

(H · X )t =
t∑

s=1

Hs(Xs −Xs−1)

for all t ∈ I. If X is a martingale, then we call H · X a martingale transform of X .

Proposition 13.14 (Stability of stochastic integrals). Let I = {0, 1, 2, ...} and X = (Xt)t∈I
be an adapted, real-valued process with E[|X0|] <∞.

1. X is a martingale if and only if for each previsible process H = (Ht)t∈I , the stochastic
integral H · X is a martingale.

2. X is a sub-martingale (super-martingale) if and only if for every previsible, non-negative
process H = (Ht)t∈I the stochastic integral H·X is a sub-martingale (super-martingale).

Proof. 1. ’⇒’: We immediately write

E[(H · X )t+1 − (H · X )t|Ft] = E[Ht+1(Xt+1 −Xt)|Ft]

= Ht+1E[Xt+1 −Xt|Ft]

= 0.

’⇐’: Let t ∈ I and Hs := 1{s=t}. Then H = (Hs)s∈I is deterministic, in particular previsible.
Since (H · X )t−1 = 0, it follows that

0 = E[(H · X )t|Ft−1] = E[Xt −Xt−1|Ft−1] = E[Xt|Ft−1]−Xt−1

From this, the assertion follows.
2. follows analogously.
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Example 13.15 (Quadratic variation for stochastic integrals). Let I = {0, 1, 2, ...}, X =
(Xt)t∈I a martingale and H = (Ht)t∈I previsible. Then, because of Proposition 13.11,

⟨H · X ⟩t =
t∑

s=1

E[((H · X )s − (H · X )s−1)
2|Fs−1] =

t∑
s=1

E[H2
s (Xs −Xs−1)

2|Fs−1]

=
t∑

s=1

H2
s ·E[(Xs −Xs−1)

2|Fs−1].

In particular,

V[(H · X )t] =
t∑

s=1

E[H2
s · (Xs −Xs−1)

2].

Example 13.16 (Payout for games). Martingale transforms can also be interpreted as payoffs
of games. Given a random variable evolves according to the adapted process X = (Xt)t=0,1,2,....
If you bet before time t with a stake Ht (based on the experience gained from X0, ..., Xt−1)
on the change in the random variable Xt − Xt−1, then (H · X )t is the profit realized up to
time time t. Given the underlying process X is a martingale, Proposition 13.14 shows that
the profit realized H ·X for each strategy H is a martingale. In particular, the expected profit
is 0.

As an example, consider the Petersburg paradox: a fair coin is tossed infinitely often. In
each round, a player places a stake of any amount. If heads comes up, he loses it, if tails
comes up, the stake is doubled and paid out again. The paradox consists of the following
strategy: starting with a stake of 1 on the first coin toss, the player doubles his stake with
every failure. If the first success comes on the t-th toss, his previous stake is

∑t
i=1 2

i−1 = 2t−1.
Since the last bet was 2t−1, the player gets 2t back, so he has certainly made a profit of 1 even
though the game was fair.

To analyze this game using martingales, let X1, X2, ... be an independent, identically dis-
tributed sequence with P(X1 = −1) = P(X1 = 1) = 1

2 , and S0 = 0, St =
∑t

i=1Xi. Then
S = (St)t=0,1,2,... is a martingale. Further, let Ht be the stake in the tth game. Therefore,

(H · S)t =
t∑

i=1

Hi(Si − Si−1) =
t∑

i=1

HiXi

is the profit after the tth game. Since with S, H · S is also a martingale, we find

lim
t→∞

E[(H · S)t] = E[(H · S)1] = E[X1] = 0,

i.e. the mean profit after a long time is 0, independent of the strategy H. Above we have the
bet

Ht := 2t−11{St−1=−(t−1)} (13.2)

and show that for the gain (H · S)t
t→∞−−−→fs 1 holds.

How do we now evaluate the strategy (13.2)? Let T be the random time of the win, i.e. T
is geometrically distributed with parameter 1

2 . In particular, T is almost surely finite. Then

E
[ ∞∑
t=1

Ht

]
=

∞∑
k=1

1

2k
(2k − 1) =∞,

i.e. for the above strategy you may need a lot of capital.
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13.3 Stopped martingales

Let X = (Xt)t∈I be a stochastic process. A stopped stochastic process is given by X T :=
(XT∧t)t∈I , where T is an I-valued random variable. The process X T therefore stops when
T is reached. Special random variables T are called stopping times, whose occurrence at
time t can be decided by means of the σ-algebra Ft. (Consider, for example, a player who
plays a fair game and stops at a random time, e.g. when he has won or lost enough. In
this section we will learn about the Optional Stopping Theorem, which states that stopped
(at a stopping time) martingales are martingales again; see Theorem 13.19. The Optional
Sampling Theorem specifies conditions for which the martingale property applies not only to
fixed, but also at random stopping times; see Theorem 13.22.

We start by recalling some facts on random times; see also Definition 12.20.

Remark 13.17 (Stopping time). 1. A random time is a random variable with values in
Ī (the end of I). A random time T is called ((Ft)t∈I -)stopping time if {T ≤ t} ∈ Ft

for all t ∈ I.

2. Each stopping time T defines the σ-algebra

FT := {A ∈ A : A ∩ {T ≤ t} ∈ Ft, t ∈ I}

of the T -past.

3. Let B ∈ B(E). Then the hitting time of B is defined as

TB := inf{t : Xt ∈ B}.

4. For a random time T , XT is defined by ω 7→ XT (ω)(ω). Further, X T := (XT∧t)t∈I is
the process stopped at T .

Remark 13.18 (Interpretation and hitting times). 1. Let X = (Xt)t∈I be a stochastic
process and (Ft)t∈I the canonical filtration. Ft can be understood as the information
that is available at time t through knowledge of (Xs)0≤s≤t. If T is a stopping time, then
{T ≤ t} ∈ Ft. Therefore, the occurrence of the event {T ≤ t} can be decided by knowing
(Xs)s≤t. In other words, by knowing the stochastic process up to time t, it is possible to
decide whether the stopping time T has already occurred.

2. If I is at most countable and B ∈ B(E), then TB is a stopping time. Indeed, we write

{TB ≤ t} =
⋃
s≤t

{Xs ∈ B}︸ ︷︷ ︸
∈Fs⊆Ft

∈ Ft.

Proposition 13.19 (Optional Stopping). Let I = {0, 1, 2, ...} and X = (Xt)t∈I be a (sub-,
super-) martingale and T a stopping time. Then X T = (XT∧t)t∈I is a (sub-, super-) martin-
gale.

Proof. We show the assertion only for the case that X is a sub-martingale. The other state-
ments follows analogously. For a sub-martingale X and {T > t− 1} ∈ Ft,

E[XT∧t −XT∧(t−1)|Ft−1] = E[(Xt −Xt−1)1{T>t−1}|Ft−1]

= 1{T>t−1}E[Xt −Xt−1|Ft−1] ≥ 0,

i.e. X T is a sub-martingale.
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Lemma 13.20 (Conditions on FT ). Let I = {0, 1, 2, ...}, X = (Xt)t∈I be a martingale and
T a stopping time bounded by t. Then XT = E[Xt|FT ].

Proof. According to the definition of the conditional expectation and since XT is FT mea-
surable (see Proposition 12.33), we must show that E[Xt;A] = E[XT ;A] for A ∈ FT . It is
{T = s} ∩A ∈ Fs for s ∈ I, i.e.

E[XT ;A] =
t∑

s=1

E[Xs; {T = s} ∩A]

=
t∑

s=1

E[E[Xt|Fs]; {T = s} ∩A]

=

t∑
s=1

E[Xt; {T = s} ∩A]

= E[Xt;A].

Lemma 13.21 (Uniform integrability and stopping times).
Let I = {0, 1, 2, ...}. A martingale X = (Xt)t∈I is uniformly integrable if the family {XT :
T almost surely finite stopping time} is uniformly integrable.

Proof. ’⇐’: clear.

’⇒’: According to Lemma 7.9 there is a convex function f : R+ → R+ with f(x)
x

x→∞−−−→ ∞
and supt∈I E[f(|Xt|)] =: L <∞. If T is almost surely a finite stopping time, then according
to Lemma 13.20 (applied to the almost surely finite stopping time T ∧ t) E[Xt|FT∧t] = XT∧t.
Since {T ≤ t} ∈ FT∧t, we find with Jensen’s inequality

E[f(|XT |), {T ≤ t}] = E[f(|XT∧t|), {T ≤ t}]
= E[f(|E[Xt|FT∧t]|), {T ≤ t}]
≤ E[E[f(|Xt|)|FT∧t], {T ≤ t}]
= E[f(|Xt|), {T ≤ t}] ≤ L.

Thus E[f(|XT |)] ≤ L, i.e. the assertion follows with lemma 7.9.

In example 13.16, H · S was a martingale, T a stopping time and E[(H · S)t] = 0 ̸= 1 =
(H · S)T . If T had been bounded, this inequality would not have been possible, as we now
show.

Theorem 13.22 (Optional Sampling Theorem). Let I = {0, 1, 2, ...}, S ≤ T almost certainly
finite stopping times and X = (Xt)t∈I a sub-martingale. If either T is bounded or X is
uniformly integrable, then XT is is integrable and XS ≤ E[XT |FS ].

Proof. We first carry out the proof in the case of a bounded stopping time T . Let T ≤ t be
for a t ∈ I. We use the Doob decomposition X =M+A of X into the martingaleM and the
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monotonically non-decreasing process A. Then with Lemma 13.20 and FS ⊆ FT according
to theorem 11.2.7

XS =MS +AS = E[Mt +AS |FS ]

≤ E[Mt +AT |FS ]

= E[E[Mt|FT ] +AT |FS ]

= E[MT +AT |FS ]

= E[XT |FS ].

Now let T be unbounded and X be uniformly integrable. Let X = M + A be the Doob
decomposition of X into the martingaleM and the non-falling previsible process A ≥ 0 with
A0 = 0. Since

E[|At|] = E[At] = E[Xt −X0] ≤ E[|X0|] + sup
s∈I

E[|Xs|]

we find At ↑ A∞ for an A∞ ≥ 0 with E[A∞] <∞. With Lemma 7.9 one can conclude thatM
is also uniformly integrable. We now apply the Optional Sampling Theorem to the bounded
stopping times S ∧ t, T ∧ t andM. For A ∈ FS is {S ≤ t} ∩A ∈ FS∧t, therefore

E[MT∧t, {S ≤ t} ∩A] = E[E[MT∧t|FS∧t], {S ≤ t} ∩A] = E[MS∧t, {S ≤ t} ∩A].

Since according to Lemma 13.21 the set {MS∧t,MT∧t : t ∈ I} is uniformly integrable, then
by Theorem 7.11

E[MT , A] = lim
t→∞

E[MT∧t, {S ≤ t} ∩A] = lim
t→∞

E[MS∧t, {S ≤ t} ∩A] = E[MS , A],

i.e. E[MT |FS ] =MS . Furthermore,

E[XT |FS ] = E[MT |FS ] +AS +E[AT −AS |FS ] ≥MS +AS = XS .

The Optional Sampling Theorem offers a simple way of characterizing martingales.

Lemma 13.23 (Characterization of martingales). Let I = {0, 1, 2, ...}, and X = (Xt)t∈I be
an adapted stochastic process. Then X is a martingale iff E[XS ] = E[XT ] for stopping times
S, T that only take two values.

Proof. ’⇒’: Clear according to the Optional Sampling Theorem.
’⇐’: Let s ≤ t, A ∈ Fs and T = s1A + t1Ac . Then T is a stopping time and

0 = E[Xt −XT ] = E[Xt]−E[Xs, A]−E[Xt, A
c] = E[Xt −Xs, A].

Since A was arbitrary, it follows that E[Xt|Fs] = Xs, so X is a martingale.

Example 13.24 (Wald’s identities, ruin problem). 1. Let X1, X2, ... ∈ L1 be independent
with µ := E[X1] = E[X2] = ..., and St :=

∑t
s=1Xs. Furthermore, let T be an almost

certainly limited stopping time. Then the first Wald identity is

E[ST ] = E[T ]µ.
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Indeed: the process M = (Mt)t=0,1,2,... with M0 = 0, Mt = St − tµ for t = 1, 2, ... is a
martingale, and according to the Optional Sampling Theorem

0 = E[MT ] = E[ST ]−E[T ]µ.

Furthermore, if X1, X2, ... ∈ L2 with σ2 = V[X1] = V[X2] = ... and T is independent
of X1, X2, ..., then the second Wald identity is

V[ST ] = E[T ]σ2 +V[T ]µ2.

Indeed: (M2
t − ⟨M⟩t)t=0,1,2,... is a martingale, and ⟨M⟩t = tσ2 according to Exam-

ple 13.12, thus

0 = E[M2
T − ⟨M⟩T ] = E[M2

T ]−E[T ]σ2.

Furthermore, due to the independence of T and X1, X2, ...,

COV[ST , T ] = E[E[X1 + · · ·+XT |T ]T ]− µE[T ]2 = µV[T ],

as well as

E[M2
T ] = V[ST − Tµ] = V[ST ] + µ2V[T ]− 2µCOV[ST , T ] = V[ST ]− µ2V[T ].

In both Wald identities, the condition that T is bounded can be weakened.

2. Let k ∈ N and X1, X2, ... be independent and identically distributed random variables
with P(X1 = 1) = 1−P(X1 = −1) = p := 1− q. For N ∈ N with 0 < k < N let S0 = k
and St = S0 +

∑t
i=1Xi. Further, let T := inf{t : St ∈ {0, N}} and pk := P(ST = 0).

This means that you play a game, starting with k (money) units, until you are either
ruined or have N units. In each step you win with probability p one unit and loses with
probability q = 1 − p one unit. Then the probability of being ruined (having 0 units) is
given by pk.

In the case p = 1
2 , (St)t=0,1,2,... is a martingale, and thus according to the Optional

Sampling Theorem

k = E[ST ] = N(1−P(ST = 0)),

thus

P(ST = 0) =
N − k
N

.

A similar calculation allows the determination of pk for the case p ̸= 1
2 .

We now calculate further using the optional sampling theorem for p ̸= 1
2

pk := P(ST = 0) =

( q
p

)k − ( qp)N
1−

( q
p

)N . (13.3)

Indeed: the following applies

E
[(q
p

)X1
]
=
q

p
p+

p

q
q = 1
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and thus Y = (Yt)t=0,1,2,..., is defined by Yt :=
(
q
p

)St

according to Example 13.4.3 a

martingale. Since T is almost surely finite, YT∧t is a martingale due to Proposition

13.19, which is bounded by 1 and
(
q
p

)N
. Because of Theorem 13.22,

(q
p

)k
= E[Y0] = E[YT ] = pk + (1− pk)

(q
p

)N
,

from which (13.3) follows.

3. Let’s consider a fair coin toss. How long does it take until the pattern ZKZK occurs for
the first time? (K and Z stand for heads and tails).

To calculate this, let’s consider the following game: before the first coin toss, a player
bets one euro on Z. If she loses, she stops, if she wins, she bets two euros on K before the
next toss. If she loses in the second throw, she stops; if she wins, she bets four euros on
euros on Z. If she loses on the third throw, she stops, if she wins, she bets eight euros
on K. So if she wins on the fourth throw, she has won a total of 15 euros. In all other
cases, she loses one euro.

Let us now assume that before each coin toss a new player plays according to the above
strategy. The game ends when the first player first time a player wins 15 euros.

Let Xt be the total winnings of all players up to time t and T is the time at which the
game is stopped because for the first time the pattern ZKZK has occurred. Certainly,

|Xt| ≤ 15 · t, P[T > 4t] ≤ 15

16

t

.

This means that (Xt∧T : t = 1, 2, ...) has a cominating integrable random variable,
so according to Example 7.8.2 it is uniformly integrable. This allows us to apply the
optional stopping theorem, i.e. (XT∧t)t=1,2,... is a martingale.

It is certain that

XT = 15− 1 + 3− 1− (T − 4)

since the first T − 4 players, as well as players T − 3 and T − 1 had to accept a loss of
one euro. Player T − 2 currently has at time T a profit of three euros and player T − 4
has won 15 euros. So,

0 = E[XT ] = E[15− 1 + 3− 1− (T − 4)] = −E[T ] + 20,

therefore E[T ] = 20. It is interesting to note that it can be expected that, for example,
the pattern ZZKK can already occur after 16 coin tosses using a similar calculation.

13.4 Martingale convergence results

Again, (Ω,F ,P) is a probability space, I countable (here it is also allowed that I is dense in
[0,∞)) and (Ft)t∈I is a filtration. We are familiar with convergence theorems, such as the
strong law of of large numbers. Martingales converge under relatively weak conditions.

We start in Proposition 13.26 with Doob’s inequalities. These make statements about the
distribution of sups≤tXs if X = (Xt)t∈I is a (sub, super)-martingale.
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Lemma 13.25 (maximum inequality). If I is at most countable and X = (Xt)t∈I is a sub-
martingale, then for λ > 0

λP[sup
s≤t

Xs ≥ λ] ≤ E[Xt, sup
s≤t

Xs ≥ λ] ≤ E[|Xt|, sup
s≤t

Xs ≥ λ].

Proof. The second inequality is trivial. For the first one, we note that due to monotonic
convergence (by choosing finer and finer index sets in index sets in [0, t]) it is sufficient
to consider the discrete case, e.g. I = {0, 1, 2, ...}. We recall the definition of TB from
Definition 13.17, which is given after Remark 13.18.2 is a stopping time and set

T = t ∧ T[λ;∞).

According to the Optional Sampling Theorem 13.22 is

E[Xt] ≥ E[XT ] = E[XT ; sup
s≤t

Xs ≥ λ] +E[XT ; sup
s≤t

Xs < λ]

≥ λP[sup
s≤t

Xs ≥ λ] +E[Xt; sup
s≤t

Xs < λ].

Subtracting the last term gives the inequality.

Proposition 13.26 (Doob’s Lp inequality). Let I be at most countable and X = (Xt)t∈I be
a martingale or a positive sub-martingale.

1. For p ≥ 1 and λ > 0 is

λpP[sup
s≤t
|Xs| ≥ λ] ≤ E[|Xt|p].

2. For p > 1 is

E[|Xt|p] ≤ E[sup
s≤t
|Xs|p] ≤

( p

p− 1

)p
E[|Xt|p].

Proof. Again, it suffices – due to monotonic convergence – to consider the case I = {0, 1, 2, ...}
to consider.

1 According to proposition 13.7, (|Xt|p)t∈I is a sub-martingale and the assertion follows from
Lemma 13.25.

2 The first inequality is clear. For the second inequality, note that according to Lemma 13.25
it holds that

λP{sup
s≤t
|Xs| ≥ λ} ≤ E[|Xs|; sup

s≤t
|Xs| ≥ λ].
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Figure 6:
An illustration of the stopping times S1, T1, S2, T2, ... from definition 13.27

Therefore, for K > 0

E[sup
s≤t

(|Xs| ∧K)p] = E
[ ∫ sups≤t |Xs|∧K

0
pλp−1dλ

]
= E

[ ∫ K

0
pλp−11{λ<sups≤t |Xs|}dλ

]
=

∫ K

0
pλp−1P(sup

s≤t
|Xs| ≥ λ)dλ

≤
∫ K

0
pλp−2E[|Xt|, sup

s≤t
|Xs| ≥ λ]dλ

= pE
[
|Xt|

∫ sups≤t |Xs|∧K

0
λp−2dλ

]
=

p

p− 1
E[|Xt|(sup

s≤t
|Xs| ∧K)p−1]

≤ p

p− 1
E[sup

s≤t
(|Xs| ∧K)p](p−1)/p ·E[|Xt|p]1/p,

where we used the Hölder inequality in the last step. If you exponentiate both sides by p and
then divide by E[sups≤t(|Xs| ∧K)p]p−1, the it follows

E[sup
s≤t

(|Xs|)p] = lim
K→∞

E[sup
s≤t

(|Xs| ∧K)p] ≤
( p

p− 1

)p
E[|Xt|p].

For the martingale convergence theorems, the upcrissong lemma 13.28 is central. Figure 6
illustrates the definition of an upcrossing.
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Definition 13.27. Let I be at most countable and X = (Xt)t∈I a real-valued stochastic
process. For a < b an upcrossing is a piece of path (Xr)s≤r≤s′ with Xs ≤ a and Xs′ ≥ b. To
count the number of such upcrossings, we carry out stopping times 0 =: T0 < S1 < T1 < S2 <
T2 < ...

Sk := inf{t ≥ Tk−1 : Xt ≤ a},
Tk := inf{t ≥ Sk : Xt ≥ b}

with inf ∅ =∞. The k-th intersection between a and b is here between Sk and Tk. Further is

U t
a,b := sup{k : Tk ≤ t}

is the number of crossings between a and b up to time t.

Lemma 13.28 (Upcrossing lemma). Let I be at most countable and X = (Xt)t∈I a sub-
martingale. Then

E[U t
a,b] ≤

E[(Xt − a)+]
b− a

.

Proof. Again, we can assume – due to monotonic convergence – that I = {0, 1, 2, ...}. Since
according to proposition 13.7 with X ((Xt−a)+)t∈I is also a sub-martingale and the upcross-
ings between a and b of X are the same as the upcrossings of ((Xt − a)+)t∈I between 0 and
b− a, we can wlog assume that X ≥ 0 and a = 0. We define the process H = (Ht)t∈I by

Ht :=
∑
k≥1

1{Sk<t≤Tk},

i.e. Ht = 1 exactly when t lies in an upcrossing. Since

{Ht = 1} =
⋃
k≥1

{Sk ≤ t− 1} ∩ {Tk > t− 1},

H is previsible.
Given Tk <∞ is obviously XTk

−XSk
≥ b. Further, in this case

(H · X )Tk
=

k∑
i=1

Ti∑
s=Si+1

(Xs −Xs−1) =
k∑

i=1

(XTi −XSi) ≥ kb.

For t ∈ {Tk, ..., Sk+1} is (H · X )t = (H · X )Tk
and for t ∈ {Sk + 1, ..., Tk} is (H · X )t ≥

(H · X )Sk
= (H · X )Tk−1

. Therefore, (H · X )t ≥ bU t
0,b. From Proposition 13.14 it follows

that ((1−H) · X ) is a sub-martingale, in particular E[((1−H) · X )t] ≥ 0. With Xt −X0 =
(1 · X )t = (H · X )t + ((1−H) · X )t applies

E[Xt] ≥ E[Xt −X0] ≥ E[(H · X )t] ≥ bE[U t
0,b].

Theorem 13.29 (martingale convergence theorem for sub-martingales). Let I ⊆ [0,∞) be
countable, sup I = u ∈ (0,∞], Fu = σ(

⋃
t∈I Ft) and X = (Xt)t∈I a sub-martingale with

supt∈I E[X+
t ] < ∞. Then there is a null set N such that X converges outside of N along

every ascending or descending sequence in I.
In particular, if I = {0, 1, 2, ...}, X is a sub-martingale with supt∈I E[X+

t ] <∞, then there

exists a F∞-measurable, integrable random variable X∞ and Xt
t→∞−−−→fs X∞.
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Proof. Because of Lemma 13.28, P(U t
a,b <∞) = 1 for all a, b, t. Therefore

N :=
⋃
a<b
a,b∈Q

{sup
t∈I

U t
a,b =∞}

is a null set. Assuming that there is an ascending or descending sequence t1, t2, ... ∈ I exists
such that P(lim infn→∞Xtn < lim supn→∞Xtn) > 0. For a, b ∈ Q let

B(a, b) := {lim inf
n→∞

Xtn < a < b < lim sup
n→∞

Xtn}.

Since {lim infn→∞Xtn < lim supn→∞Xtn} =
⋃

a,b∈QB(a, b), there exist a, b ∈ Q withP(B(a, b)) >

0. However, supt U
t
a,b =∞ applies to B(a, b) in contradiction to the fact that N is a null set.

Thus follows the almost sure convergence along every ascending or descending sequence.
Now let I = {0, 1, 2, ...}. Since all Xt are F∞-measurable, X∞ is also F∞-measurable. It

remains to show that X∞ is integrable. According to Fatou’s Lemma,

E[X+
∞] ≤ sup

t∈I
E[X+

t ] <∞.

Moreover, since X is a sub-martingale, again using Fatou’s lemma,

E[X−
∞] ≤ lim inf

t→∞
E[X−

t ] = lim inf
t→∞

(
E[X+

t ]−E[Xt]
)
≤ sup

t∈I
E[X+

t ]−E[X0] <∞.

Corollary 13.30 (martingale convergence theorem for positive super martingales). Let I ⊆
[0,∞) be at most countable, sup I = u ∈ (0,∞], Fu = σ(

⋃
t∈I Ft) and X = (Xt)t∈I a non-

negative super martingale. Then there exists a Fu-measurable, integrable random variable Xu

with E[Xu] ≤ E[X0] and Xt
t→u−−→fs Xu.

Proof. Theorem 13.29, applied to the sub-martingale −X provides the almost sure limit.
With the Lemma of Fatou also

E[Xu] ≤ lim inf
t→u

E[Xt] ≤ E[X0].

Example 13.31 (Convergence of branching processes). Let us consider a critical or sub-
critical branching process Z = (Zt)t=0,1,2,... from Example 13.5 (where the offspring dis-

tribution is not degenerate, i.e. X
(t)
i = 1 is not almost certain). These are non-negative

super-martingales, so they must converge according to Corollary 13.30 almost surely against
a random variable Z∞. In this case, P(Z∞ > 0) = 0 must apply, otherwise the almost sure
convergence is violated. (A population with a positive number of individuals has a positive
probability of changing its size in one generation.) Therefore,

Zt
t→∞−−−→ Z∞ := 0

is almost certain.
In the case of the critical branching process, it is important to realize that (Zt)t=0,1,2,...,∞

is not a martingale, because E[Z∞|Ft] = E[0|Ft] ̸= Zt applies with positive probability.

If Z is supercritical, then (Zt/µ
t)t=0,1,2,... is a non-negative martingale that also converges

almost surely according to the above corollary.
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Theorem 13.32 (Convergence theorem for uniformly integrable martingales). Let I be count-
able with sup I = u ∈ (0,∞], Fu = σ(

⋃
t∈I Ft) and X = (Xt)t∈I a (super, sub)-martingale.

Then the following statements are equivalent:

1. X is uniformly integrable.

2. There exists a Fu-measurable random variable Xu such that (Xt)t∈I∪u is a (super,
sub)martingale.

3. There exists a Fu-measurable random variable Xu with Xt
t→u−−→fs,L1 Xu.

Proof. 2.⇒ 1 follows directly from Lemma 11.5.
1. ⇒ 3. By Lemma 7.9, supt∈I E[|Xt|] < ∞. The almost certain convergence follows from
theorem 13.29 and the L1-convergence thus from theorem 7.11.
3. ⇒ 2.: As for the proof that (Xt)t∈I∪{u} is a (super, sub)-martingale, we only give the
argument for sub-martingales, i.e. E[E[Xu|Fs];A] ≥ E[Xs;A] for A ∈ Fs and s ∈ I. Because
of the L1 convergence according to Theorem 11.2.3, E[|E[Xt|Fs]−E[Xu|Fs]|]

t→u−−→ 0 and thus
for A ∈ Fs, so

E[E[Xu|Fs];A] = lim
t→∞

E[E[Xt|Fs];A] ≥ E[Xs;A],

i.e. E[Xu|Fs] ≥ Xs almost surely.

Theorem 13.33 (Martingale convergence theorem for Lp-bounded martingales). Let I be
countable with sup I = u ∈ [0,∞), Fu = σ(

⋃
t∈I Ft), p > 1 and X = (Xt)t∈I an Lp-

bounded martingale. Then there is a Fu-measurable random variable Xu with E[|Xu|p] <∞,

Xt
t↑u−−→fs,Lp Xu. Furthermore, (|Xt|p)t∈I is uniformly integrable.

Proof. Because of Lemma 7.9, X is uniformly integrable. According to Theorem 13.32 there

is thus the limit Xu with Xt
t↑u−−→fs,L1 Xu. According to Doob’s inequality from Proposition

13.26, for t ∈ I

E[sup
t∈I
|Xt|p] = lim

t↑u
E[sup

s≤t
|Xs|p] ≤ lim

t↑u

( p

p− 1

)p
E[|Xt|p] <∞.

Thus (|Xt|p)t∈I is uniformly integrable according to Example 7.8.3 According to Fatou’s
Lemma and Lemma 7.9, E[|Xu|p] ≤ supt∈I E[|Xt|p] < ∞ and Theorem 7.11 provides the
convergence in Lp.

Example 13.34 (Branching process). Let Z be a branching process as in Example 13.5 and
Example 13.31 with Z0 = k. The quadratic variation of Y = (Yt)t=0,1,2,..., given Yt = Zt/µ

t

is according to Proposition 13.11 is given as

⟨Y⟩t =
t∑

s=1

1

µ2s
E
[( Zs−1∑

i=1

X
(s−1)
i − µZs−1

)2
|Fs−1

]

=
t∑

s=1

1

µ2s
V
[ Zs−1∑

i=1

X
(s−1)
i |Zs−1

]
=

t∑
s=1

1

µ2s
Zs−1 ·V[X

(1)
1 ].
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In particular, the offspring distribution has a second moment, therefore V[X
(1)
1 ] =: σ2 < ∞,

so

V[Yt] =
t∑

s=1

1

µ2s
E[Zs] · σ2 = kσ2

t∑
s=1

1

µs
.

If µ ≤ 1, then Y is not L2-bounded, but for µ > 1 supt=0,1,2,...V[Yt] < ∞. This means that
there is a F∞-measurable, square-integrable random variable Y∞, so that (Yt)t=0,1,2,...,∞ is a
martingale.

Example 13.35 (product of random variables). Let I = {1, 2, ...}, X1, X2, ... be non-negative,
independent, integrable random variable with E[Xt] = 1, t ∈ I and St :=

∏t
s=1Xs according

to Example 13.4.2 a martingale. According to the corollary 13.30 there is thus a S∞, so that

St
t→∞−−−→fs S∞. Define

at := E[
√
Xt].

We now show:

{St : t ∈ I} uniformly integrable ⇐⇒
∞∏
t=1

at > 0.

In particular, then also St
t→∞−−−→L1 S∞. In the proof we set for t = 1, 2, ..

Wt :=
t∏

s=1

√
Xs

as
.

This means that (Wt)t=1,2,... is a martingale. Here, too, it follows that there is a W∞ with

Wt
t→∞−−−→fs W∞.

’⇐’: Because of Jensen’s inequality a2t = (E[
√
Xt])

2 ≤ E[Xt] = 1, thus at ≤ 1. The following
applies

sup
t∈I

E[W 2
t ] = sup

t∈I
E
[ t∏
s=1

Xs

a2s

]
= sup

t∈I

t∏
s=1

E[Xs]

a2s
≤ 1(∏∞

s=1 as

)2 <∞.
Thus (Wt)t∈I is an L2-bounded martingale, according to Theorem 13.33, {W 2

t : t ∈ I} is
uniformly integrable. From this also the uniform integrability of {St : t ∈ I} follows.
’⇒’: Let us assume that

∏∞
s=1 as = 0. Since Wt has an almost certain finite limit, St =∏t

s=1Xs
t→∞−−−→fs 0 must hold. If {St : t ∈ I} were uniformly integrable, 0 = E[S∞] =

limt→∞E[St] = 1, i.e. a contradiction.

Theorem 13.36 (Convergence of conditional expected values).

1. Let I ⊆ [0,∞) be countable with sup I = u ∈ (0,∞], (Ft)t∈I a filtration and Fu =
σ(
⋃

t∈I Ft). Then the following applies for X ∈ L1 that

E[X|Ft]
t↑u−−→fs,L1 E[X|Fu].

2. Let I ⊆ (−∞,∞) be countable with inf I = u ∈ [−∞,∞), (Ft)t∈I a filtration and
Fu =

⋂
t∈I Ft. Then the following applies for X ∈ L1 that

E[X|Ft]
t↓u−−→fs,L1 E[X|Fu].
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Proof. We only show 1. since the proof of 2. proceeds analogously. With E[|E[X|Ft]|] ≤
E[|X|] < ∞ converges according to Theorem 13.29 the martingale (E[X|Ft])t∈I converges
almost surely. The L1-convergence follows with Theorem 13.32 and Lemma 11.5. The limit
value Xu can be chosen Fu-measurable can be chosen. We will now show that Xu = E[X|Fu],
from which the assertion follows.

It is clear that E[E[X|Ft], A] = E[X,A] applies to all A ∈ Fs and s ≤ t. With t ↑ u
is therefore E[Xu, A] = E[X,A] for all A ∈ Fs and with s ↑ u also E[Xu, A] = E[X,A]
for all A ∈ Fu. Since Xu is measurable with respect to Fu-measurable, this means that
Xu = E[X|Fu].

We now come to backward martingales, which are martingales with an index set downward
unlimited index set I ⊆ (−∞, 0]. These converge under very weak conditions.

Theorem 13.37 (Martingale convergence theorem for backward martingales). Let I ⊆ (∞, 0]
be discrete, inf I = u ∈ (−∞, 0], Fu =

⋂
t∈I Ft and X = (Xt)t∈I a sub-martingale. Then are

equivalent

1. There is a Fu-measurable, integrable random variable Xu with Xt
t↓u−−→fs, L1 Xu

2. inft∈I E[Xt] > −∞.

Then (Xt)t∈I∪{u} is also a sub-martingale. In particular, every backward martingale converges
almost surely and in L1.

Proof. Wlog, let I = {...,−2,−1, 0} and u = −∞.
’1.⇒ 2.’: From the convergence in the mean follows

inf
t∈I

E[Xt] = lim
t→−∞

E[Xt] = E[X−∞] > −∞.

’2. ⇒ 1.’: The almost sure convergence follows as in the proof of Theorem 13.29, where the
condition supt∈I E[X+

t ] <∞ because of I ⊆ (−∞, 0] must be replaced by inft∈I E[X−
t ] <∞.

We further define for t = ...,−2,−1, 0

Yt := E[Xt −Xt−1|Ft−1] ≥ 0.

Then,

E
[ −∞∑
t=0

Yt

]
= E[X0]− inf

t∈I
E[Xt] <∞.

Thus,
∑−∞

t=0 Yt <∞ almost surely, and we define

At =
∑
s≤t

Ys, Mt = Xt −At

Now (At)t∈I is uniformly integrable because E[A0] < ∞, and (Mt)t∈I is integrable because
it is uniformly integrable by Lemma 11.5. Thus, X is uniformly integrable, and the L1-
convergence follows. The proof that (Xt)t∈I∪{−∞} is a sub-martingale proceeds analogous to
the proof in 13.32.
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Example 13.38 (The strong law of large numbers). Let X1, X2, ... ∈ L1 be independently
identically distributed. For t ∈ {...,−2,−1} we set as in the Example 13.4.2,

St :=
1

|t|

|t|∑
s=1

Xs

and Ft = σ(..., St−1, St) = σ(St, Xt+1, Xt+2, ...). Then (St)t∈I is a backward martingale with
St = E[X1|Ft]. According to Theorem 13.37, St converges almost surely and in L1 against
a random variable S−∞. This is measurable with respect to F−∞, but also with respect to
T (X1, X2, ...), the terminal σ-algebra of the family {X1, X2, ...}. Since this σ-algebra is trivial
according to Kolmogoroff’s 0-1-law, S−∞ is almost certainly constant. Since (St)t∈I∪{−∞} is
a martingale, it follows that

1

|t|

|t|∑
s=1

Xs = St
t→−∞−−−−→fs,L1 S−∞ = E[S−∞] = E[S−1] = E[X1].

However, the almost sure convergence is exactly the statement of the law of large numbers.

We now come to an application of the martingale convergence theorems, an improvement of
the Borel-Cantelli lemma, Theorem 8.8. For this we need a lemma.

Lemma 13.39 (Convergence and increasing process). Let M = (Mt)t=0,1,2,... be an L2-
integrable martingale, where |Mt −Mt−1| ≤ K for some K and all t = 1, 2, ... holds. Then
there is a nullset N such that

{⟨M⟩∞ <∞} ⊆ { lim
t→∞

Mt exists} ∪N,

{⟨M⟩∞ =∞} ⊆ { lim
t→∞

Mt/⟨M⟩t = 0} ∪N.

Proof. We start with the first statement. First, for each k = 1, 2, 3, ... the random time

Tk := inf{t : ⟨M⟩t > k}

is a stopping time. From this already follows

{⟨M⟩∞ <∞} =
∞⋃
k=1

{Tk =∞}. (13.4)

Furthermore, the stopped process (⟨M⟩t∧Tk
)t=0,1,2,... is previsible, because for A ∈ B(R),

{⟨M⟩t∧Tk
∈ A} =

(
{Tk > t− 1} ∩ {⟨M⟩t ∈ B}

)
∪

t−1⋃
s=0

{Tk = s, ⟨M⟩s ∈ A} ∈ Ft−1.

Let us now consider the martingale (MTk)2 − ⟨M⟩Tk = (M2 − ⟨M⟩)Tk for k = 1, 2, ... It is
⟨MTk⟩ = ⟨M⟩Tk and ⟨M⟩Tk is bounded by k +K2. Thus MTk is bounded in L2 and thus
converges almost surely. However, on the set {Tk = ∞}, the process MTk converges if and
only ifM converges. Together with (13.4) the statement follows.
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For the second statement, we consider the martingale X := (1 + ⟨M⟩)−1 · M. Since (1 +
⟨M⟩)−1 is bounded andM is an L2-integrable martingale, X is an L2-integrable martingale.
Furthermore, according to Example 13.15,

⟨X ⟩t =
( 1

(1 + ⟨M⟩)2
· ⟨M⟩

)
t
=

t∑
s=1

1

(1 + ⟨M⟩s)2
(⟨M⟩s − ⟨M⟩s−1)

≤
t∑

s=1

1

(1 + ⟨M⟩s)(1 + ⟨M⟩s−1)
(⟨M⟩s − ⟨M⟩s−1) =

t∑
s=1

1

1 + ⟨M⟩s−1
− 1

1 + ⟨M⟩s

= 1− 1

1 + ⟨M⟩t
.

This means that the martingale X converges after 1. i.e. in particular

∞∑
s=1

Ms −Ms−1

1 + ⟨M⟩s
<∞.

Now the Kronecker lemma 8.24 provides that∑t
s=1Ms −Ms−1

⟨M⟩t
t→∞−−−→ 0

on {⟨M⟩∞ =∞}.

Theorem 13.40 (Extension of the Borel-Cantelli lemma). Let At ∈ Ft, t = 0, 1, 2, ... and

Xs := P(As|Fs−1).

1. On
∑∞

t=1Xt <∞ only a finite number of the At occur, i.e.{ ∞∑
t=1

Xt <∞
}
⊆
{ ∞∑

t=1

1At <∞
}
.

2. On
∑∞

t=1Xt =∞ applies
∑∞

t=1 1At/
∑∞

t=1Xt = 1, thus

{ ∞∑
t=1

Xt =∞
}
⊆
{ ∞∑

t=1

1At/
∞∑
t=1

Xt = 1
}
⊆
{ ∞∑

t=1

1At =∞
}
.

Remark 13.41 (Extension). The Borel-Cantelli Lemma from theorem 8.8 can now be easily
be derived. Namely, if

E
[ ∞∑
t=1

Xt

]
=

∞∑
t=1

P(At) <∞,

then
∑∞

t=1Xt < ∞ almost certainly applies. The statement now gives that at most a finite
number of the An occur. If further A1, A2, ... are independent, then we set Ft = σ(A1, ..., At)
and thus Xs = E[1As |Fs−1] = P(As). Now,

∑∞
t=1P(At) = ∞, infinitely many of the An’s

occur.
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Proof. We consider the martingaleM with

Mt =

t∑
s=1

1As −Xs.

Then,

⟨M⟩t =
t∑

s=1

E[12As
X2

s |Fs−1] =
t∑

s=1

Xs(1−Xs) ≤
t∑

s=1

Xs.

If now
∑∞

t=1Xt < ∞, then M converges according to Lemma 13.39.1. therefore also∑∞
t=1 1At <∞.

If now
∑∞

t=1Xt =∞ and ⟨M⟩∞ <∞, thenM converges and the assertion is clear.

If now
∑∞

t=1Xt = ∞ and ⟨M⟩∞ = ∞, then Mt/⟨M⟩t
t→∞−−−→ 0 according to Lemma 13.39.2

From this, ∣∣∣∑t
s=1 1As∑t
s=1Xs

− 1
∣∣∣ = ∣∣∣ Mt∑t

s=1Xs

∣∣∣ ≤ ∣∣∣ Mt

⟨M⟩t

∣∣∣ t→∞−−−→ 0.

13.5 The Central Limit Theorem for martingales

The Central Limit Theorem from Section 10.2 states the convergence of a sum of independent
random variables – suitably transformed – to a normally distributed random variable. Now
we treat the case of a sequence of martingales M1 = (M1

t )t=0,1,2,...,M2 = (M2
t )t=0,1,2,..., ...,

each started in 0, which are given by Xn
t := Mn

t − Mn
t−1, t = 1, 2, ... as a sum through

Mn
t = Xn

1 + · · · +Xn
t now applies. Now note that the family Xn

1 , X
n
2 , ... do not have to be

independent. Nevertheless, we can – under suitable conditions – still prove convergence in
distribution against a normally distributed random variable.

Theorem 13.42 (Central limit theorem for martingales). Let In = {0, 1, 2, ..., tn} andMn =
(Mn

t )t∈In a martingale with Mn
0 = 0 with respect to a filtration Fn = (Fn

t )t∈In, n = 1, 2, ...
For Xn

t :=Mn
t −Mn−1

t (with t = 1, ..., tn) the following applies

E[ max
1≤s≤tn

|Xn
s |]

n→∞−−−→ 0, (13.5)

tn∑
s=1

(Xn
s )

2 n→∞−−−→p σ
2 > 0. (13.6)

Then Mn
tn

n→∞−−−→ X with X ∼ N(0, σ2).

We need two lemmas in the proof of the theorem.

Lemma 13.43 (Convergence of products of random variables). Let U1, U2, ..., T1, T2, ... be
random variables that satisfy the following conditions:

1. Un
n→∞−−−→p u,

2. (Tn)n=1,2,... and (TnUn)n=1,2,... are uniformly integrable,

3. E[Tn]
n→∞−−−→ 1.
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Then E[TnUn]
n→∞−−−→ u.

Proof. Because of 3. it suffices to show that E[Tn(Un − u)]
n→∞−−−→ 0. To do this, we simply

show Tn(Un − u)
n→∞−−−→p 0, which implies the L1-convergence due to 2. In particular, then

E[Tn(Un − u)]
n→∞−−−→ 0. Let ε > 0 and K be large enough so that supnP(|Tn| >> K) ≤ ε.

(Such a K exists because of the uniform integrability of T1, T2, ...) Now we write (note that
for x, y ≥ 0 and δ, ε > 0 it always holds that xy > δε→ x > δ or y > ε)

lim sup
n→∞

P(|Tn(Un − u)| > ε) ≤ lim sup
n→∞

P(|Un − u| > ε/K) +P(|Tn| > K) ≤ ε.

The assertion follows from this.

Lemma 13.44 (Estimation of the exponential function). 1. There is a C > 0 and a func-
tion r with |r(x)| ≤ C|x3| such that

exp(ix) = (1 + ix) exp(−x2/2 + r(x))

for all x ∈ R is valid.

2. |1 + ix| ≤ ex2/2 applies to all x ∈ R.

Proof. 1. It is sufficient to show the assertion for small |x|, since it is trivial for large |x|.
With the help of lemma 10.12, we write∣∣∣ exp(ix)− (1 + ix) exp(−x2/2)

∣∣∣
=
∣∣∣ exp(ix)− 1− ix+ x2/2− (1 + ix)(exp(−x2/2)− 1 + x2/2) + ix3/3

∣∣∣
≤
∣∣∣ exp(ix)− 1− ix+ x2/2

∣∣∣+ |1 + ix| ·
∣∣∣ exp(−x2/2)− 1 + x2/2

∣∣∣+ ∣∣x3/3∣∣
≤ |x3|

6 + |1 + ix| ·
(
|x2|
2 ∧

|x4|
8

)
+ |x3|

3 ≤ |x
3|

for all x. From this follows the assertion for small |x|, and thus 1. is proven. For 2. it is
sufficient to use |1 + ix|2 = 1 + x2 ≤ ex2

and take the root.

Proof of Theorem 13.42. First we define

Zn
s := Xn

s 1∑s−1
r=1(X

n
r )

2≤2σ2

and Nn
t :=

∑t
s=1 Z

n
s . Then (Nn

t )t=1,2,... is a (Fn
t )t∈In martingale, because

E[Nn
t −Nn

t−1|Fn
t−1] = E[Zn

t |Fn
t−1] = 1∑s−1

r=1(X
n
r )

2≤2σ2 ·E[Xn
t |Fn

t−1] = 0,

since Mn
t = Xn

1 + · · ·+Xn
t . Now,

P( max
t=1,...,tn

|Mn
t −Nn

t | > 0) = P(Mn
t ̸= Nn

t for one t ∈ In)

= P(Xn
t ̸= Zn

t for a t ∈ In)

= P
( tn∑

s=1

(Xn
s )

2 > 2σ2
)

n→∞−−−→ 0,

(13.7)

161



where the convergence follows from (13.6). Now the following applies Mn
tn −N

n
tn

n→∞−−−→p 0, so

it suffices according to Slutzky’s theorem, Corollary 9.9, Nn
tn

n→∞
====⇒ X ∼ N(0, σ2) to show.

For this we will for any λ ∈ R

E[eiλN
n
tn ]

n→∞−−−→ e−iλ2σ2/2

show. With the function r from Lemma 13.44 now applies

E[eiλN
n
tn ] =

tn∏
s=1

(1 + iλZn
s ) · exp

(
− λ2

2

tn∑
s=1

(Zn
s )

2 +

tn∑
s=1

r(λZn
s )
)
.

We now set

Tn :=

tn∏
s=1

(1 + iλZn
s ), Un := exp

(
− λ2

2

tn∑
s=1

(Zn
s )

2 +

tn∑
s=1

r(λZn
s )
)

and show that for these random variables the conditions of Lemma 13.43 apply to these
random variables (with u = e−λ2σ2/2). For 1. first because of (13.7)

lim
n→∞

tn∑
s=1

(Zn
s )

2 = lim
n→∞

tn∑
s=1

(Xn
s )

2 = σ2.

Further, with C from Lemma 13.44∣∣∣ tn∑
s=1

r(λZn
s )
∣∣∣ ≤ C · |λ3| · tn∑

s=1

|Zn
s |3 ≤ C · |λ3| ·

tn∑
s=1

|Xn
s |3

≤ C · |λ3| · max
1≤s≤tn

|Xn
s | ·

tn∑
s=1

|Xn
s |2

n→∞−−−→ 0,

where the convergence follows from (13.5) and (13.6).
For 2. |TnUn| = |eiλN

n
tn | = 1, from which the uniform integrability of (TnUn)n∈In already

follows. For the uniform integrability of (Tn)n∈In we define

Jn := inf
{
s ≤ tn :

s∑
r=1

(Xn
r )

2 > 2σ2
}
∧ tn

and write

|Tn| =
Jn−1∏
s=1

|1 + iλZn
s | · |1 + iλZn

Jn | ≤ exp
(
λ2

2

Jn−1∑
s=1

(Xn
s )

2
)
(1 + λ|Xn

Jn |)

≤ exp(λ2σ2) · (1 + |λ| · max
1≤s≤tn

|Xn
s |).

Since max1≤s≤tn |Xn
s |

n→∞−−−→L1 0, in particular the family (max1≤s≤tn |Xn
s |)n=1,2,... is uniformly

integrable, from which the uniform integrability of (Tn)n=1,2,... follows.
We now come to 3. by showing E[Tn] = 1. Since E[Zn

s |Fn
s−1] = 0 for all s = 1, ..., tn,

E[Tn] = E
[ tn∏
s=1

(1 + iλZn
s )
]

= E
[
(1 + iλZn

1 ) ·E[(1 + iλZn
2 ) · · ·E[1 + λZn

tn |F
n
tn−1] · · · |Fn

1 ]
]
= 1.

Now the assertion follows directly with Lemma 13.44.
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Example 13.45. 1. Let X1, X2, ... be independent, identically distributed, real-valued ran-
dom variable with E[X1] = 0 and finite variance V[X1] = σ2. It is then known that
Mn = (Mn

t )t=0,1,2,... with

Mn
t = 1√

n

t∑
s=1

Xt

is a martingale and
Mn

n
n→∞
====⇒ X ∼ N(0, σ2).

This can also be realized by means of Theorem 13.42: first we establish that
∫∞
0 tP(|X1| >

t)dt < ∞ because of the finite second moment. This means that P(|X1| > t) = o(1/t2)

for t → ∞, can therefore be written as P(|X1| > t) = a(t)/t2 with a(t)
t→∞−−−→ 0. From

this,

E[ max
1≤s≤n

|Xs|/
√
n] =

∫ ∞

0
P( max

1≤s≤n
|Xs| > t

√
n)dt =

∫ ∞

0
1− (1−P(|X1| > t

√
n))ndt

=

∫ ∞

0
1−

(
1− a(t

√
n)

t2n

)n
dt

n→∞−−−→ 0

due to dominated convergence. Furthermore, with the law of large numbers,

1

n

n∑
s=1

X2
s

n→∞−−−→fs σ
2.

So, the conditions of theorem 13.42 are fulfilled.

2. We bring another example of a sequence of martingales that lead to sums of dependent
random variables. For this, we recall the stochastic integral from Definition 13.13.
Let Y1, Y2, ... be independent, identically distributed, restricted random variables with
E[Y1] = 0 and V[Y1] = 1 and H = (Ht)t=0,1,2,... andMn = (Mn

t )t=0,1,2,... given as

Hs =
1

s− 1
(Y 2

1 + · · ·+ Y 2
s−1), Mn

t =
1√
n

t∑
s=1

Ys.

Then,

(H ·Mn)t =
1√
n

t∑
s=1

Ys
1

s− 1

s−1∑
r=1

Y 2
r

is a martingale with

Xn
t := (H ·Mn)t − (H ·Mn)t−1 =

1√
n
Yt

1

t− 1

t−1∑
r=1

Y 2
r .

(Note that (Xn
1 , X

n
2 , ...) is not an independent family). Now, (13.5) applies by the bound-

edness of Y1, Y2, ... We further calculate

n∑
s=1

(Xn
s )

2 =
1

n

n∑
s=1

Y 2
s

( 1

s− 1

s−1∑
r=1

Y 2
r

)2 n→∞−−−→ 1,

from which now (H ·Mn)n
n→∞
====⇒ X ∼ N(0, 1) follows.
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13.6 Properties of martingales in continuous time

Example 13.46 (Martingales derived from the Poisson process). Let I = [0,∞), X = (Xt)t∈I
be a Poisson process with intensity λ and Ft = σ(Xs : s ≤ t). Then,

(Xt − λt)t∈I and
(
X2

t − λ
∫ t

0
(2Xr + 1)dr

)
t∈I

is a martingale. The following applies for 0 ≤ s ≤ t

E[Xt − λt|Fs] = E[Xs +Xt −Xs − λt|Fs] = Xs + λ(t− s)− λt = Xs − λs,

E
[
X2

t −X2
s − λ

∫ t

s
(2Xr + 1)dr|Fs

]
= E

[
(Xt −Xs)

2 + 2(Xt −Xs)Xs − λ((2Xs + 1)(t− s) + 2

∫ t

s
(Xr −Xs)dr)|Fs]

= λ(t− s) + λ2(t− s)2 + 2λ(t− s)Xs − λ((2Xs + 1)(t− s)− λ2(t− s)2 = 0.

Example 13.47 (Martingales derived from Brownian motion). Let I = [0,∞), X = (Xt)t∈I
be a Brownian motion, Ft = σ(Xs : s ≤ t) and α ∈ R.

1. The processes

(αXt)t∈I , (αX2
t − αt)t∈I and

(
exp(αXt − α2t/2)

)
t∈I (13.8)

are martingales. The following applies for 0 ≤ s ≤ t

E[αXt|Fs] = E[αXs + α(Xt −Xs)|Fs] = αXs,

E
[
αX2

t − αt|Fs] = αE[(Xt −Xs)
2 + 2(Xt −Xs)Xs +X2

s − t|Fs]

= α(t− s) + αX2
s − αt = αX2

s − αs,

E
[
exp(αXt − α2t/2)|Fs] = exp(αXs − α2t/2) ·E[exp(α(Xt −Xs))]

= exp(αXs − α2t/2 + α2(t− s)/2) = exp(αXs − α2s/2)

according to Example 6.13.3.
Since the process

(
exp(αXt−α2t/2)

)
t∈I is a non-negative martingale with E[exp(αXt−

αt/2)] = 1, it represents a density. Therefore, for τ > 0,

Qτ :

{
B(R)[0,τ ] → [0, 1]

A 7→ E[exp(αXτ − α2τ/2), A]

is another probability measure on B(R)[0,τ ], which leads to a probability measure Q on
B(R)I since

Q|Fτ = Qτ (13.9)

can be continued.

2. For µ ∈ R the process (Xt + µt)t∈[0,∞) is called Brownian motion with drift µ. This is
a martingale if and only if µ = 0. For µ > 0 it is a sub-martingale and for µ < 0 it is
a super-martingale.
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There is a close connection between the Brownian motion with drift and the martingale(
exp(µXt − µ2t/2)

)
t∈I from (13.8).

Proposition 13.48 (Brownian motion with drift and change of measure). Let I = [0,∞)
and X = (Xt)t∈I be a Brownian motion defined on a probability space (Ω,F ,P). Further, let
Y = (Yt)t∈I with Yt = Xt + µt for a µ ∈ R and Q from (13.9). Then,

X∗Q = Y∗P and Y∗Q = X∗P,

i.e. the distribution of Y under the measure Q is that of a Brownian motion with drift µ
under P. In particular, is a martingale under Q.

Proof. First, let f be continuous and bounded, and 0 ≤ s ≤ t. Then,

EQ[f(Xt)|Fs] = EP[f(Xt)e
µXt−µ2t/2|Fs]

=
1√

2π(t− s)
eµXs−µ2t/2

∫
f(Xs + y)eµye−y2/(2(t−s))dy

=
1√

2π(t− s)
eµXs−µ2t/2+µ2(t−s)/2

∫
f(Xs + y)e−(y−µ(t−s))2/(2(t−s))dy

=
1√

2π(t− s)
eµXs−µ2s/2

∫
f(Xs + y + µ(t− s))e−y2/(2(t−s))dy

= EP[f(Xt + µ(t− s))|Fs] · eµXs−µ2s/2.

Now let 0 ≤ t1 ≤ · · · ≤ tn and f1, ..., fn be continuous and bounded. Then,

EQ[f1(Xt1) · · · fn(Xtn)] = EP[f1(Xt1) · · · fn−1(Xtn−1)EP[fn(Xtn)e
µXtn−µ2tn/2|Ftn−1 ]]

= EP[f1(Xt1) · · · fn−2(Xtn−2)·

EP[fn−1(Xtn−1)EP[fn(Xtn + µ(tn − tn−1)|Ftn−1 ]e
µXtn−1−µ2tn−1/2]|Ftn−2 ]]

= · · · = EP[f1(Xt1 + µt1) · · · fn(Xtn + µtn)] = EP[f1(Yt1) · · · fn(Ytn)].

Since f1, ..., fn were arbitrary, the finite-dimensional distributions of X∗Q and Y∗P are iden-
tical. The statement now follows from Proposition 12.6.1.

We will now apply the results of martingales with a countable index set to the case of an
uncountable index set, I = [0,∞). Central to this is Theorem 13.49, in which we will see that
there is a right-continuous modification for very many sub-martingales.

Theorem 13.49 (Regularization of martingales in continuous time). Let I = [0,∞) and
X = (Xt)t∈I be a sub-martingale. Further, Y = (Yt)t∈I∩Q with Yt = Xt for t ∈ I ∩Q. Then,
with (Gt)t∈I from Lemma 12.25, the following holds:

1. There is a null set N such that Y +
t := lims↓t Yt for all t ∈ I outside N exists. The

process Z = (Zt)t∈I with Zt = 1NcY +
t is a (Gt)t∈I sub-martingale.

2. If (Ft)t∈I is right-continuous, then X has a modification with paths in DR([0,∞)) if
t 7→ E[Xt] is right-continuous.
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Proof. Since (|Yt|)t∈I∩Q is a sub-martingale, supt≤τ E[|Yt|] <∞ for τ <∞. Thus, according
to Theorem 13.29, for each t ∈ I the limits Yt±, t ∈ I outside a nullset N . This means
that (Zt)t∈I with Zt = 1NcY +

t is right-continuous with left-sided limits. Furthermore, Zt is
measurable with respect to σ(Ft,N )+, t ∈ I.

We now show that (Zt)t∈I is a sub-martingale. Let s < t and sn ↓ s, as well as tn ↓ t
(and sn ≤ t, n = 1, 2, ...). Then obviously Ysm ≤ E[Ytn |Fsm ] for all m,n. This means that
Zs ≤ E[Ytn |Fs+] according to Theorem 13.36. Since supnE[Ytn ] < ∞, the sub-martingale
(Ytn)n=1,2,... is according to Theorem 13.37 uniformly integrable with Ytn

n→∞−−−→fs,L1 Zt, and

thus E[Ytn |Fs+]
n→∞−−−→fs,L1 E[Zt|Fs+]. From this, Zs ≤ E[Zt|Fs+] = E[Zt|Gs].

2. With the same notation, for t ∈ I and tn ↓ t with t1, t2, ... ∈ Q,

E[Xtn ] = E[Ytn ], Xt ≤ E[Ytn |Ft].

Because of tn ↓ t, lims↓tE[Xs] = E[Zt]. Furthermore, due to the right-continuity of (Ft)t∈I
and Theorem 13.37 Xt ≤ E[Zt|Ft] = Zt. If X has a right-continuous modification, then
Zt = Xt is almost certain, and thus lims↓tE[Xs] = E[Xt], therefore t 7→ E[Xt] right-handed.
On the other hand, if t 7→ E[Xt] is right-handed, then E[|Zt − Xt|] = 0, and thus Zt = Xt

almost surely. Thus (Zt)t∈I is a right-continuous modification of X .

Remark 13.50 (Usual conditions). Let I = [0,∞). In the following, we will always assume
that the filtration (Ft)t≥0 is right-continuous and complete. Furthermore, Theorem 13.49
shows that, under these assumptions, for each sub-martingale X there is a modification with
paths in DR([0,∞)) if t 7→ E[Xt] is right-continuous. We also want to assume this modifica-
tion of each sub-martingale has paths in DR([0,∞)). All this we will summarize and say that
the usual conditions hold.

Theorem 13.51 (Martingale convergence theorems for continuous I). Let I ⊆ [0,∞) be
an interval. Under the usual conditions, the statements of Lemma 13.25, Proposition 13.26,
Lemma 13.28, Theorem 13.29, Corollary 13.30, Theorem 13.32, Theorem 13.33, Theorem 13.36
and Theorem 13.37 apply accordingly.

Proof. Note that all statements already apply in the case of countable index set, e.g. I ∩ Q,
have already been shown. All statements follow in the continuous case, because under the
usual conditions, the process X = (Xt)t∈I , as well as all its limit values, can be uniquely
constructed from (Xt)t∈I∩Q and its limits can be constructed.

All martingale convergence theorems are now also shown for the case of continuous index set.
The following are the statements of the Optional Sampling (Theorem 13.22) and Optional
Stopping Theorem (Proposition 13.19) in the continuous case.

Theorem 13.52 (Optional Sampling Theorem in the continuous case). Let I ⊆ [0,∞) be
an interval, S ≤ T almost surely finite stopping times and X = (Xt)t∈I a sub-martingale. If
either T is bounded or X is uniformly integrable, then XT is integrable and XS ≥ E[XT |FS ].
Furthermore, Lemma 13.23 is also valid for I = [0,∞).

Proof. Without restriction, I = [0,∞). Let Sn := 2−n[2nS + 1] and Tn := 2−n[2nT + 1]
such that Sn ↓ S and Tn ↓ T as in Proposition 12.28. With Theorem 13.22 follows XSm ≤
E[XTn |FSm ] for all m ≥ n. With m→∞ and Theorem 13.36.2,

XS ≤ E[XTn |FS ]. (13.10)
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If T is almost surely bounded, then ..., XT2 , XT1 is a sub-martingale with infnE[XTn ] > −∞.
Therefore, according to Theorem 13.37 it is a uniformly integrable, almost surely and in
L1 convergent sub-martingale with limit XT . Now follows the statement from (13.10) with
m→∞.

If X is uniformly integrable, then it converges according to Theorem 13.32 (or Theo-

rem 13.51) as Xt
t→∞−−−→fs,L1 X∞ with integrable limit X∞. and Xs ≤ E[X∞|Fs] applies.

As above, first XS ≤ E[XTn |FS ], and the sub-martingale ..., XT2 , XT1 converges almost
surely and in L1 against XT . So the statement applies again because of (13.10).

The proof of Lemma 13.23 applies unchanged.

Corollary 13.53 (Optional stopping in the continuous case). Let I ⊆ [0,∞) be an interval
and X = (Xt)t∈I a (sub, super)-martingale and T an almost surely finite stopping time. Then
X T = (XT∧t)t∈I is a (sub, super) martingale.

Proof. The corollary follows with the Optional Sampling Theorem, since T ∧ s ≤ T ∧ t, thus
XT∧s ≤ E[XT∧t|FT∧s] ≤ E[XT∧t|Fs].

14 Markov processes

The simplest stochastic processes X = (Xt)t∈I are those in which X is an independent family.
We now come to the second simplest dependency structure that occurs in stochastic processes.
By a Markov process X we understand a process in which at time t the future (Xu)u>t depends
only on Xt, but not on (Xs)s<t. In other words: (Xs)s>t and (Xs)s<t are given independently
Xt.

Many of the stochastic processes already introduced are Markov processes and will serve
as examples in this section. Throughout this section, let (E, r) be a complete and separable
metric space.

14.1 Definition and examples

In this section, we will introduce the notion of conditional independence from Section 11.4 will
be needed. Finally, Markov processes are those in which the future – given the present – does
not depend on the past. After the introduction of Markov processes and some examples, we
will determine in Theorem 14.5, when Gaussian processes are Markov. A central notion will
be Markov kernels µXs,t, which represent just the transition probabilities between two points in

time s and t. Formally equivalent, we introduce operators TX
s,t, which indicate how expected

values of functions f(Xt) change over time.

Definition 14.1 (Markov process). Let (Ft)t∈I be a filtration and X = (Xt)t∈I an adapted
stochastic process.

1. The process X is called Markov process if Fs is independent of Xt given Xs, s ≤ t.
This means that for A ∈ B(E) (see Proposition 11.18)

P(Xt ∈ A|Fs) = P(Xt ∈ A|Xs) (14.1)

or equivalently
E(f(Xt)|Fs) = E(f(Xt)|Xs)

for all measurable and bounded f : E → R.
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2. The Markov kernels (or transition kernels) µXs,t (from E to E) of X are given by

µXs,t(Xs, B) = P(Xt ∈ B|Xs) = P(Xt ∈ B|Fs).

3. Let B(E) be (not only the Borel’s σ-algebra on E, but also) the set of bounded, measur-
able functions f : E → R. Then we define for s ≤ t the transition operator

TX
s,t :

B(E) → B(E)

f 7→ x 7→ E[f(Xt)|Xs = x] =

∫
µXs,t(x, dy)f(y).

4. For Markov kernels µ, ν from E to E we define a Markov kernel from E to E2 by

(µ⊗ ν)(x,A×B) =

∫
µ(x, dy)ν(y, dz)1y∈A,z∈B

and a Markov kernel from E to E by

(µν)(x,A) = (µ⊗ ν)(x,E ×A).

Remark 14.2 (Interpretations). 1. Just as with martingales, the Markov property is for-
mulated with respect to a filtration (Ft)t∈I . In the following, however, we will always
use Ft = σ((Xs)s≤t), t ∈ I.

2. We want the transition kernels (µXs,t)s≤t as regular versions of the conditional expectation
of Xt given Xs. This is possible because E is Polish and according to Theorem 11.23,
then the regular version of the conditional distribution exists.

3. The transition operator TX
s,t is best interpreted as follows: Given a function f and Xs),

then (TX
s,tf)(Xs) is the expectation of f(Xt) at the start in Xs. This naturally depends

on the value Xs so TX
s,tf is a function of Xs.

4. To interpret the Markov kernels µXs,t⊗µXt,u and µXs,tµ
X
t,u for s ≤ t ≤ u note the following:

It is µXs,t⊗µXt,u(x,A×B) is the probability, given Xs = x, that is both Xt ∈ A and Xu ∈ B.

In addition, under µXs,tµ
X
t,u the state at time t is integrated out, i.e. µXs,tµ

X
t,u(x,B) is the

probability, given Xs = x, that Xu ∈ B. (Of course, in the case of a of a Markov
process must be equal to µXs,u(x,B); see also the Chapman-Kolmogorov equations in
Corollary 14.16.)

Example 14.3 (Markov chains). (See also example 5.10.) Markov processes X = (Xt)t∈I
with at most countable state space E are called Markov chains. Furthermore, if I = {0, 1, 2, ...},
then the transition kernel µXt,t+1 is represented by a matrix Pt,t+1 = (pt,t+1(x, y))x,y∈E so that

pt,t+1(x, y) = P(Xt+1 = y|Xt = x)

and

µXt,t+1(x,A) =
∑
y∈A

pt,t+1(x, y).
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Further here is

(µXt,t+1 ⊗ µXt+1,t+2)(x,A×B) =
∑

y∈A,z∈B
pt,t+1(x, y)pt+1,t+2(y, z)

and
(µXt,t+1µ

X
t+1,t+2)(x,A) =

∑
y∈E,z∈A

pt,t+1(x, y)pt+1,t+2(y, z).

For the transition operator (TX
s,t)s≤t can be written f : E → R can be written as a restricted

vector, namely as f = (f(x))x∈E and thus

(TX
t,t+1f)(x) =

∑
y∈E

µXt,t+1(x, dy)f(y) =
∑
y∈E

pt,t+1(x, y)f(y),

so the application of TX
t,t+1 to f corresponds to a multiplication of the matrix pt,t+1 with the

vector f .

Example 14.4 (Sums and products of independent random variables etc.).

1. Let X1, X2, ... be real-valued, almost certainly finite and independent. Then S = (St)t=0,1,2,...

with St =
∑t

s=1Xs and also S = (St)t=0,1,2,... with St =
∏t

s=1Xs Markov processes.
The following applies for example for A ∈ B(R)

P(St+1 ∈ A|Ft) =

∫
P(St ∈ A− x,Xt+1 ∈ dx|Ft)

=

∫
1St∈A−xP(Xt+1 ∈ dx) = P(St+1 ∈ A|St).

In this case
µSt,t+1(x,A) = P(Xt+1 ∈ A− x)

and
(TS

t,t+1f)(x) = E[f(x+Xt+1)].

2. Let X = (Xt)t≥0 be a Poisson process with intensity λ. Then (Xt)t≥0 and (Xf(t))t≥0

for each growing function f Markov processes, just like (Xt − λt)t≥0. However, (X2
t −

λ
∫ t
0 (2Xr+1)dr)t≥0 is not a Markov process; see also Example 13.46. (Note for the last

process: assuming X2
t − λ

∫ t
0 (2Xr + 1)dr = x, the process decreases linearly with slope

λ(2Xt + 1). However this slope is not a function of x).

Let’s look at the Poisson process X . Here the Markov kernels for x ∈ {0, 1, 2, ...} are
given as

µXs,t(x,A) =
∑

k∈A∩{x,x+1,...}

e−λ(t−s) (λ(t− s))k−x

(k − x)!
,

and the transition operator for f : {0, 1, 2, ...} → R is bounded

(TX
s,tf)(x) =

∞∑
k=0

e−λ(t−s) (λ(t− s))k

k!
f(x+ k) = E[f(x+ P )],

where P is a Poisson distributed random variable with parameters λ(t− s).
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3. Let X = (Xt)t≥0 be a Brownian motion. Then both (µXt)t≥0 and (µX2
t −µt)t≥0 as well

as (exp(µXt−µ2t/2))t≥0 for µ ∈ R Markov processes (as well as martingales according
to example 13.47). For example

P[X2
u − u ≤ x|Ft] = P[(Xu −Xt)

2 + 2(Xu −Xt)Xt +X2
t ≤ u+ x|Ft]

= P[(Xu −Xt)
2 + 2(Xu −Xt)Xt +X2

t ≤ u+ x|Xt] = P[X2
u − u ≤ x|Xt].

Let us consider the Brownian motion X . Its Markov kernels is given by

µXs,t(x,A) =
1√

2π(t− s)

∫
A
exp

(
− (y − x)2

2(t− s)

)
dy

and the transition operator for f ∈ B(R)

(TX
s,tf)(x) =

1√
2π(t− s)

∫
exp

(
− y2

2(t− s)

)
f(x+ y)dy = E[f(x+

√
t− sZ)],

where Z is a N(0, 1)-distributed random variable.

Theorem 14.5 (Gaussian Markov processes). Let X = (Xt)t≥0 be a Gaussian process. Then,
X is Markov iff

COV(Xs, Xu) ·V(Xt) = COV(Xs, Xt) ·COV(Xt, Xu) (14.2)

for all s ≤ t ≤ u.
Proof. By subtracting the expected values, we can assume wlog that E[Xt] = 0 holds for all
t ≥ 0. We note that (if V(Xt) > 0) with

X ′
u = Xu −

COV(Xt, Xu)

V(Xt)
Xt

holds that COV(X ′
u, Xt) = 0. Therefore, X ′

u and Xt are independent (and the joint distribu-
tion is a normal distribution). In the case V(Xt) = 0 we set X ′

u = Xu from which the same
follows.

First, let X be Markov and s ≤ t ≤ u. Then Xs is independent of Xu given Xt, so Xs is
also independent of X ′

u given Xt. Since Xt and X
′
u are independent, we find

P(Xs ∈ A,X ′
u ∈ B) = E[P(Xs ∈ A|Xt) ·P(X ′

u ∈ B|Xt)]

= E[P(Xs ∈ A|Xt) ·P(X ′
u ∈ B)] = P(Xs ∈ A) ·P(X ′

u ∈ B)

and therefore Xs and X ′
u are independent. This means that

0 = COV(Xs, X
′
u) = COV(Xs, Xu)−

COV(Xt, Xu)

V(Xt)
COV(Xs, Xt)

and (14.2) follows.
Conversely, let X fulfill (14.2). Then (with the same calculation as above), Xs is indepen-

dent of X ′
u for all s ≤ t. This means that X ′

u is independent of Ft = σ((Xs)s≤t) and

P(Xu ∈ A|Ft) =

∫
P
(
X ′

u ∈ dx,
COV(Xt,Xu)

V(Xt)
Xt ∈ A− x|Ft

)
=

∫
P
(
X ′

u ∈ dx,
COV(Xt,Xu)

V(Xt)
Xt ∈ A− x|Xt

)
= P(Xu ∈ A|Xt).
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Example 14.6 (Examples of Gaussian Markov processes). 1. We have already shown that
a Brownian motion X is a Markov process. To be on the safe side, also note that in
this case for s ≤ t ≤ u

COV(Xs, Xu) ·V(Xt) = s · t = COV(Xs, Xt) ·COV(Xt, Xu).

2. A fractional Brownian motion with Hurst parameter h is a Gaussian process X =
(Xt)t≥0 with E[Xt] = 0, t ≥ 0 and

COV(Xs, Xt) =
1

2
(t2h + s2h − (t− s)2h).

As you can easily calculate, this is only for h = 1
2 a Markov process. Then X is the

Brownian motion.
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Figure 7: (A) The path of a Brownian motion X = (Xt)t∈[0,1]. (B) The corresponding path
of the Brownian bridge Y = (Yt)t∈[0,1] with Yt = Xt − tX1.

The verbal description of Markov processes states that the future of the process is independent
of the past, given the present. However, in Definition (14.1) it is only required that individual
time points in the future are independent of the past, given the present. The fact that this
in fact corresponds to with the verbal description is now shown.

Lemma 14.7 (Extended Markov property). Let X = (Xt)t∈I be a Markov process. Then
(Xu)u≥t is independent of Ft given Xt
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Proof. Let t = t0 < t1 < ... < tn ∈ I and A0, ..., An ∈ E. Then the following applies

P(Xt0 ∈ A0,..., Xtn ∈ An|Ft) = E[1Xt0∈A0 , ..., 1Xtn−1∈An−1 ·E[1Xtn∈An |Ftn−1 ]|Ft]

= E[1Xt0∈A0 , ..., 1Xtn−1∈An−1 ·E[1Xtn∈An |Xtn−1 ]|Ft]

= E[1Xt0∈A0 , ..., 1Xtn−2∈An−2 · E[1Xtn−1∈An−1E[1Xtn∈An |Xtn−1 ]|Ftn−2 ]︸ ︷︷ ︸
=E[1Xtn−1

∈An−1
E[1Xtn∈An |Xtn−1 ,Xtn−2 ]|Xtn−2 ]

=E[1Xtn−1
∈An−1

·1Xtn∈An |Xtn−2 ]

Ft]

= · · · = E[1Xt0∈A0E[1X1∈A1 , ..., 1Xtn∈An |Xt0 ]|Ft]

= E[1Xt0∈A0 , ..., 1Xtn∈An |Xt] = P[Xt0 ∈ A0, ..., Xtn ∈ An|Xt].

where we have used Proposition 11.18. This shows that (Xt0 , ..., Xtn) is independent of Ft

given Xt, i.e. the independence on cylinder sets {Xt0 ∈ A0, ..., Xtn ∈ An}. This is extended
by means of an argument with a Dynkin system to all sets in σ((Xu)u≥t).

A special case is that of a Markov process that is spatially homogeneous. This always behaves
in the same way, regardless of its current value is. We have already become familiar with
such processes via the Brownian motion and the Poisson process.Equivalent to this is that
the process has independent increments, as Lemma 14.9 shows.

Definition 14.8 (Spatially homogeneous Markov process).
Let E be an Abelian group.

1. A Markov kernel from E to E is called homogeneous if µ(x,B) = µ(0, B − x) for all
x ∈ E and B ∈ B(E). (Here B − x = {y − x : y ∈ B}.)

2. A Markov process X is called spatially homogeneous, if the Markov kernels µXs,t are
homogeneous, s ≤ t.

3. A Markov process X = (Xt)t≥0 has independent increments if Xt −Xs is independent
of Fs, s ≤ t.

Lemma 14.9 (Homogeneity and independent increments). Let X = (Xt)t∈I be a Markov
process with state space E, where E is an Abelian group. The process X has independent
increments if and only if X is spatially homogeneous. In this case, the completion of the
filtration (Ft)t≥0 with Ft = σ((Xs)s≤t) is right-continuous.

Proof. First, let X be a spatially homogeneous Markov process, i.e. µXs,t(x,B) = µXs,t(0, B−x)
for all x ∈ E and B ∈ B(E). Then,

P(Xt −Xs ∈ B|Fs) = P(Xt ∈ Xs +B|Fs) = µs,t(Xs, Xs +B) = µXs,t(0, B).

Thus Xt −Xs is according to Lemma 11.13 independent of Fs, so X has independent incre-
ments.

Conversely, X has independent increments. Then (Xt −Xs)t≥s is also a Markov process
with the same Markov kernels and

µXs,t(Xs, B) = P(Xt ∈ B|Fs) = P(Xt −Xs ∈ B −Xs|Fs) = µXs,t(0, B −Xs).
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We now come to the second part of the statement, the right continuity of the filtration
generated by X . Let t ∈ I and u1, u2, ... ∈ I with un ↓ t. Wlog we assume that Ft is
complete. We must show that F+

t =
⋂

nFun = Ft. First of all, (Ft,G1,G2, ...) is with
Gn = σ(Xun−1 −Xun) an independent family. It is F+

t independent of (G1, ...,Gn) for each n.
Let A ∈ F+

t be. Then, according to Proposition 11.18,

P(A|Ft) = P(A|Ft,G1, ...,Gn)
n→∞−−−→ 1A

almost surely by Theorem 13.36 and because 1A is measurable with respect to σ(Ft,G1, .G2, ...).
In particular, since Ft is complete, F+

t ⊆ Ft ⊆ F+
t .

14.2 Strong Markov processes

With martingales, we have become familiar with the procedure that a property that applies
for fixed times (e.g. Xs = E[Xt|Fs]) is transferred to stopping times. (This led to the Optional
Sampling Theorem, i.e. XS = E[XT |FS ] for almost surely bounded stopping times S ≤ T ).

The Markov property is initially again a property for fixed points in time, which can be
written, for example, as

P(Xs+t ∈ A|Fs) = µXs,s+t(Xs, A).

Replacing the fixed time s in the last equation with a stopping time S leads to strong Markov
processes. Most of the processes discussed here belong to this class, however Example 14.14
is an exception.

Definition 14.10 (Strong Markov process). Let X = (Xt)t∈I be a Markov process with
generated filtration (Ft)t∈I and progressively measurable. Further let S be a (Ft)t∈I stopping
time. Then X has the strong Markov property at S if

P(XS+t ∈ A|FS) = µXS,S+t(XS , A)

for A ∈ B(E) or equivalent to this

E[f(XS+t)|FS ] = (TX
S,S+tf)(XS)

applies to f ∈ B(E). Further, X is a strong Markov process if X has the strong Markov
property at all almost surely finite stopping times.

Proposition 14.11 (Strong Markov at discrete stopping times). Let X = (Xt)t∈I be a
progressively measurable Markov process with generated filtration (Ft)t∈I . Further let S be an
almost surely finite (Ft)t∈I-stopping time, which only assumes discrete (i.e. in particular only
countably many) values. Then X has the strong Markov property for S.

If I in particular is discrete, then every Markov process X also has the strong Markov
property.

Proof. Let {s1, s2, ...} be the range of values of S and f ∈ B(E) and A ∈ FS . Then (since
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the range of values of S is discrete) A ∩ {S = si} ∈ Fsi and

E[f(XS+t), A] =
∑
i

E[f(XS+t), A ∩ {S = si}]

=
∑
i

E[f(Xsi+t), A ∩ {S = si}]

=
∑
i

E
[
E[f(Xsi+t)|Xsi ], A ∩ {S = si}

]
=
∑
i

E[(Tsi,si+tf)(Xsi), A ∩ {S = si}
]

=
∑
i

E[(TS,S+tf)(XS), A ∩ {S = si}
]

= E[(TS,S+tf)(XS), A
]
.

Since (TS,S+tf)(XS) is measurable according to FS , the assertion follows.

Theorem 14.12 (Strong Markov with continuous transition operator). Let X = (Xt)t∈I
be a Markov process with generated filtration (Ft)t∈I with right-continuous paths. If TX

s,tf is

continuous for f ∈ Cb(E) and s 7→ TX
s,s+tf continuous for all f ∈ Cb(E) (with respect to the

supremum norm on Cb(E)), then X is a strong Markov process.

Proof. First, according to Lemma 12.32, the process X is progressively measurable. Let S
be an almost surely finite stopping time, which, according to Proposition 12.28, we replace
by stopping times S1, S2, ... with Sn ↓ S so that Sn only takes on discrete values, n = 1, 2, ...
Then, because of the right continuity of the paths of X that XSn

n→∞−−−→ XS is almost certain
and for f ∈ Cb(E) is

E[f(XS+t)|FS ] = lim
n→∞

E[E[f(XSn+t)|FSn ]|FS ]

= lim
n→∞

E[(TX
Sn,Sn+tf)(XSn)|FS ]

= E[(TX
S,S+tf)(XS)|FS ] = (TX

S,S+tf)(XS),

where the continuity conditions are used in in the third equality.

Example 14.13 (Poisson process and Brownian motion are strong Markov).

1. Let X = (Xt)t≥0 be a Poisson process with intensity λ ≥ 0. Then X is strong Markov,
because:
According to Example 14.4.2, (TX

s,tf)(x) = E[f(x+P )], where P ∼ Poi(λ(t− s)). Thus

s 7→ TX
s,s+tf is constant. Further, x 7→ (TX

s,s+tf)(x) is measurable and due to the discrete
topology on {0, 1, 2, ...} also continuous. The strong Markov property thus follows from
Theorem 14.12.

2. Let X = (Xt)t≥0 be a Brownian motion. Then X is strong Markov, because:
According to Example 14.4.3 is (TX

s,tf)(x) = E[f(x +
√
t− sZ)], where Z ∼ N(0, 1).

This means that s 7→ TX
s,s+tf is constant and x 7→ (TX

s,s+tf)(x) is constant. Again, the
strong Markov property follows from Theorem 14.12.

It is not so easy to specify non-strong Markov processes. However, here is an example.
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Example 14.14 (A non-strong Markov process). Let T ∼ exp(1) be distributed. We further
define the stochastic process X = (Xt)t≥0 with

Xt = (t− T )+

and completion of the canonical filtration (Ft)t≥0. Then for f ∈ B(R)

E[f(Xs+t)|Fs] =

{
E[f((t− T )+)], if Xs = 0,

f(x+ t), if Xs > 0.

In particular, the right-hand side only depends on Xs and therefore X is a Markov process
with transition operator

(TX
s,s+t)f(x) = 1x=0E[f((t− T )+)] + 1x>0f(x+ t).

Now consider the random time S = inf{t : Xt > 0} (i.e. S = T ). According to Proposi-
tion 12.30.2, T is an option time and thus, since {T = t} is a nullset and Ft is complete,
{T ≤ t} = {T < t} ∪ {T = t} ∈ Ft. Thus T is (Ft)t≥0 a stopping time. Now,

E[f(XS+t)|FS ] = f(t),

since S is measurable according to FS and XS+t = t almost surely. On the other hand,
XS = 0 and therefore

(TX
S,S+tf)(XS) = (TX

S,S+tf)(0) = E[f((t− T )+)].

Since the right-hand sides of the last two equations for many f ∈ B(E) do not match, X is
not a strong Markov process.

14.3 The distribution of a Markov process

For a Markov process X , the Markov kernels µXs,t and the transition operators TX
s,t are im-

portant tools. We will discuss in Theorem 14.17 that a consistency condition (the Chapman-
Kolmogorov equations, see Corollary 14.16) is not only necessary but also sufficient for a
family of Markov kernels to be Markov kernels for a Markov process.

Lemma 14.15 (Finite-dimensional distributions). Let X = (Xt)t∈I be a Markov process with
Xt ∼ νXt for distributions νXt on E and Markov kernels (µXs,t)s≤t. Then, for t0 < · · · < tn

(Xt0 , ...Xtn) ∼ νXt0 ⊗ µ
X
t0,t1 ⊗ · · · ⊗ µ

X
tn−1,tn

and

P((Xt1 , ..., Xtn) ∈ ·|Ft0) = (µXt0,t1 ⊗ · · · ⊗ µ
X
tn−1,tn)(Xt0 , ·)

Proof. The proof of the first formula is done by induction. For n = 0 the statement is clear.
If it applies for n, then the following applies for f ∈ Cb(En+2)

E[f(Xt0 ,..., Xtn+1)] = E[E[f(Xt0 , ..., Xtn+1)|Ftn ]]

= E
[ ∫

f(Xt0 , ..., Xtn , xn+1)µ
X
tn,tn+1

(Xtn , dxn+1)
]

=

∫
νXt0 ⊗ µ

X
t0,t1 ⊗ · · · ⊗ µ

X
tn,tn+1

(dx0, ..., dxn+1)f(x0, ..., xn+1)
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so the first formula applies to n+1. For the second formula, we note that the right-hand side
Xt0 is measurable. Furthermore, with Lemma 14.7

P((Xt1 , ..., Xtn) ∈ ·|Ft0) = P((Xt1 , ..., Xtn) ∈ ·|Xt0)

and for A ∈ B(E) and B ∈ B(En) with the first formula

E[1(Xt1 ,...,Xtn )∈B, Xt0 ∈ A] = P((Xt0 , ..., Xtn) ∈ A×B)

=

∫
A
νXt0 (dx)(µ

X
t0,t1 ⊗ · · · ⊗ µ

X
tn,tn+1

(x,B) = E[(µXt0,t1 ⊗ · · · ⊗ µ
X
tn,tn+1

)(Xt0 , B), Xt0 ∈ A],

from which the assertion follows.

Corollary 14.16 (Chapman-Kolmogorov equations). Let X be a Markov process with Xt ∼
νXt for distributions νXt on E, Markov kernels (µXs,t)s≤t and transition operators (TX

s,t)s≤t.
Then, for s ≤ t ≤ u

µXs,tµ
X
t,u = µXs,u, (14.3)

and for f ∈ B(E)

(TX
s,t(T

X
t,uf))(Xs) = (TX

s,uf)(Xs) (14.4)

νXs -almost surely.

Proof. According to Proposition 14.15, for νXs -almost all Xs for A ∈ B(E)

µXs,u(Xs, A) = P(Xu ∈ A|Fs) = P((Xt, Xu) ∈ E ×A|Fs)

= (µXs,t ⊗ µXt,u)(Xs, E ×A) = (µXs,tµ
X
t,u)(Xs, A)

and for f ∈ B(E).

(TX
s,uf)(Xs) = E[f(Xu)|Fs] = E

[
E[f(Xu)|Ft]|Fs

]
= E[(TX

t,uf)(Xt)|Fs] = (TX
s,t(T

X
t,uf))(Xs).

It is clear that for each Markov process there are the Markov kernels (µXs,t)s≤t exist. Con-
versely, we now show that for every family of Markov kernels (µs,t)s≤t, which satisfies the
Chapman-Kolmogorov equations, there is a Markov process.

Theorem 14.17 (Existence of Markov processes).
Let I be an index set with min I = 0, ν0 a probability measure on E. Then the following
applies:

1. If (µs,t)s≤t is a family of Markov kernels with µs,tµt,u = µs,u for all s ≤ t ≤ u. Then
there is a Markov process with starting distribution ν0 and transition kernels (µs,t)s≤t.

2. If (Ts,t)s≤t is a family of transition operators with Ts,tTt,u = Ts,u for all s ≤ t ≤ u.
Then there is a Markov process with starting distribution ν0 and transition operators
(Ts,t)s≤t.
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Proof. Given (µs,t)s≤t, it is easy to calculate that

(Ts,tf)(x) :=

∫
µs,t(x, dy)f(y)

with f ∈ B(E) a family of transition operators (Ts,t)s≤t, which exactly then (14.4)is fulfilled
if (µs,t)s≤t fulfills the conditions (14.3) are fulfilled. If the other way around (Ts,t)s≤t is given,
then defines

µs,t(x,A) = (Ts,t1A)(x)

a family of Markov kernels that (14.3) is fulfilled iff (Ts,t)s≤t fulfills the condition (14.4). It
is therefore sufficient to show 1.Ḟor this we first define the measures for t1 < ... < tn with
{t1, ..., tn} ⊆f I

νt1,...,tn = ν0µ0,t1 ⊗ µt1,t2 ⊗ · · · ⊗ µtn−1,tn .

To show that (νt1,...,tn){t1,...,tn}⊆f I a projective family is J = {t1, ..., tn} andH = {t1, ..., tk−1, tk+1, ..., tn}.
Then for B = B1 × · · · ×Bk−1 ×Bk+1 × · · · ×Bn ∈ B(EH)

(πJH)∗νJ(B) = νJ((π
J
H)−1(B))

= (ν0µ0,t1 ⊗ µt1,t2 ⊗ · · ·µtn−1,tn)(B1 × · · · ×Bk−1 × E ×Bk+1 × · · · ×Bn)

= (ν0µ0,t1 ⊗ µt1,t2 ⊗ · · ·µtk−1,tkµtk,tk+1
⊗ µtk+1,tk+2

⊗ · · ·µtn−1,tn)(B)

= (ν0µ0,t1 ⊗ µt1,t2 ⊗ · · ·µtk−1,tk+1
⊗ µtk+1,tk+2

⊗ · · ·µtn−1,tn)(B)

= νH(B).

According to Theorem 5.24 there is a process X = (Xt)t∈I with the finite-dimensional distri-
butions (νJ)J⊆f I and starting distribution ν0. It remains to show that X is a Markov process.

For this, let A ∈ B(EJ) for a J ⊂ I and max J = s ≤ t and B ∈ B(E). Then,

P((Xr)r∈J ∈ A,Xt ∈ B) = νJ∪{t}(A×B) = E[µs,t(Xs, B), (Xr)r∈J ∈ A].

If (Ft)t∈I is the filtration generated by X , then the following applies to A ∈ Fs

P(Xt ∈ B,A) = E[µs,t(Xs, B), A].

From the definition of the conditional expectation, we can read that P(Xs ∈ B|Fs) =
µs,t(Xs, B) = P(Xs ∈ B|Xs). From this the assertion follows.

Corollary 14.18 (Distribution of Markov processes). Let ν and (µs,t)s≤t be as in Theo-
rem 14.17. Then there is a probability distribution Pν on B(E)I , such that Pν is the dis-
tribution of the Markov process with transition kernels (µs,t)s≤t and initial distribution ν.
Furthermore, x 7→ Px := Pδx defines a transition kernel from E to B(E)I and

Pν =

∫
ν(dx)Px.

Proof. It is easy to calculate that Pν(A) =
∫
ν(dx)Px(A) applies to cylinder sets A. As usual,

one extends this statement to all A ∈ B(E)I .
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14.4 Semigroups and generators

time-homogeneous Markov processes play a special role. With these, µXs,t depends only on the
time difference t− s.

Definition 14.19 (Time-homogeneous Markov processes and their semigroups). Let I be
closed under addition. A Markov process X is called time-homogeneous if there is a family
of Markov kernels (µt)t∈I with µXs,t = µt−s. Then we also write µXt = µt and denote (µXt )t∈I
as transitionsemigroup20.

This is (of course) exactly the case if there is a family of transition operators (Tt)t∈I with
TX
s,t = Tt−s. In this case, we write TX

t = Tt and denote (TX
t )t∈I as operator semigroup.

Remark 14.20 (Transfer to time-homogeneous Markov processes). Let X be a time-homogeneous
Markov process with transition and operator semigroup (µXt )t∈I and (TX

t )t∈I . Then, according
to the results from Section 14.3,

(Xt0 , ...Xtn) ∼ νXt0 ⊗ µ
X
t1−t0 ⊗ · · · ⊗ µ

X
tn−tn−1

and

P((Xt1 , ..., Xtn) ∈ ·|Ft0) = (µXt1−t0 ⊗ · · · ⊗ µ
X
tn−tn−1

)(Xt0 , ·).

In addition, the Chapman-Kolmogorov equations become

µXs µ
X
t = µXs+t,

TX
s T

X
t = TX

s+t

for all s, t ∈ I. The strong Markov property is in this case

P[XS+t ∈ A|FS ] = µt(XS , A),

E[f(XS+t)|FS ] = (Ttf)(XS)

for all almost surely finite stopping times S, A ∈ B(E) or f ∈ B(E).

Remark 14.21 (Semigroup property). Let (µXt )t∈I be the transition semigroup and (TX
t )t∈I

the operator semigroup of a time-homogeneous Markov process X . Then, by the Chapman-
Kolmogorov equations

µXs µ
X
t = µXs+t,

TX
s T

X
t = TX

s+t

for all s, t ∈ I. For this reason, one speaks of (commutative) transition and operator semi-
groups.

Certain properties of operator semigroups often facilitate proofs. This leads to the concept
of the Feller semigroup. To save us save paperwork, we use the distributions Px from Corol-
lary 14.18 and denote the expected value with respect to this distribution with Ex.

Definition 14.22 (Feller semigroup, Feller process). Let I = R+.

20A semigroup is a pair (I, ∗), where ∗ is an associative map I × I → I
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1. Let (Tt)t∈I be a family of operators with Tt : B(E)→ B(E). This is called an operator
semigroup if Tt(Tsf) = Tt+sf for all f ∈ B(E). Such a semigroup is called

(a) positive if Ttf ≥ 0 if f ≥ 0 for all t ∈ I,
(b) contraction if 0 ≤ Ttf ≤ 1 for 0 ≤ f ≤ 1 for a

(c) conservative if Tt1 = 1 for all t ∈ I,

(d) strongly continuous if ||Ttf − f ||∞
t→0−−→ 0 for all f ∈ Cb(E).

(e) Feller semigroup if Ttf(x)
t→0−−→ f(x) for x ∈ E and f ∈ Cb(E) and Ttf ∈ Cb(E)

for all f ∈ Cb(E) and t ∈ I.

2. A time-homogeneous Markov process X = (Xt)t∈I is called Feller process if its operator
semigroup (TX

t )t∈I is a Feller semigroup.

Remark 14.23 (Probabilistic properties of Feller processes). Let I = R+ and (TX
t )t∈I be the

operator semigroup of a Markov process X = (Xt)t∈I .

1. The semigroup (TX
t )t∈I is conservative and a positive contraction.

Indeed: Of course, TX
t 1(x) = Ex[1] = 1, which shows the conservativeness of (TX

t )t∈I .
Similarly, one writes for f ∈ B(E) with 0 ≤ f ≤ 1

TX
t f(x) = Ex[f(x)] ≤ Ex[1] = 1

and thus (TX
t )t∈I is a contraction.

2. Let X0 = x. Then TX
t f(x)

t→0−−→ f(x) for all f ∈ Cb(E) if and only if Xt
t→0−−→p x.

Indeed: ’⇒’: It follows with g(y) := r(x, y) ∧ 1 that Ex[r(x,Xt) ∧ 1] = TX
t g(x)

t→0−−→
g(x) = 0, which shows the claimed convergence. ’⇐’: Xt

t→0
===⇒ x applies and thus

according to the definition of weak convergence for f ∈ Cb(E) in particular TX
t f(x) =

Ex[f(Xt)]
t→∞−−−→ Ex[f(x)] = f(x).

Lemma 14.24 (Poisson process and Brownian motion are Feller). Both the Poisson process
(with rate λ ≥ 0) and the Brownian motion are Feller processes.

Proof. Let X x = (Xx
t )t≥0 be a Poisson process and Yy = (Y y

t )t≥0 a Brownian motion, each

started in x ∈ R and y ∈ R. The following applies X x d
= x + X 0 and Yy d

= y + Y0. Then

Xx
t ∼ N(x, t) and Y y

t ∼ y+Poi(tλ). In particular, obviously Xt
t→0−−→p x, Yt

t→0−−→p. Therefore,

TX
t f(x)

t→0−−→ f(x) and TY
t f(y)

t→0−−→ f(y) for f ∈ Cb(R) according to remark 14.23.2 Further,

TX
t f(x) = Ex[f(Xt)] = E0[f(x+Xt)]

x→x′
−−−→ E0[f(x

′ +Xt)] = TX
t f(x

′)

and analogously for the process Y. From this follow all assertions.

For concrete Markov processes, semigroups are usually difficult to specify. (However, see the
exceptions of the Poisson process and the Brownian motion from example 14.4). It is easier
to define what happens in an infinitesimally short time. This is described by the generator of
the operator semigroup.
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Definition 14.25 (Generator of a semigroup). Let I = [0,∞), X = (Xt)t∈I be a time-
homogeneous Markov process with operator semigroup (TX

t )t∈I . Then the generator of X (or
of its operator semigroup) is defined as

(GX f)(x) = lim
t→0

Ex[f(Xt)− f(x)]
t

= lim
t→0

1

t
((TX

t f)(x)− f(x)),

for all f for which the limit value exists. The set of functions f for which (GX f)(x) exists
for all x ∈ E exists is the domain of GX and is denoted by D(GX ).

Example 14.26 (Generator for Poisson process and Brownian motion).

1. Let X = (Xt)t∈I be a Poisson process with parameter λ and GX its generator. Then,

(GX f)(x) = λ(f(x+ 1)− f(x)

for x ∈ N and f ∈ B(N).
Because we calculate, if Pt is a Poisson distributed random variable with parameter λt

(GX f)(x) = lim
t→0

1

t
(Ex[f(x+ Pt)− f(x)]) = lim

t→0

1

t

∞∑
k=1

e−λt (λt)
k

k!
(f(x+ k)− f(x))

= lim
t→0

λ

∞∑
k=0

e−λt (λt)k

(k + 1)!
(f(x+ 1 + k)− f(x))

= λ(f(x+ 1)− f(x))

due to dominated convergence.

2. Let X = (Xt)t∈I be a Brownian motion and GX its generator. Then

(GX f)(x) = 1
2f

′′(x)

for x ∈ R and f ∈ C2b (R), the set of bounded, twice continuously differentiable functions
with with bounded derivatives.

Because we calculate, if Z is a N(0, 1)-distributed random variable with the Taylor
approximation and a random variable Y with |Y | ≤ |Z|

(GX f)(x) = lim
t→0

1

t
(Ex[f(x+

√
tZ)− f(x)])

= lim
t→0

1

t
(Ex[f

′(x)
√
tZ + 1

2f
′′(x)tZ2 + 1

2(f
′′(x+

√
tY )− f ′′(x))tZ2])

= 1
2f

′′(x) + lim
t→∞

E[12(f
′′(x+

√
tY )− f ′′(x))Z2] = 1

2f
′′(x)

(14.5)

by dominated convergence.

We calculate analogously: If X = (Xt)t∈I with Xt = (X1
t , ..., X

d
t ) is a d-dimensional

Brownian motion. Then,

(GX f)(x) =
1

2

d∑
i=1

∂2f

∂x2i
(x)

for x ∈ Rd and f ∈ C2b (R2).
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Remark 14.27 (Feller semigroups and strong continuity). If E is at least locally compact,
one can – if one replaces Cb(E) by C0(E), the continuous functions vanishing at infinity – at
least show that every Feller semigroup is strongly continuous. This makes it easier in some
proofs to verifying the uniform convergence for strong continuity. In particular, according
to Lemma 14.24 the (Feller) semigroups of the Poisson process and Brownian motion are
strongly continuous.

Lemma 14.28 (Relationship between operator semigroup and generator). Let X be a Feller
process with operator semigroup (TX

t )t∈I . Further, let GX be the generator of X and D ⊆
D(GX ) with GX (D) ⊆ Cb(E). For f ∈ Cb(E) is then

∫ t
0 (T

X
s f)ds ∈ D(GX ) with

(TX
t f)(x)− f(x) =

(
GX
(∫ t

0
(TX

s f)ds
))

(x) (14.6)

and for f ∈ D and t ≥ 0 is also TX
t f ∈ D(GX ) and the following applies

GX (TX
t f) = TX

t (GX f),

(TX
t f)(x)− f(x) =

∫ t

0
(TX

s (GX f))(x)ds,
(14.7)

thus

Ex[f(Xt)] = f(x) +

∫ t

0
E[(GX f)(Xs)]ds.

Proof. For x ∈ E and f ∈ Cb(E), t 7→ (TX
t f)(x) is continuous. Because of the Feller property

of (TX
t )t∈I ,

(TX
t+hf)(x) = (TX

t (TX
h f))(x) = (TX

h (TX
t f))(x).

For the first equation,

1

h
Ex

[ ∫ t

0
(TX

s f)(Xh)− (TX
s f)(x)ds

]
=

1

h

(∫ t

0
(TX

s+hf)(x)− (TX
s f)(x)ds

)
=

1

h

(∫ t+h

h
(TX

s f)(x)ds−
∫ t

0
(TX

s f)(x)ds
)

=
1

h

∫ t+h

t
(TX

s f)(x)ds−
1

h

∫ h

0
(TX

s f)(x)ds

h→0−−−→ (TX
t f)(x)− f(x).

For the other statements, first of all

d

dt
Ex[f(Xt)] = lim

h→0

1
hEx[f(Xt+h)− f(Xt)]

= (TX
t lim

h→0

1
hEx[f(Xh)− f(x)] = (TX

t (GX f))(x),

but also

d

dt
Ex[f(Xt)] = lim

h→0

1
hEx[f(Xt+h)− f(Xt)]

= lim
h→0

1
hEx[(T

X
t f)(Xh)− (TX

t f)(x)] = (GX (TX
t f))(x),
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which shows the first equation. For the second equation, we note that t 7→ (TX
t (GX f))(x) is

continuous according to the condition, so

(TX
t f)(x)− f(x) =

∫ t

0

d

ds
Ex[f(Xs)]ds =

∫ t

0
(TX

s (GX f))(x)ds.

Corollary 14.29 (Domain is dense). Let X , (TX
t )t∈I and GX as in Lemma 14.28 and the

conditions in Lemma 14.28 apply with D = Cb(E). Furthermore, let (TX
t )t∈I be strongly

continuous. Then D(GX ) is dense in Cb(E) with respect to the supremum norm, i.e. each
f ∈ Cb(E) can be approximated by functions from D(GX ).

Proof. For each f ∈ Cb(E) the following applies according to the condition

1
t

∫ t

0
(TX

s f)ds
t→0−−→ f

with respect to the supremum norm. Since the function on the left-hand side according
to (14.6) lie in D(GX ), the assertion is shown.

Theorem 14.30 (Martingales derived from Markov processes). Let X = (Xt)t∈I be a Feller
process with generator GX and domain D(GX ). Further let D ⊆ D(GX ) be such that GX (D) ⊆
Cb(E). Then, for f ∈ D both(

f(Xt)−
∫ t

0
(GX f)(Xs)ds

)
t∈I

as well as, in the case of (GX f)/f ∈ L(
f(Xt) exp

(
−
∫ t

0

(GX f)(Xs)

f(Xs)
ds
))

t∈I

are martingales.

Proof. Let t ≥ s. For the first process, we note

E
[
f(Xt)− f(Xs)−

∫ t

s
(GX f)(Xr)dr

∣∣∣Fs

]
= E

[
f(Xt)− f(Xs)−

∫ t

s
(GX f)(Xr)dr

∣∣∣Xs

]
= (Tt−sf)(Xs)− f(Xs)−

∫ t

s
(Tr−s(G

X f))(Xs)dr = 0

according to Lemma 14.28. Furthermore,

Ex

[
f(Xt) exp

(
−
∫ t

0

(GX f)(Xr)

f(Xr)
dr
)
− f(Xs) exp

(
−
∫ s

0

(GX f)(Xr)

f(Xr)
dr
)∣∣∣Fs

]
= Ex

[
f(Xt) exp

(
−
∫ t

s

(GX f)(Xr)

f(Xr)
dr
)
− f(Xs)

∣∣∣Xs

]
· exp

(
−
∫ s

0

(GX f)(Xr)

f(Xr)
dr
)
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and

d

dt
EXs

[
f(Xt) exp

(
−
∫ t

0

(GX f)(Xr)

f(Xr)
dr
)]

= EXs

[
(GX f)(Xt) exp

(
−
∫ t

0

(GX f)(Xr)

f(Xr)
dr
)

− f(Xt) exp
(
−
∫ t

0

(GX f)(Xr)

f(Xr)
dr
)(GX f)(Xt)

f(Xt)

]
= 0.

Again, integration from s to t provides the assertion.

Example 14.31 (Ordinary differential equation). Let X = (Xt)t≥0 with values in Rd which
is a solution of the ordinary differential equation

d

dt
Xt = g(Xt)

where g = (gi)i=1,...,d : Rd → Rd is a Lipshitz function. Then X is deterministic, but can also
be regarded as homogeneous in time (because g does not additionally depend on t) Markov
process. The generator of X is calculated for f ∈ C1b (Rd) and X0 = x as

(GX f)(x) = lim
t→0

1
t (f(Xt)− f(x)) =

d

dt
(f(Xt))

∣∣∣
t=0

=

d∑
i=1

∂f

∂xi
(g(x)) · gi(x) = (∇f)(g(x)) · g(x).

Example 14.32 (Poisson process and Brownian motion). In the following, let fn(x) =
xe−x/n, i.e. fn ∈ Cb(R+) and gn(x) = x2e−x/n such that fn(x)

n→∞−−−→ f(x) and gn(x)
n→∞−−−→

g(x) with f(x) = x and g(x) = x2.

1. Let X = (Xt)t≥0 be a Poisson process with rate λ. Thus, according to theorem 14.30
and Example 14.26 (

Xt ∧ n−
∫ t

0
λ1Xs≤n−1ds

)
t≥0

is a martingale. Since Xt is integrable, it follows from dominated convergence that(
Xt − λt

)
t≥0

is a martingale. Analogously, one concludes (from the integrability of X2
t that(

X2
t − λ

∫ t

0
(Xs + 1)2 −X2

sds
)
t≥0

is a martingale. See also example 13.46.

2. Let X = (Xt)t≥0 be a Brownian motion. From the integrability of Xt, X
2
t and eµXt, one

concludes from Theorem 14.30 that because of GXh(x) = 1
2h

′′(x)(
Xt − 1

2

∫ t

0
id′′(Xs)ds

)
t≥0

= (Xt)t≥0,(
X2

t − 1
2

∫ t

0
(id2)′′(Xs)ds

)
t≥0

= (X2
t − t)t≥0,(

exp
(
µXt − 1

2

∫ t

0

(eµ.)′′(Xs)

eµXs
ds
))

t≥0
=
(
exp

(
µXt − 1

2µ
2t
))

t≥0

are all martingales. See also example 13.47.
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Example 14.33 (Jump processes). The simplest Markov processes are piecewise constant
processes. We now describe the following process: Given Xs = x, the process jumps after
an exponentially distributed time with rate λ(x). The process jumps according to the Markov
kernel µ(Xs, .), i.e. it jumps with probability µ(Xs, dy) to y.

Let λ ∈ B(E) be given with 0 ≤ λ ≤ λ∗ and the Markov kernel µ from E to E. Further,
let (Yk)k=0,1,2,... be a Markov chain in discrete time with P(Yk+1 ∈ A|Yk) = µ(Yk, A) for all
A ∈ B(E). Furthermore, let T1, T2, ... be independent and exp(1)-distributed. (We note that
this means that Tk/λ according to exp(λ) is distributed). We define the jump process (Xt)t≥0

by

Xt =


Y0, t <

T0
λ(Y0)

,

Yk,

k−1∑
j=0

Tj
λ(Yj)

≤ t <
k∑

j=0

Tj
λ(Yj)

.
(14.8)

This is a Markov process since it is memoryless by the exponential distribution. To calculate
the generator of X , we note that the probability that in time t more than than 2 jumps take
place is at most 1− e−λ∗t(1 + 1

2λ
∗t) = O(t2). So the following applies for f ∈ Cb(E)

(GX f)(x) = lim
t→0

Ex[f(Xt)− f(x)]
t

= lim
t→0

1
t

(
(e−λ(x)t − 1)f(x) + λ(x)te−λ(x)t

∫
µ(x, dy)f(y)

)
= λ(x)

∫
µ(x, dy)

(
f(y)− f(x)

)
dy.

(14.9)

We now give some more examples of Markov jump processes on countable state spaces.

Example 14.34 (Master equation). Let X = (Xt)t≥0 be a jump process on a countable state
space E, given as in the last example by the functions λ and the Markov kernel µ(, .). We
now set λ(x, y) := λ(x)µ(x, y) and denote this quantity as the jump rate from x to y, i.e.

Gf(x) =
∑
y∈E

λ(x, y)(f(y)− f(x))

is the generator of X . If you insert the following into this equation function f(y) = 1y=x (for
a fixed x) into this equation, you get

d

dt
P(Xt = x) =

d

dt
E[f(Xt)] = E[(Gf)(Xt)]

= E
[∑
y∈E

λ(Xt, y)(1y=x − 1Xt=x)
]

=
∑
z∈E

P(Xt = z)
∑
y∈E

λ(z, y)(1x=y − 1x=z)

=
∑
z∈E

λ(z, x)P(Xt = z)− λ(x, z)P(Xt = x).

(14.10)

This equation is therefore a differential equation for (P(Xt = x))x∈E. The solution of this
equation thus provides the exact distribution of Xt. This equation is also known in physics as
the master equation.
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We will now also replace the generator equation with

Ex[f(Xh)] = f(x) + hGf(x) + o(h).

write.

Example 14.35 (Branching processes in continuous time). In a continuous-time branching
process (with state space Z+), each individual dies at rate 1 and is replaced by a random
number of random number of offspring (with distribution µ). Here the generator results in

Gf(x) = x
∞∑
n=0

µ(n)(f(x− 1 + n)− f(x)).

For example, for fr(x) = rx,

Gfr(x) = xrx−1
∞∑
n=0

µ(n)(rn − r) = xrx−1(gµ(r)− r) = (gµ(r)− r)
d

dr
fr(x).

From this you calculate

Ex[r
Xt ] = rx + (gµ(r)− r)

∫ t

0

d

dr
Ex[r

Xs ]ds,

so the function u : (t, r) 7→ Ex[r
Xt ] solves the equation

d

dt
u(t, r) = (gµ(r)− r)

d

dr
u(t, r) (14.11)

with the boundary conditions u(0, r) = rx, u(t, 1) = 1.

Example 14.36 (Yule process). The simplest branching process is the Yule process, in which
each individual is replaced by two offspring. In this case µ = δ2 and thus gµ(r) = r2, so here
in (14.11)

d

dt
u(t, r) = −r(1− r) d

dr
u(t, r)

apply. We now claim that this equation in the case x = 1 is given by

u(t, r) =
e−tr

1− r(1− e−t)
.

Indeed,

(1− r(1− e−t))2
d

dt
u(t, r) = −(1− r(1− e−t))re−t + e−2tr2 = −r(1− r)e−t

(1− r(1− e−t))2
d

dr
u(t, r) = (1− r(1− e−t))e−t + e−tr(1− e−t) = e−t.

Since the generating function of the geometric distribution is just

ggeo(p)(r) =

∞∑
n=1

(1− p)n−1prn =
pr

1− r(1− p)
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we have shown that in this case Xt ∼ geo(e−t). This can also be shown using the master
equation

d

dt
P(Xt = x) = (x− 1)P(Xt = x− 1)− xP(Xt = x).

This is because for P(Xt = x) = (1− e−t)x−1e−t

d

dt
(1− e−t)x−1e−t = (x− 1)(1− e−t)x−2e−2t − (1− e−t)x−1e−t

= (1− e−t)x−2e−t((x− 1)e−t − (1− e−t)) = (1− e−t)x−2e−t(xe−t − 1)

and

(x− 1)P(Xt = x− 1)− xP(Xt = x) = (1− e−t)x−2e−t(x− 1− x(1− e−t))

= (1− e−t)x−2e−t(xe−t − 1).

Example 14.37 (Probability of extinction of a branching process). Let T = T0 be the ex-
tinction time of a branching process. Then obviously Px(T <∞) = P1(T <∞)x and

P1(T <∞) = (1− h)P1(T <∞) + h
∞∑
n=0

µ(n)P1(T <∞)n + o(h)

therefore, for r := P1(T <∞) just

r = gµ(r) (14.12)

apply. This equation trivially has the solution r = 1. In the case
∑

n nµ(n) ≤ 1 this is the only
solution, which shows that the extinction probability in this case is 1. (This we have already
seen through martingale theory). In the case µ = pδ0 + qδ2 with q > p (i.e.

∑
n nµ(n) > 1)

you calculate that (14.12) applies exactly when 0 = qr2 − r + p, i.e. for

r =
1±
√
1− 4pq

2q
=

1± 2q − 1

2q
.

Since the extinction probability must be less than 1 is therefore just (p/q) ∧ 1.

Example 14.38 (Hitting times). Let E′ ⊆ E and T := TE′ be the hitting time of E′. We
want to calculate the mapping u : x 7→ Ex[T ]. Obviously, u(x) = Ex[T ] = 0 for x ∈ E′, so
with λ(x) =

∑
y λ(x, y)

Ex[T ] = (1− hλ(x))Ex[T + h] +
∑
y

Ex[T |Xh = y] ·P(Xh = y)

= Ex[T ] + h(1− λ(x)Ex[T ] +
∑
y

λ(x, y)Ey[T ] +O(h2)

= Ex[T ] + h(1 +GE•[T ]) +O(h2).

Therefore, the function u must fulfill the equation

Gu(x) = −1, x /∈ E′,

u(x) = 0, x ∈ E′.
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Example 14.39 (Birth-death processes). Markov processes with E = Z+ and transition rate
λ(x, y) = 0 for |x− y| > 1 are called birth-death processes. Typically one denotes

λ(n, n+ 1) =: λn, λ(n, n− 1) =: µn,

and thus the generator is given by

Gf(n) = λn(f(n+ 1)− f(n)) + µn(f(n− 1)− f(n)).

For the expected hitting times of 0, i.e. u(n) := En[T0], we now show that

u(0) = 0,

u(n) =

n∑
k=1

1

µkπk

∞∑
j=k

πj

with π1 = 1 and

πi =
i∏

j=2

λj−1

µj
.

Then,

Gu(n) = λn
1

µn+1πn+1

∞∑
j=n+1

πj − µn
1

µnπn

∞∑
j=n

πj

=
1

πn

∞∑
j=n+1

πj −
1

πn

∞∑
j=n

πj = −1.

15 Properties of Brownian motion

Although we have already introduced Brownian motion in Chapter 12.3, there is still a lot of
properties we have not covered yet. We already know that Brownian motion is a martingale,
a Gaussian process and a strong Markov process with independent and identically distributed
increments and has continuous paths. From this, we can deduce new properties, for example,
Blumenthal’s 0-1 law, which is an addition to the Kolmogorov’s 0-1 law. We will assume that
filtrations are complete.

Theorem 15.1 (Blumenthal’s 0-1 law). Let X = (Xt)t≥0 be a Brownian motion, defined on
a probability space (Ω,F ,P), started in x ∈ R, and F0+ :=

⋂
t>0 σ(Xs : s ≤ t). Then F0+

P-trivial, i.e. P(A) ∈ {0, 1} for A ∈ F0+.
Let further T :=

⋂
s≥0 σ(Xt : t ≥ s) be the terminal σ-algebra of X . Then T is P-trivial.

Proof. According to Lemma 14.9, the filtration (Ft)t≥0 with Ft = σ(Xs : s ≤ t) is right-
continuous. From the right continuity in 0 follows F0+ = σ(X0). Since X0 = x is constant,
F0+ must therefore be a P-trivial σ-algebra.

Furthermore, with X according to theorem 12.19 also X ′ = (X ′
t)t≥0 with X ′

t = tX1/t

a Brownian motion started in 0. With what has just been shown,
⋂

t≥0 σ(X
′
s : s ≤ t) is

P-trivial. It follows, however, that⋂
s≥0

σ(Xt : t ≥ s) =
⋂
s≥0

σ(tX1/t : t ≤ s) =
⋂
s≥0

σ(X ′
t : t ≤ s)

is P-trivial, i.e. the assertion.
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Remark 15.2. Although Blumenthal’s 0-1 law looks simple, it may nevertheless be surprising.
As we will show later, the Brownian motion – in a suitable sense – can be thought of as the
limit of random walks. If we start a random walk in 0, then this random walk either jumps
upwards first or downwards first. In particular, for small times they spend either more time
in the positive or in the negative.

Let us define analogously for Brownian motion

At :=
{∫ t

0
1Xs>0ds ≥

∫ t

0
1Xs<0ds

}
the set of Brownian paths that have spent more time in the positive by time t and and A :=⋂

t>0

⋂
0<s≤tAs, which is the set of paths that have spent more time in the positive up to some

small time t. Then A ∈ F0+, so for reasons of symmetry P(A) = 0 must apply. So there is
almost certainly no Brownian path that has spent more time in the positive, for very small
times.

However, this law is only the prelude to a series of further properties. Here we examine
the quadratic variation in Section 15.1, the reflection principle based on the strong Markov
property in Section 15.2, the law of the iterated logarithm in Section 15.3, the convergence of
random walks against Brownian motion in Section 15.4 and a further connection with random
walks in Section 15.5.

15.1 Quadratic variation

The paths of Brownian motion in Figures 5 and 7 look – albeit steady – very rough. This
property should now be specified.

Definition 15.3 (Variation and quadratic variation). Let f ∈ DR([0,∞)), t ≥ 0 and for
n = 1, 2, ... let 0 = tn,0 < tn,1 < · · · < tn,kn = t be given. We denote ζn := {tn,0, ..., tn,kn} as

n-th partition (of [0, t]). Assuming maxk(tn,k − tn,k−1)
n→∞−−−→ 0, i.e. the partitions exploit the

interval [0, t] for n → ∞ better and better. Then we define the ℓ-variation of f with respect
to ζ = (ζn)n=1,2,... as

νℓ,t,ζ(f) := lim
n→∞

νnℓ,t,ζ(f)

with

νnℓ,t,ζ(f) =

kn∑
k=1

|f(tn,k)− f(tn,k−1)|ℓ.

If the limit value is independent of ζ, we call this the ℓ-variation and denote it by νℓ,t(f). The
1-variation is also called variation and the 2-variation is also called quadratic variation.

In addition, ζ is called ascending if ζn ⊆ ζn+1 holds for all n = 1, 2, ....

Lemma 15.4 (Elementary properties of the (quadratic) variation). Let f be continuous and
t ≥ 0. Then the following applies to ζ as in Definition 15.3

νℓ,t,ζ(f) <∞⇒ νℓ+1,t,ζ(f) = 0,

νℓ+1,t,ζ(f) > 0⇒ νℓ,t,ζ(f) =∞.
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Proof. It is sufficient to show the first property. We write

0 ≤ lim
n→∞

kn∑
k=1

|f(tn,k)− f(tn,k−1)|ℓ+1

≤ lim
n→∞

sup
k
|f(tn,k)− f(tn,k−1)| · lim

n→∞

kn∑
k=1

|f(tn,k)− f(tn,k−1)|ℓ = 0

since f is uniformly continuous on [0, t].

Proposition 15.5 (Quadratic variation of Brownian motion). Let X = (Xt)t≥0 be a Brown-
ian motion. Then for ζ as in Definition 15.3,

νn2,t,ζ(X )
n→∞−−−→L2 t.

If ζ is ascending, then also

νn2,t,ζ(X )
n→∞−−−→fs t.

In particular, the variation of X is almost surely infinite.

Proof. We write νn2,t,ζ := νn2,t,ζ(X ). First to the L2-convergence. It is known that Xt −Xs ∼√
t− sX1 is valid for s ≤ t. Therefore

E[νn2,ζ ] =

kn∑
k=1

E[(Xtn,k
−Xtn,k−1

)2] =

kn∑
k=1

(tn,k − tn,k−1)E[X2
1 ] =

kn∑
k=1

(tn,k − tn,k−1) = t

as well as

E[(νn2,ζ − t)2] = V[νn2,ζ ] =

kn∑
k=1

V[(Xn,k −Xn,k−1)
2] =

kn∑
k=1

(tn,k − tn,k−1)
2E[X4

1 ]
n→∞−−−→ 0.

For the almost sure convergence, we first assume wlog that there is 0 ≤ t1, t2, ... ≤ t, so that
ζn = {t1, ..., tn}. We will further show that (ν−n

2,ζ )n=...,−2,−1 is a (backward) martingale, so
that

E[νn−1
2,ζ − ν

n
2,ζ |νn2,ζ , νn+1

2,ζ , ...] = 0

applies to all n. If t′n and t′′n are the points in time directly before and after tn in ζn,

νn−1
2,ζ − ν

n
2,ζ = (Xt′′n −Xt′n)

2 − (Xt′′n −Xtn)
2 − (Xtn −Xt′n)

2

= 2(Xt′′n −Xtn)(Xtn −Xt′n).

We define a second Brownian motion (X̃t)t≥0 by an independent random variable Y with
P(Y = 1) = P(Y = −1) = 1

2 and

X̃s = Xs∧tn + Y (Xs −Xs∧tn).

This means that (X̃s)0≤s≤t after tn atXtn is mirrored. In particular, (Xtn−Xt′n) = (X̃tn−X̃t′n)

and (Xt′′n −Xtn) = −(X̃t′′n − X̃tn). It is ν
k
2,t,ζ(X ) = νk2,t,ζ(X̃ ) for k = n, n+ 1, ... and thus

E[νn−1
2,t,ζ (X )− ν

n
2,t,ζ(X )|νn2,ζ , νn+1

2,ζ , ...] = E[νn−1
2,t,ζ (X̃ )− ν

n
2,t,ζ(X̃ )|νn2,ζ , νn+1

2,ζ , ...],
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thus

E[νn−1
2,t,ζ (X )− ν

n
2,t,ζ(X )|νn2,ζ , νn+1

2,ζ , ...]

= 1
2

(
E[νn−1

2,t,ζ (X )− ν
n
2,t,ζ(X )|νn2,ζ , νn+1

2,ζ , ...] +E[νn−1
2,t,ζ (X̃ )− ν

n
2,t,ζ(X̃ )|νn2,ζ , νn+1

2,ζ , ...]
)

= E[(Xt′′n −Xtn)(Xtn −Xt′n) + (X̃t′′n − X̃tn)(X̃tn − X̃t′n)|ν
n
2,ζ , ν

n+1
2,ζ , ...] = 0,

which shows the desired martingale property. According to Theorem 13.37, (νn2,t,ζ)n=1,2,...

converges almost surely towards t.

Corollary 15.6 (Brownian motion has nowhere differentiable paths). A Brownian motion
X = (Xt)t≥0 almost certainly has nowhere differentiable paths. This means that

P
(
lim
h→0

Xt+h −Xt

h
exists for some t > 0

)
= 0.

Proof. It is sufficient to consider the set of paths of Brownian motion whose quadratic varia-
tion in time [0, t] is exactly t. (The set of these paths has probability 1, as Proposition 15.5
shows). Each path in this set has positive quadratic variation in every small time interval,
i.e. according to Lemma 15.4 infinite variation. Since differentiability requires at least a finite
variation in a small time interval the assertion follows.

15.2 Strong Markov property and reflection principle

In Example 14.13 we saw that Brownian motion is a strong Markov process. This has some
useful consequences, as we will now see. The reflection principle is illustrated in Figure 8.

Lemma 15.7 (Reflection principle). Let X = (Xt)t≥0 be a Brownian motion and T is a
stopping time. Then the reflected process is X ′ = (X ′

t)t≥0 with

X ′
t := Xt∧T − (Xt −Xt∧T ) =

{
Xt, t ≤ T,
2XT −Xt, t > T

is also a Brownian motion.

Proof. First of all, it is clear from the construction that X ′ has continuous paths. Wlog,
we assume that T < ∞ holds. We define Y = (Yt)t≥0 by Yt := Xt∧T and Z = (Zt)t≥0 by
Zt := XT+t−XT . Then Z is a Brownian motion, since by the strong Markov property, (T,Y)
is independent. This means that (T,Y,Z) d

= (T,Y,−Z), since Z d
= −Z. It also follows that

(Y,ZT )
d
= (Y,−ZT ) with ZT := (ZT

t )t≥0, Z
T
t := Z(t−T )+ . From this,

X = Y + ZT d
= Y − ZT = X ′.

This shows the assertion.

As an application of the reflection principle, we now calculate the distribution of the maximum
of a Brownian motion up to a time t. First, however, we note that from Doob’s Lp inequality,
Proposition 13.26, estimates about the distribution of the maximum. Let X = (Xt)t≥0 be
a Brownian motion and M = (Mt)t≥0 with Mt = sups≤tXs the maximum process. Then
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Figure 8:
The reflection principle of Brownian motion states that for a Brownian motion (Xt)t≥0 the
process reflected to T at x = XT (X ′

t)t≥0 is also a Brownian motion.

it follows from Proposition 13.26 (or the extension to continuous-time processes from Theo-
rem 13.51) with p = 2

P(Mt ≥ x) ≤ 1
x2E[X2

t ] =
t
x2 .

However, especially for large x, this probability is in fact much smaller, as the next result
shows.

Theorem 15.8 (Maximum of Brownian motion). Let X = (Xt)t≥0 be a Brownian motion
started in X0 = 0. We define the maximum process M = (Mt)t≥0 by Mt = sup0≤s≤tXs.
Then,

Mt
d
=Mt −Xt

d
= |Xt|.

All three random variables have the density

x 7→
√

2

πt
exp

(
− x2

2t

)
1x≥0.

Proof. Let φt(x) = 1√
2πt

exp
(
− x2

2t

)
the density of Brownian motion at time t. Then the

density of |Xt| is given by 2φt(x)1x≥0. So it remains to show that both Mt and Mt−Xt have
exactly this density. For this we set T := Tx = inf{s ≥ 0 : Xs = x}. For 0, y ≤ x, because of
Lemma 15.7, if (X ′

t)t≥0 is the process mirrored at T ,

P(Mt ≥ x,Xt ≤ y) = P(X ′
t ≥ 2x− y) =

∫ ∞

2x−y
φt(z)dz

and thus for x ≥ 0

P(Mt ≥ x) = P(Mt ≥ x,Xt ≤ x) +P(Xt ≥ x)

= 2

∫ ∞

x
φt(z)dz
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from which it follows that Mt
d
= |Xt|. We further calculate

P(Mt −Xt ≥ x) = lim
ε→0

1
ε

∫ ∞

0
P(z ≤Mt ≤ z + ε,Xt ≤ z − x)dz

= lim
ε→0

1
ε

∫ ∞

0
P(Mt ≥ z,Xt ≤ z − x)−P(Mt ≥ z + ε,Xt ≤ z − x)dz

= lim
ε→0

1
ε

∫ ∞

0
2φt(z + x)dz =

∫ ∞

x
2φ(z)dz.

Again, Mt −Xt
d
= |Xt| applies.

Remark 15.9 (The path-valued reflection principle). The reflection principle only shows the
equality of the distributions of |Xt|,Mt,Mt−Xt at a fixed time t. It now remains open whether
(|Xt|)t≥0 ∼ (Mt −Xt)t≥0 is also valid. Even if we do not show this here, this assertion turns
out to be correct. (By the way: Surely (Mt)t≥0 is distributed differently than (|Xt|)t≥0 or
(Mt −Xt)t≥0, since the last two processes can also decrease, but (Mt)t≥0 not).

15.3 The Law of the Iterated Logarithm

We want to determine how a Brownian motion X = (Xt)t≥0 maximally grows. This means
that we have a function t 7→ ht so that

0 < lim sup
t→∞

Xt

ht
<∞. (15.1)

We already know from the law of large numbers that Xt
t

t→∞−−−→ 0. The following also applies

lim sup
t→∞

Xt√
t
=∞. (15.2)

Indeed: Certainly lim supt→∞
Xt√
t
is measurable with respect to the terminal σ-algebra of X ,

i.e. according to Theorem 15.1 almost certainly constant. Suppose, lim supt→∞
Xt√
t

t→∞−−−→ γ

for a 0 < γ <∞. Then it would apply in particular that P(Xt√
t
> 2γ)

t→∞−−−→ 0, in contradiction

to the central limit theorem.
The task now is to find a function t 7→ ht with

√
t ≤ ht ≤ t so that (15.1) applies. This is

determined by the iterated logarithm as follows:

Theorem 15.10 (Iterated logarithm for Brownian motion). Let X = (Xt)t≥0 be a Brownian
motion. Then

lim sup
t→∞

Xt√
2t log log t

= lim sup
t→0

Xt√
2t log log 1/t

= 1, (15.3)

almost surely.

Remark 15.11. For reasons of symmetry, i.e. because −X is also a Brownian motion,

lim inf
t→∞

Xt√
2t log log t

= lim inf
t→0

Xt√
2t log log 1/t

= −1
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Figure 9:
Here are two paths of a Brownian movement are given. As you can see, the two paths leave
the curves t 7→ ±

√
2t much more frequently than the curve t 7→ ±ht.

almost surely. For illustration see Figure 9. The fact that ht :=
√
2t log log t is the correct

function means that almost every path of the Brownian motion is only finitely often outside
the two curves t 7→ ±ht but infinitely often outside the two curves t 7→ ±(1 − ε)ht, where
0 < ε < 1 is arbitrary.

Proof. First of all, we note that with Theorem 12.19 also (tX1/t)t≥0 is also a Brownian motion.
If we apply the statement for the t→∞ limit, it follows that

lim sup
t→0

Xt√
2t log log 1/t

= lim sup
t→∞

X1/t√
21
t log log t

= lim sup
t→∞

tX1/t√
2t log log t

= 1

almost surely. In addition, we write ht := h(t) :=
√
2t log log t. The proof for t→∞ requires

a few estimations. We divide the proof into three steps.

Step 1: Estimation of the normal distribution: Let φ(x) = 1√
2π
e−x2/2 the density of X1. Then

P(X1 > x) ≤ 1
xφ(x), (15.4)

P(X1 > x) ≥ x
1+x2φ(x), (15.5)

Indeed: φ′(y) = −yφ(y) and therefore

φ(x) =

∫ ∞

x
yφ(y)dy ≥ x

∫ ∞

x
φ(y)dy = x ·P(X > x),

which shows (15.4). For (15.5) we write, quite similarly,
(
φ(y)
y

)′
= −1+y2

y2
φ(y), and thus

φ(x)

x
=

∫ ∞

x

1 + y2

y2
φ(y)dy ≤ 1 + x2

x2

∫ ∞

x
φ(y)dy =

1 + x2

x2
·P(X > x).
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In the following we write a(x)
x→∞
≈ b(x), if a(x)

b(x)

x→∞−−−→ 1 applies. So, for example, according
to what has just been shown

P(Xt > x
√
t)

x→∞
≈ 1

xφ(x).

2nd step: upper estimate: According to Theorem 15.8 is for x > 0

P( sup
0≤s≤t

Xs > x
√
t) = 2 ·P(Xt > x

√
t)

x→∞
≈ 2

xφ(x).

Now let r > 1. We first notice

h(rn−1) =

√
2(log(n− 1) + log log r)

r

√
rn

n→∞
≈

√
2 log n

r

√
rn

Now for c > 0 with the last two estimates

P
(

sup
0≤t≤rn

Xt > ch(rn−1)
) n→∞
≈ 2 ·P

(
Xrn > c

√
2 log n

r

√
rn
)

n→∞
≈ 1

c

√
2r

log n
φ(c

√
2 log n1/r)

n→∞
≈ 1

c

√
r

π log n

1

nc2/r
.

(15.6)

Therefore, for c > 1 and 1 < r < c2, the right-hand side of the last equation is summable, so
the following holds due to the Borel-Cantelli lemma

P
(
lim sup
t→∞

Xt

ht
≥ c
)
≤ P

(
sup

0≤t≤rn
Xt > chrn−1 for infinitely many n

)
= 0.

Thus ’≤’ follows in (15.3).

3rd step: lower estimate: Let r > 1 (typically large) and c > 0 (typically close to 1). Define
the events

An := {Xrn −Xrn−1 > ch(rn − rn−1)}.

Since Xrn −Xrn−1 ∼ N(0, rn − rn−1), the following applies according to Step 1

P(An) = P
(Xrn −Xrn−1√

rn − rn−1
> c

h(rn − rn−1)√
rn − rn−1

)
= P

(
X1 > c

√
2 log log(rn − rn−1)

)
n→∞
≈ 1

c

1√
4π log log(rn − rn−1)

exp
(
− c2 log log(rn − rn−1)

)
n→∞
≈ 1

c

1√
4π log n

1

nc2

If c < 1, these probabilities cannot be summed up in n. Since the events A1, A2, ... are
independent, according to the Borel-Cantelli lemma, an infinite number of An occur. Thus,
for an infinite number of n, if c < 1

Xrn > ch(rn − rn−1) +Xrn−1 .
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According to the ’≤’ direction, Xrn−1 > −2h(rn−1) for almost all n, i.e. lim infn→∞
Xrn−1

h(rn) ≥

− lim infn→∞
h(rn−1)
h(rn) = − 2√

r
is almost certain. Further, h(rn− rn−1)/h(rn)

n→∞−−−→ 1 and thus

lim sup
t→∞

Xt

ht
≥ lim sup

n→∞

Xrn

h(rn)
≥ lim sup

n→∞

Xrn −Xrn−1

h(rn − rn−1)
− 2√

r
≥ c− 2√

r
.

Since 0 < c < 1 and r > 0 were arbitrary, ’≥’ follows in (15.3).

15.4 Donsker’s Theorem

Brownian motion X = (Xt)t≥0 is a stochastic process with continuous paths. Paul Lévy
considered approximated Brownian motion as the path of a random walk, where

Xt+dt −Xt = ±
√
dt, each with probability 1

2 .

(Of course, this can only be a formal representation, after all it is unclear what
√
dt is supposed

to be). Donsker’s Theorem presented here makes the connection between random walks and
Brownian motion. It asserts the convergence of random walks against Brownian motion in
distribution.

Remark 15.12 (Random walks and Brownian motion). In this section, Y1, Y2, ... are in-
dependent and identically distributed random variables with E[Y1] = 0 and V[Y1] = σ2 and

X̃n,t :=
Y1+···+Y⌊nt⌋√

nσ2
for t ≥ 0 and X̃n = (X̃n,t)t≥0. We know from the central limit theorem

that for t > 0
X̃n,t

n→∞
====⇒ Xt,

where Xt ∼ N(0, t) is distributed. Analogously, for 0 < t1 < · · · < tk <∞(
X̃n,t1 , X̃n,t2 − X̃n,t1 , ..., X̃n,tk − X̃n,tk−1

) n→∞
====⇒ (Xt1 , Xt2 −Xt1 , ..., Xtk −Xtk−1

),

if (Xt1 , ..., Xtk) is Brownian motion X at the points in time t1, .., tk. Does this now mean

already the convergence of the random walks against the Brownian motion, therefore Xn
n→∞
====⇒

X ? No! For this convergence, we must use both Xn and X as random variables with values
in a topological space – let’s call it C – where the convergence in distribution is based on
the convergence of expected values with respect to continuous, bounded functions f : C → R.
However, for the uncountable product space, the σ-algebra B(R)⊗[0,∞) is not the Borel σ-
algebra on the product space, and we have developed the theory of weak convergence only for
the case of probability measures on a Borel’s σ-algebra.

In order to formulate the convergence in distribution against the Brownian motion we
first need a suitable state space. This is defined as C := CR([0,∞)), provided with the topology
of compact convergence (see Definition 15.13). For convergence in this space, we define the
linear interpolation of the processes X̃n so that their paths are also continuous. For this we
set

Xn,t := X̃n,t + (nt− ⌊nt⌋)
Y⌊nt⌋+1√
nσ2

. (15.7)

and Xn = (Xn,t)t≥0. Now it makes sense to ask whether

Xn
n→∞
====⇒ X
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applies, whereby here the weak convergence with respect to the distributions on B(CR([0,∞)))
is meant here.

is

Definition 15.13 (Uniform convergence on compacta). Let (E, r) be a metric space.
For f, f1, f2, ... ∈ CE([0,∞)) let fn

n→∞−−−→ f uniform on compacta if and only if
sup0≤s≤t r(fn(s), f(s))

n→∞−−−→ 0 for all t > 0.

Lemma 15.14 (CE([0,∞)) is Polish). Let E be Polish with complete metric r. Then the
topology of uniform convergence on compacta on CE([0,∞)) is separable. Moreover,

rC(f, g) :=

∫ ∞

0
e−t · (1 ∧ sup

0≤s≤t
|r(f(s), g(s))|)dt

is a complete metric on CE([0,∞)), which induces this topology. In particular, CE([0,∞)) is
Polish.

Proof. To show separability, it is sufficient to name a countable class of functions that every
function in CE([0,∞)) can be locally approximated by such functions on compacta. For
this purpose, let D ⊆ E be dense and countable. For every finite sequence x1, ..., xn ∈
D and t1, ..., tn let f = fx1,...,xn,t1,...,tn be a continuous function with f(ti) = xi. Then⋃

n{fx1,...,xn,t1,...,tn : 1x1, ..., xn ∈ D, t1, ..., tn ≥ 0} is countable and dense in CE([∞)).
Now to the metric. Since t 7→ sup0≤s≤t r(f(s), g(s)) ∧ 1 is monotonically increasing,

rC(fn, f)
t→∞−−−→ 0 holds if and only if sup0≤s≤t r(fn(s), f(s))

n→∞−−−→ 0 for all t is valid. But this
is exactly the compact convergence. Let further f1, f2, ... be a Cauchy sequence with respect
to rC . Then for every t > 0 the sequence f1, f2, ..., restricted to [0, t] is a Cauchy sequence
with respect to the supremum norm on [0, t], i.e. uniformly convergent on [0, t]. The assertion
now follows by means of of a diagonal sequence argument.

First, we define two types of convergence of stochastic processes that we have just learned
about.

Definition 15.15 (Convergence of stochastic processes). Let X = (Xt)t≥0,X 1 = (X1
t )t≥0,X 2 =

(X2
t )t≥0, ... stochastic processes with state space E.

1. For each choice of t1, ..., tk, k = 1, 2, ..., it holds that

(Xn
t1 , ..., X

n
tk
)

n→∞
====⇒ (Xt1 , ..., Xtk),

we say that the finite-dimensional distributions of X 1,X 2, ... converge to those of X
converge and write

X n n→∞
====⇒

fdd
X .

(Here fdd stands for finite dimensional distributions).

2. If the processes X ,X 1,X 2, ... have paths in CE([0,∞)) and

X n n→∞
====⇒ X ,

where we use X ,X 1,X 2, ... as the random variable in CE([0,∞)), we say that X 1,X 2, ...
converges in distribution against X .
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The fdd convergence is weaker than the weak convergence of processes. However, if the
processes are tight (see Definition 9.14), both terms coincide.

Proposition 15.16 (Weak and fdd convergence). Let X ,X 1,X 2, ... be random variables with
values in CE([0,∞)). Then are equivalent

1. X n n→∞
====⇒ X .

2. X n n→∞
====⇒

fdd
X and {X n : n = 1, 2, ...} is tight in CE([0,∞)).

Proof. ’1.⇒2.’: First, from the weak convergence, according to Corollary 9.18 the tightness of
{X n : n = 1, 2, ...} follows. Furthermore, the mappings f 7→ (f(t1), ..., f(tk)) are continuous
for t1, ..., tk ∈ [0,∞), so the fdd convergence follows according to Theorem 9.10.

’2.⇒1.’: We define the function class

M := {f 7→ φ(f(t1), ..., f(tk)) : t1, ..., tk ∈ [0,∞), φ ∈ Cb(Ek)} ⊆ Cb(CE([0,∞)))).

It is clear that the fdd convergence X n n→∞
====⇒

fdd
X is equivalent to E[φ(X n)]

n→∞−−−→ E[φ(X )]
for all φ ∈M. FurthermoreM is an algebra and separates points, according to Theorem 9.24
is therefore separating. Now follows the weak convergence follows from Proposition 9.27.

To show the convergence of processes, after Proposition 15.16 both the convergence of the
finite-dimensional distributions as well as the tightness must be shown. In applications,
the verification of tightness is usually non-trivial. In particular, one needs to understand
how (relatively) compact subsets of CE([0,∞)) can be characterized. This is done using the
theorem of Arzela-Ascoli’s theorem, which is based on the modulus of continuity.

Definition 15.17 (Modulus of continuity). For f ∈ CE([0,∞)) we define the modulus of
continuity

w(f, τ, h) := sup{r(f(s), f(t)) : s, t ≤ τ, |t− s| ≤ h}.

Theorem 15.18 (Arzela-Ascoli). A set A ⊆ CE([0,∞)) is relatively compact if and only if
{f(t) : f ∈ A} for all t ∈ Q+ := [0,∞) ∩Q is relatively compact in E and for all τ > 0

lim
h→0

sup
f∈A

w(f, τ, h) = 0. (15.8)

Proof. First, let A be relatively compact. Then {f(t) : t ∈ A} must be relatively compact
for all t ≥ 0, otherwise it would be easy to construct a divergent sequence. Furthermore, A
is according to Proposition A.9 totally bounded. Further, let τ > 0, ε > 0 and f1, ..., fN , so
that A ⊆

⋃N
i=1Bε/3(fi). Since f1, ..., fN is based on [0, τ ] are uniformly continuous, there is

an h > 0 with

0 ≤ s, t ≤ τ, |t− s| < h =⇒ r(fi(t), fi(s)) ≤ ε/3, i = 1, ..., N.

So, for every f ∈ A and s, t ≤ τ, |t− s| ≤ h, that

r(f(s), f(t)) ≤ min
i=1,...,N

r(f(s), fi(s)) + r(fi(s), fi(t)) + r(fi(t), f(t)) ≤ ε
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and thus

w(f, τ, h) = sup{r(f(t), f(s)) : s, t ≤ τ, |t− s| ≤ h} ≤ ε,

independent of f . From this follows (15.8).

Conversely, (15.8) applies. It suffices to show that every sequence in A has a subsequence
that is Cauchy. By the relative compactness of {f(t) : f ∈ A} for t ∈ Q+ it is clear that for
each sequence there is a subsequence f1, f2, ... such that f1(ti), f2(ti), ... for all ti ∈ Q+ is a
Cauchy sequence (i.e. convergent). Now let ε > 0. According to the condition there is an
h > 0, so that from |t−s| ≤ h and f ∈ A it follows that r(f(s), f(t)) ≤ ε/3 holds. Further, let
M = ⌈τ/h⌉ and 0 = t1, ..., tM ∈ Q+, so that |ti+1−ti| ≤ h, i = 1, ...,M−1 and tM ≥ τ . Further
there is anN such that from n,m > N it follows that supt=t1,...,tM r(fn(t), fm(t)) ≤ ε/3. Thus,
for 0 ≤ s ≤ t

r(fn(s), fm(s)) ≤ r(fn(s), fn(t⌈s/h⌉)) + r(fn(t⌈s/h⌉), fm(t⌈s/h⌉)) + r(fm(t⌈s/h⌉), fm(s)) ≤ ε.

It follows that f1, f2, ... is a Cauchy sequence with respect to compact convergence on [0, t],
i.e. it converges on this range converges uniformly. A diagonal sequence argument extends
this statement to compact convergence.

Theorem 15.19 (Tightness in CE([0,∞))). Let X ,X 1,X 2, ... be random variables with values
in CE([0,∞)). Then X n n→∞

====⇒ X iff X n n→∞
====⇒

fdd
X and

lim
h→0

lim sup
n→∞

E[w(X n, τ, h) ∧ 1] = 0 (15.9)

for all τ > 0.

Proof. According to Proposition 15.16 it suffices to show that (15.9) is equivalent to the
tightness of the family (X n)n=1,2,....

First, let (X n)n=1,2,... be tight and ε > 0. Then there is a compact set K ⊆ CE([0,∞))
such that lim supn→∞P(X n /∈ K) ≤ ε. For τ > 0 you can use the Arzela-Ascoli Theorem h
can be chosen small enough so that w(f, τ, h) ≤ ε applies to f ∈ K. This means that

lim sup
n→∞

E[w(X n, τ, h) ∧ 1] ≤ ε+ sup
n=1,2,...

P[w(X n, τ, h) > ε] ≤ 2ε,

from which (15.9) follows.

Conversely, (15.9) and X n n→∞
====⇒

fdd
X . The mapping w is increasing in h and w(X n, τ, h)

h→0−−−→

0 almost certainly for n = 1, 2, ... So limh→0 supn=1,2,...E[w(X n, τ, h)∧1] = limh→0 supn=k,k+1,...E[w(X n, τ, h)∧
1] for all k, i.e. also limh→0 supn=1,2,...E[w(X n, τ, h)∧1] = limh→0 lim supn→∞E[w(X n, τ, h)∧
1]. So (15.9) is equivalent to

lim
h→0

sup
n=1,2,...

P[w(X n, τ, h) > ε] = 0

for all ε > 0 and τ > 0. Let τk = k and ε > 0. Then there exist h1, h2, ... > 0 such that

sup
n=1,2,...

P(w(X n, τk, hk) > 2−k) ≤ 2−(k+1)ε.
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Further, let t1, t2, ... be a count of Q+ and C1, C2, ... ⊆ R compact such that

sup
n=1,2,...

P(Xn(tk) /∈ Ck) ≤ 2−(k+1)ε.

Now we define

B :=
∞⋂
k=1

{
f ∈ CE([0,∞)) : f(tk) ∈ Ck, w(f, τk, hk) ≤ 2−k

}
.

According to Arzela-Ascoli’s theorem, B ⊆ CE([0,∞)) is relatively compact. Furthermore,

sup
n=1,2,...

P(X n /∈ B) ≤ sup
n=1,2,...

∞∑
k=1

P(Xn(tk) /∈ Ck) +P(w(X n, τk, hk) > 2−k)

≤
∞∑
k=1

2−(k+1)ε+ 2−(k+1)ε = ε.

It follows that (X n)n=1,2,... is tight.

We want to apply the last result to prove the convergence of the random walk against Brow-
nian motion. For this we need one more lemma.

Lemma 15.20. Let Y1, Y2, ... be independent and identically distributed random variables with
E[Y1] = 0 and V[Y1] = σ2 > 0 and Sn := Y1 + · · ·+ Yn. Then the following applies for r > 1

P( max
1≤k≤n

Sk > 2r
√
n) ≤ P(|Sn| > r

√
n)

1− σ2r−2
.

Proof. We define T := inf{k : |Sk| > 2r
√
n}. Then, since (Sn)n=1,2,... is strongly Markov,

P(|Sn| > r
√
n) ≥ P(|Sn| > r

√
n, max

1≤k≤n
Sk > 2r

√
n)

≥ P(T ≤ n, |Sn − ST | ≤ r
√
n)

≥ P( max
1≤k≤n

Sk > 2r
√
n) · min

1≤k≤n
P(|Sk| ≤ r

√
n).

From Chebychev’s inequality,

min
1≤k≤n

P(|Sk| ≤ r
√
n) ≥ min

1≤k≤n
1− σ2k

r2n
= 1− σ2

r2
.

Theorem 15.21 (Donsker’s theorem). Let Y1, Y2, ... be independent, identically distributed
random variables with E[Y1] = 0 and V[Y1] = σ2 > 0, and Xn = (Xn,t)t≥0 given by

Xn,t :=
1√
nσ2

(
Y1 + · · ·+ Y⌊nt⌋ + (nt− ⌊nt⌋)Y⌊nt⌋+1

)
and X = (Xt)t≥0 a Brownian motion. Then,

Xn
n→∞
====⇒ X .
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Proof. Let wlog σ2 = 1. As stated in Remark 15.12 it holds that Xn
n→∞
====⇒

fdd
X . Therefore,

according to Proposition 15.16, the tightness of the family {Xn : n ∈ N}, so (15.9) from
Theorem 15.19, must be proven. We write Sn := Y1 + · · · + Yn in the following. With
Lemma 15.20,

lim
h→0

1

h
lim sup
n→∞

P
(

sup
0≤s≤h

|Xn,t+s −Xn,t| > ε
)

≤ lim
h→0

1

h
lim sup
n→∞

P
(

sup
k=1,...,⌈nh⌉

|Sk| >
ε√
h

√
nh
)

≤ lim
h→0

1

h
lim sup
n→∞

P
( |S⌈nh⌉|√

nh
>

ε

2
√
h

)
≤ lim

h→0

2

h

∫ ∞

ε/(2
√
h)
φ(x)dx

= lim
h→0

2

h

2
√
h

ε
φ(ε/(2

√
h)) = 0

by (15.5), where φ is the density of the N(0, 1) distribution. Now let δ > 0 and h be small
enough for

lim sup
n→∞

P
(

sup
0≤s≤h

|Xn,t+s −Xn,t| > ε
)
≤ δh.

With this we can write

lim sup
n→∞

P(w(Xn, τ, h) > 2ε) = lim sup
n→∞

P( sup
0≤t≤τ−h,0≤s≤h

|Xn,t+s −Xn,t| > 2ε)

≤ lim sup
n→∞

P(sup{|Xn,kh+s −Xn,kh| : k = 0, 1, ..., [τ/h], 0 ≤ s ≤ h} > ε)

≤
[τ/h]∑
k=0

lim sup
n→∞

P(sup{|Xn,kh+s −Xn,kh| : 0 ≤ s ≤ h} > ε)

≤ [τ/h]δh
h→0−−−→ τδ.

Since δ > 0 was arbitrary, the result follows (15.9).

We end this section with a tightness criterion that is often is applicable. It builds on theo-
rem 12.8.

Theorem 15.22 (Kolmogorov-Chentsov criterion for tightness). Let X1 = (X1(t))t≥0,X2 =
(X2(t))t≥0, ... are stochastic processes with continuous paths. Assuming {Xn(0) : n ∈ N} is
tight and for every each τ > 0 there are numbers α, β, C > 0 with

sup
n

E[r(Xn(s), Xn(t))
α] ≤ C|t− s|1+β

for all 0 ≤ s, t ≤ τ . Then {Xn : n ∈ N} is tight in CE([∞)).

Proof. Let 0 < γ < β/α be arbitrary. We use the notation from the proof of theorem 12.8,
e.g. ξnk := max{r(Xn(s), Xn(t)) : s, t ∈ Dk, |t− s| = 2−k}. Wlog let τ = 1. Just as in (12.1)
we calculate

∞∑
k=0

2αγkE[ξαnk] ≤ C
∞∑
k=0

2(αγ−β)k.
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Since the right-hand side does not depend on n, there is a C ′ with supnE[ξαnk] ≤ C ′2−αγk. It
is important to realize that w(Xn, 1, 2

−m) ≤
∑∞

k=m ξnk. From this,

sup
n

E[w(Xn, 1, 2
−m)α ∧ 1] ≤ sup

n
E
[( ∞∑

k=m

ξnk

)α]
≤ sup

n

( ∞∑
k=m

E[ξαnk]
1/α
)α

≤ C ′
( ∞∑

k=m

2−γk
)1/α m→∞−−−−→ 0,

from which the assertion follows.

15.5 The Skorohod embedding Theorem

The name Skorohod was already mentioned in the connection between weak and almost sure
convergence, see Theorem 9.11. Simply spoken, a sequence of random variables converges
weakly iff it converges almost surely in a suitable probability space. If we look again at
Donsker’s theorem, we can ask ourselves the question as to what the probability space should
look like, on which the random walks converge almost surely against a Brownian motion.
In other words: how must one define the random walks and the Brownian motion so that
both always are close together. This is answered by Skorohod’s embedding theorem, Theo-
rem 15.26. It allows further conclusions to be drawn about the error, such as the law of the
iterated logarithm, Theorem 15.29. The following lemma is fundamental:

Lemma 15.23 (Randomization). For w < 0 < z let Yw,z be a random variable with state
space {w, z} with

P(Yw,z = w) =
z

z + |w|
and Yw,z = 0 for w, z = 0. Further, let Y be a real-valued random variable with E[Y ] = 0.
Then there is a pair of random variables (W,Z) with W ≤ 0, Z ≥ 0, so that Y has the
distribution YW,Z .

Proof. We set c = E[Y +] = E[Y −]. Further, let f : R → R+ is measurable with f(0) = 0.
Then, if Y ∼ µ,

c ·E[f(Y )] = E[Y +] ·E[f(−Y −)] +E[Y −] ·E[f(Y +)]

=

∫ ∫
(zf(w) + |w|f(z))1z≥01w≤0µ(dw)µ(dz)

=

∫ ∫
(z + |w|)E[f(Yw,z)]1z≥01w≤0µ(dw)µ(dz).

This means that we define (W,Z) as a random variable with a joint distribution

µW,Z(dw, dz) = µ(0)δ0,0(dw, dz) +
1
c (z + |w|)1w≤01z≥0µ(dw)µ(dz)

can be selected. (It is easy to check that the total mass of this measure is 1). Then,

cE[f(YW,Z)] = cE[E[f(WW,Z)|(W,Z)]] =
∫ ∫

(z + |w|)E[f(Yw,z)]1w≤01z≥0µ(dw)µ(dz)

and the assertion is shown, since f was arbitrary.
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Remark 15.24 (strong embedding). The lemma initially only asserts equality in distribution,
Y ∼ YW,Z . Furthermore, it is also possible to define the probability space on which Y is defined
by adding random variables (W,Z) and YW,Z , so that Y = YW,Z is almost certain.

Lemma 15.25 (Embedding of a random variable in a Brownian motion). Let Y be a real-
valued random variable with E[Y ] = 0. Further, let (W,Z) be distributed as in Lemma 15.23,
and X = (Xt)t≥0 is an independent Brownian motion. Then

TW,Z = inf{t ≥ 0 : Xt ∈ {W,Z}}

is a stopping time with respect to the filtration (Ft)t≥0 with Ft = σ(W,Z;Xs : s ≤ t). In
addition,

XTW,Z
∼ Y, E[TW,Z ] = E[Y 2].

Proof. The Brownian motion X is adapted to (Ft)t≥0. Therefore, TW,Z according to Propo-
sition 12.30 is a stopping time. Clearly, for w < 0 ≤ z the random variable XTw,z only takes
the values w and z. According to Proposition 13.19, (XTw,z∧t)t≥0 is is a martingale which,
according to Theorem 13.22 converges in L1 against XTw,z . Therefore

0 = E[XTw,z ] = wP(XTw,z = w) + z(1−P(XTw,z = w)),

also

P(XTw,z = w) =
z

z + |w|
.

So XTw,z has the same distribution as Yw,z from Lemma 15.23 and is independent of X.
According to the lemma it follows that XTW,Z

∼ YW,Z ∼ Y . Further, (X2
t − t)t≥0 is a

martingale and for y < 0 ≤ z, the process (X2
Tw,z∧t−Tw,z ∧ t)t≥0 is a martingale. This means

that with monotone and dominated convergence,

E[TW,Z ] = E[E[TW,Z |W,Z]] = E[ lim
t→∞

E[TW,Z ∧ t]|W,Z]

= E[E[X2
TW,Z
|W,Z]] = E[X2

TW,Z
] = E[Y 2].

Theorem 15.26 (Skorohod’s embedding theorem). Let Y1, Y2, ... be independent and identi-
cally distributed with E[Y1] = 0, and Sn = Y1 + · · · + Yn. Then there is a probability space
(Ω,F ,P) with filtration (Ft)t≥0, as well as a Brownian motion X = (Xt)t≥0 on this probability
space, which is a (Ft)t≥0 martingale and stopping times T1, T2, ..., so that:

1. (XT1 , XT2 , ...) ∼ S1, S2, ... and

2. (Tn+1 − Tn)n=0,1,2,... are independent with E[Tn+1 − Tn] = V[Y1] for n = 1, 2, ...

Remark 15.27 (Strong embedding). 1. As in remark 15.24, it is possible to define the
probability space on which Y1, Y2, ... are defined so that (XT1 , XT2 , ...) = S1, S2, ... almost
certainly holds.

2. Without the restriction of the integrability of Tn+1 − Tn the statement of the theorem
would be trivial. Then you could simply recursively 0 = T0 ≤ T1, ... by means of

Tn = inf{t ≥ Tn−1 : Xt = Sn}.

However, these waiting times cannot be integrated.
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Proof of theorem 15.26. Let the pairs (W1, Z1), (W2, Z2), ... be distributed exactly as in Lemma 15.23.
We extend the probability space by an independent Brownian motion X = (Xt)t≥0. We re-
cursively define 0 = T0 ≤ T1 ≤ T2... by

Tn := inf{t ≥ Tn−1 : Xt −XTn−1 ∈ {Wn, Zn}}.

Thus T1, T2, ... are stopping times with respect to the filtration (Ft)t≥0 with Ft = σ(W1, Z1,W2, Z2, ...;Xs :
s ≤ t) and X is a martingale with respect to (Ft)t≥0. Furthermore, the pairs (Tn+1 −
Tn, XTn+1 −XTn)n=0,1,2,... because of the strong Markov property of the Brownian motion are
independent of each other. Therefore, it follows from Lemma 15.25 that

(XT1 , XT2 −XT1 , ...) ∼ (Y1, Y2, ...),

also

(XT1 , XT2 , ...) ∼ (S1, S2, ...),

and E[Tn+1 − Tn] = E[Yn].

Since, thanks to the last theorem, the relationship between the random walks and Brow-
nian motion is shown, it is obvious to formulate another extension of Donsker’s theorem,
Theorem 15.21.

Corollary 15.28 (Stochastic convergence of the random walks). Let Y1, Y2, ... be real-valued,
independent, identically distributed random variables with E[Y1] = 0, V[Y1] = 1 and Sn =
Y1 + · · ·+ Yn. Then you can expand the probability space so that there is a Brownian motion
X = (Xt)t≥0 with

sup
0≤s≤t

∣∣∣ 1√
n
S[sn] −

1√
n
Xsn

∣∣∣ n→∞−−−→p 0 (15.10)

for all t > 0.

Proof. We use the construction from Theorem 15.26 and Remark 15.27. Since Tn+1 − Tn are
independent and identically distributed with E[Tn+1 − Tn] = 1 and Tn/n

n→∞−−−→ 1 according
to the law of large numbers. This means that 1

n sups≤t |T[sn]− sn|
n→∞−−−→fs 0. (To see this, we

consider the set { 1n sups≤t |T[sn]−sn| > ε} for a ε > 0. On this set there are s1, s2, ... ≤ t with
|T[snn] − snn| > εn. However, this contradicts limn→∞ T[snn]/[snn] = limn→∞ Tn/n = 1.)

We recall the definition of the continuity modulus w from Definition 15.17. With the
scaling property of the Brownian motion from Theorem 12.19, it follows that S[sn] = XT[sn]

,

lim sup
n→∞

P
( 1√

n
sup
0≤s≤t

|S[sn] −Xsn| > ε
)

≤ inf
h
lim sup
n→∞

P(w(X , (t+ h)n, nh) > ε
√
n) +P(sup

s≤t
|T[sn] − sn| > nh)

= inf
h
P(w(X , t+ h, h) > ε) = 0.

Now that the random walks and Brownian motion are directly related to each other, it makes
sense to transfer the properties of Brownian motion to the random walks. We do this for the
Law of the iterated logarithm.
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Theorem 15.29 (Law of the iterated logarithm for random walks). Let Y1, Y2, ... be real-
valued, independent, identically distributed random variable with E[Y1] = 0, V[Y1] = 1 and
Sn = Y1 + · · ·+ Yn. Then,

lim sup
n→∞

Sn√
2n log log n

= 1

almost surely.

Proof. We only show that the probability space can be extended in such a way such that
there is a Brownian motion X = (Xt)t≥0 exists with

S[t] −Xt√
2t log log t

t→∞−−−→fs 0. (15.11)

Then the statement follows from the law of the iterated logarithm for Brownian motion,
theorem 15.10.

According to Theorem 15.26 there is an extension of the probability space and stopping
times 0 = T0, T1, ..., so that XTn = Sn. Again, Tn/n

n→∞−−−→ 1 applies according to the

law of large numbers, which is also T[t]/t
t→∞−−−→ 1 implies. Now let r > 1, c2 > r − 1 and

h(t) =
√
2t log log t. Then, with a similar calculation as in (15.6)

P
(

sup
rn−1≤t≤rn

|Xt −Xrn−1 | > ch(rn−1)
)
= P

(
sup

0≤t≤rn−rn−1

|Xt| > ch(rn−1)
)

= 2P(Xrn−rn−1 > ch(rn−1)) = 2P(X1 > ch(rn−1)/
√
rn − rn−1)

n→∞
≈ 1

c

√
(r − 1)

π log n
n−c2/(r−1),

since h(rn−1)/
√
rn − rn−1

n→∞
≈

√
(2 log n)/(r − 1). The right-hand side is summable, so with

the Borel-Cantelli lemma and XT[t]
= S[t]

P
(
lim sup
t→∞

|S[t] −Xt|
h(t)

= 0
)
≥ P

(
lim
r↓1

lim sup
t→∞

sup
t≤u≤rt

|Xu −Xt|
h(t)

= 0
)

≥ P
(
lim
r↓1

lim sup
n→∞

sup
rn−1≤t≤rn

|Xt −Xrn−1 |
h(rn−1)

= 0
)

= inf
c>0

P
(

lim
r↓1,r<c2+1

lim sup
n→∞

sup
rn−1≤t≤rn

|Xt −Xrn−1 |
h(rn−1)

≤ c
)
= 1.

Therefore follows (15.11).

Part IV

Stochastic Analysis
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In Definition 13.13 we already got to know the discrete stochastic integral. For I =
{0, 1, 2, ...} and a filtration (Ft)t∈I was H = (Ht)t∈I a real-valued and predictable stochastic
process (i.e. Ht is Ft−1-measurable) and X = (Xt)t∈I was real-valued and adapted. The
stochastic integral H · X = ((H · X )t)t∈I was defined as the adapted process

(H · X )t :=
t∑

s=1

Hs(Xs −Xs−1).

Intuitively, this means that the stochastic integral H · X measures the process H relative to
the changes of X . Furthermore, we have already learned about important properties of this
integral. For example, H · X is a martingale if X is one (see Proposition 13.14 and Table 4,
which summarizes the martingale properties of H · X ). Furthermore, it is noticeable that we
have defined quadratic variation for both discrete-time stochastic integrals (Example 13.15)
and for Brownian motion (see Section 15.1). Again, cross-connections are to be expected. The
aim of this chapter is to extend the theory of stochastic integrals to processes in continuous
time. The discrete-time case will serve as a template.

In the following, (Ω,F ,P) will always be a probability space on which all stochastic
processes are defined, and (Ft)t≥0 will always be a filtration. Unless otherwise stated, all
stochastic processes are real-valued.

16 Introduction

Integrals (based, for example, on σ-finite measures on B(R)) have already been treated in
detail in measure theory. Later, in probability theory, the integral corresponded to the expec-
tation value of a random variable; see remark 6.1.5. The situation is different with stochastic
integration. Here, the integral itself is meant to is a random variable.

In the following, we use

H · X =

∫
HsdXs.

as a shorthand for stochastic integrals. The process H = (Ht)t≥0 is called the integrand and
X = (Xt)t≥0 the integrator. The class of possible integrators in the general theory of stochastic
integration are semi-martingales (that is, the sum of a local martingale – see Definition 16.23
– and a process of finite variation). Just as in the discrete stochastic integral, the integrands
are predictable processes, which in particular includes the adapted, left-continuous processes.

After laying some foundations in Section 16.1, we introduce stochastic integrals in Sec-
tion 16.2 first for processes with finite variation, and then – after an introduction to local
martingales in Section 16.3 – for local martingales with continuous paths in Section 16.4.
Table 3 summarizes the most important steps in the construction of stochastic integrals. We
will only briefly discuss the general theory with possibly discontinuous semimartingales as
integrators later on.

16.1 Basic

Just as in integration theory, which we encountered in measure theory, we first consider
stochastic integrals of simple integrands. The process I from (16.2) will then serve as a
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Definition 16.1,
lemma 16.12

• •
(H · X )t =∑
Gi(XTi+1∧t −XTi∧t)

Definition 16.7.2 • •
Lebesgue-Stieltjes

Integral

Definition 16.19 • •
(H · X )t =∑
Gi(XTi+1∧t −XTi∧t)

Proposition16.20,

Definition 16.21
• • M2-Grenzwert

Definition 16.34,

Lemma 16.35
• •

(H · X )t =∑
Gi(XTi+1∧t −XTi∧t)

Theorem 16.36 • • [H · X ,Y] = H · [X , ConY ]

Table 3: The stochastic integral H · X is introduced for various classes of processes H and
X . In chronological order, the corresponding definitions and results are listed here. Note that
the defining property of the stochastic integral for H ∈ S (simple, predictable processes) is
always the same.
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H ∈ S, G1, ..., Gn ∈ L1
H · X martingale,

Proposition 16.2

H beschränkt, Pfade
in GR([0,∞))

H · X Martingal,

Proposition 16.15

H · X ∈
Con2,

Prop. 16.20

H progressive,
E[(H2·[X ])t] <∞

H · X local
martingale,

Theorem 16.36

Table 4: The martingale properties of the stochastic integral H · X are summarized here.
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definition of the stochastic integral. After we shown important martingale properties of this
process in Proposition 16.2, the introduction of previsible processes follows.

Definition 16.1 (Simple predictable processes). A simple predictable process H = (Ht)t≥0

is of the form

Ht =

n∑
i=1

Gi1(Ti,Ti+1](t) (16.1)

for stopping times T1 ≤ ... ≤ Tn+1 and G1, ..., Gn such that Gi is FTi-measurable, i = 1, ..., n.
The set of all simple, predictable processes is denoted by S.

The following result is central to the general definition of the stochastic integral. It is
important to note that no preconditions are placed on the martingale X . This suggests
defining the stochastic integral with respect to simple predictable functions of the form (16.1)
by (16.2) and then extending the resulting integral concept in a suitable way extended.

Proposition 16.2 (Martingale Property of the Stochastic Integral). Let X = (Xt)t≥0 be a
martingale and H = (Ht)t≥0 ∈ S a simple predictable process as in (16.1) with G1, ..., Gn ∈ L1,
and I = (It)t≥0, given by

It =
n∑

i=1

Gi(XTi+1∧t −XTi∧t). (16.2)

It holds that:

1. The process I is a martingale.

2. If, in addition, H ≤ ℓ is bounded, then

sup
t≥0
||It||2 ≤ ℓ · sup

t≥0
||Xt||2.

Proof. First, a brief preliminary consideration based on the Optional Sampling Theorem
(Theorem 13.22). If S, T are two bounded stop times (and not necessarily S ≤ T ) and
X = (Xt)t≥0 is a martingale, then

E[XT |FS ] = E[(1S≤T + 1S>T )XT |FS ] = 1S≤TE[XS∨T |FS ] + 1S>TXT

= 1S≤TXS + 1S>TXT = XS∧T .

Now for the proof of 1. Because of the linearity of the conditional expectation, it is sufficient
to prove the assertion in the case of Ht = G · 1(S,T ](t), i.e.

It = G(XT∧t −XS∧t)

208



for G measurable with respect to FS and S ≤ T . For s ≤ t we write

E[It|Fs] = E[(1T,S>s + 1S≤s<T + 1T≤s)G(XT∧t −XS∧t)|Fs]

= E[1T,S>sG ·E[XT∧t −XS∧t|FS∨s]|Fs]

+ 1S≤s<TG ·E[XT∧t −XS∧t|Fs]

+E[1T≤sG(XT∧s −XS∧s)|Fs]

= E[1T,S>sG · (XT∧t∧(S∨s) −XS∧t∧(S∨s))|Fs]

+ 1S≤s<TG · (XT∧s −XS∧s)

+ 1T≤sG · (XT∧s −XS∧s)

= (1S≤s<T + 1T≤s)G · (XT∧s −XS∧s) = G · (XT∧s −XS∧s) = Is,

where we have used the fact that 1S≤s<TG is Fs-measurable. This proves the claim.

2. If H ≤ ℓ, then we write

E[I2t ] ≤ E
[ n∑

i=1

n∑
j=1

GiGj(XTi+1∧t −XTi∧t)(XTj+1∧t −XTj∧t)
]

= E
[ n∑

i=1

G2
i (XTi+1∧t −XTi∧t)

2
]

+ 2

n−1∑
i=1

n∑
j=i+1

E
[
GiGj(XTi+1∧t −XTi∧t)E[XTj+1∧t −XTj∧t|FTj∧t]

]
= E

[ n∑
i=1

G2
i (XTi+1∧t −XTi∧t)

2
]

≤ ℓ2
n∑

i=1

E
[
(XTi+1 −XTi)

2
]

= ℓ2
n∑

i=1

E
[
X2

Ti+1
− 2E[XTi+1 |FTi ]XTi +X2

Ti

]
= ℓ2

n∑
i=1

E
[
X2

Ti+1
−X2

Ti

]
= ℓ2 · sup

t≥0
E[X2

t ].

The process I just defined inherits the continuity properties of the process X .

Lemma 16.3 (Continuity properties of the stochastic integral). Let X be a stochastic pro-
cess and H a simple predictable process. Then the following holds for the process I from
Proposition 16.2:

1. If X has continuous paths, then so does I.

2. If X has right-continuous paths, then so does I.

Proof. Clear.
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The simple predictable integrands from the last proposition do not yet form a particularly
large class of stochastic processes. Therefore, we will try to extend the concept of the integral
by approximating more general processes by simple predictable stochastic processes. This
leads us to the predictable stochastic processes, which we will now introduce.

Definition 16.4 (Left-continuous processes and predictable σ-algebra). 1. We denote by
GE([0,∞)) the set of left-continuous functions f : [0,∞)→ E with right-sided limits.

2. The predictable sigma−algebra V on [0,∞)×Ω is the smallest σ-algebra with respect to
which all processes with paths in are measurable in GE([0,∞)). (This means that for
each t 7→ Xt(ω) for X = (Xt)t≥0 is measurable with paths in GE([0,∞)) with respect to
V/B(E).) An adapted process X is predictable if it is measurable with respect to V.

Proposition 16.5 (Predictable Processes). 1. Every adapted process with paths in GE([0,∞))
is predictable. (In particular, processes with continuous paths are predictable.)

2. Every predictable process is progressively measurable.

3. If X has paths in DE([0,∞)), then X− := (Xt−)t≥0 is predictable.

Proof. 1. Obvious from the definition of the predictable σ-algebra.

2. Just as in the proof of lemma ??, one deduces that processes with paths in GE([0,∞)) are
progressively measurable. Since V is generated by the processes with paths in GE([0,∞)) and
these processes are progressively measurable, the statement follows.

3. It is clear that X− has paths in GE([0,∞)). Thus, the statement follows from 1.

The class of left-continuous stochastic processes is quite large. We now show that such
processes can be approximated very well by simple predictable processes.

Lemma 16.6 (Approximations of Processes with Paths in GE([0,∞))). Let Y = (Yt)t≥0 be
a bounded process with paths in GE([0,∞)) and Y0 = 0. Then, for every t > 0 a sequence
Y1 = (Y 1

t )t≥0,Y2 = (Y 2
t )t≥0, ... ∈ S of simple, predictable processes and ε1, ε2, ... > 0 with

εn ↓ 0 and

sup
0≤s≤t

|Ys − Y n
s | ≤ εn

almost surely.

Proof. We note that (Yt+)t≥0 has paths in DE([0,∞)). Let ε > 0. We define recursively
T ε
0 = 0,

T ε
n+1 := inf{t > T ε

n : |Yt − YT ε
n+| > ε}.

Then T ε
n+1 ↑ ∞. Further, we set

Y n,ε
t :=

n∑
i=1

YT ε
i +
· 1(T ε

i ∧n,T ε
i+1∧n,](t),

so that sup0≤s≤t∧n |Ys−Y
n,ε
s | ≤ ε by definition almost surely holds. The assertion now follows

if we consider a sequence εn ↓ 0 and Yn = (Y n,εn
t )t≥0.
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16.2 (Stochastic) Stieltjes Integrals

The construction of stochastic integrals is done different cases separately. First, we construct
the stochastic integral in the case of integrators that are stochastic processes with paths of
finite variation (see Definition 15.3). This is done via the Stieltjes integral, which is a (simple)
extension of the Lebesgue integral.

We recall Proposition 2.19: A σ-finite measure on R is exactly described by a non-
decreasing, right-continuous function g : R → R with g(0) = 0. We first introduce the
corresponding integral term for this measure .

Definition 16.7 (Lebesgue-Stieltjes integral for non-decreasing functions). Let g : R+ → R+

be right-continuous and non-decreasing. Then g uniquely defines a measure µg. Furthermore,
if f : R+ → R is Borel-measurable, then, if it exists, we set

f · g :=

∫
fdg := f · µg =

∫
fdµg.

Here,
∫
fdg is called the Lebesgue-Stieltjes integral of f with respect to g. (The notation f ·µg

was introduced in Definition ??.)

Example 16.8 (Lebesgue integral, integration with respect to a Poisson process).

1. We denote the (one-dimensional) Lebesgue measure. If g(x) = x in the above definition,
then

f · g =

∫
f(x)λ(dx).

2. As is well known, the Poisson process X = (Xt)t≥0 has monotonically non-decreasing,
right-continuous paths. Therefore, for each path (Xt(ω))t≥0 of a Poisson process a σ-
finite measure on R+. (This is in particular a counting measure.) Let T1, T2, ... be the
jump times of a Poisson process and H = (Ht)t≥0 a stochastic process. Then we can
write

(H · X )t =
∫ t

0
HsdXs =

∑
k:Tk≤t

HTk
.

write. (To see the last equality, note that the measure µX puts atoms of size 1 on the
times T1, T2, .... If one integrates with respect to such a measure, only these atoms play
a role. In particular, the Lebesgue-Stieltjes integral already explains the integration with
respect to the Poisson process.

Monotonically non-decreasing functions (and thus also stochastic processes with such paths)
are rare. Much more common are those with locally finite variation. A function f : [0,∞]→ R
is locally of finite variation if

ν1,t(f) := sup
n,0≤t0<...<tn<t

n∑
k=1

|f(tk)− f(tk−1)| <∞,

holds for all t > 0. (See also Definition 15.3.) There is the following connection between
non-decreasing functions and functions with finite variation:
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Lemma 16.9 (Darstellung von Funktionen von lokal endlicher Variation). A function g :
[0,∞) → R is locally of finite variation if and only if it can be represented as the difference
of two monotonically non-decreasing functions.

Proof. ’⇐’: First, let g = a− b, where a and b are non-decreasing. Then ν1,t(a) = a(t)− a(0)
and ν1,t(b) = b(t)− b(0). Furthermore,

ν1,t(g) = sup
n,0≤t0<...<tn<t

n∑
k=1

|g(tk)− g(tk−1)|

≤ sup
n,0≤t0<...<tn<t

n∑
k=1

|a(tk)− a(tk−1)|+ |b(tk)− b(tk−1)|

≤ ν1,t(a) + ν1,t(b) <∞.

’⇒’: It is clear that both t 7→ ν1,t(g) and t 7→ ν1,t(g) − g(t) are non-decreasing. Therefore,
g(t) = ν1,t(g)− (ν1,t(g)− g(t)) already fulfills the desired property.

Definition 16.10 (Stochastic Lebesgue-Stieltjes Integral). 1. Let g : R+ → R be right-
continuous and of finite variation. Further, let g = a− b, where a, b are non-decreasing.
Then, for any measurable f , if it exists, we set

f · g :=

∫
fda−

∫
fdb.

2. Let X be a stochastic process with right-continuous paths of finite variation and H be
progressively measurable. Then we denote by H · X the stochastic integral of H with
respect to X as the stochastic process with

(H · X )t(ω) := (Hs(ω))0≤s≤t · (Xs(ω))0≤s≤t.

Remark 16.11 (Well-definedness and signed measures). 1. The integral f · g for a func-
tion g of finite variation (and thus also the stochastic integral) is well-defined: namely,
let g = a−b = a′−b′ be two representations of the function g. Then h := a+b′ = a′+b,
so also f · a+ f · b′ = f · a′ + f · b. Hence the assertion follows.

2. In the section Measure Theory, we have seen σ-finite measures on B([0,∞)) as map-
pings B([0,∞)) → [0,∞]. This notion can be generalized to σ-finite, signed measures.
These are σ-finite mappings B([0,∞))→ (−∞,∞] or B([0,∞))→ [−∞,∞). (Sets can
therefore also have negative measure.) is that the difference of two σ-finite measures
µ+−µ− of which at least one is finite, is a signed measure. The reverse is also true and
is known as Jordan’s decomposition theorem. In particular, we could write the integral
f · g for a function g of finite variation as an integral with respect to a finite signed
measure,

Just as in the integration theory that we encountered in measure theory, we now consider
stochastic integrals of simple integrands.

Lemma 16.12 (Stochastic Integration of Simple Functions). Let X = (Xt)t≥0 be a process
with paths of locally finite variation and let H = (Ht)t≥0 be a simple previsible process as
in (16.1). Then

(H · X )t =
n∑

i=1

Gi(XTi+1∧t −XTi∧t). (16.3)
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Proof. There are non-decreasing processes Y = (Yt)t≥0 and Z = (Zt)t≥0 with X = Y − Z.
Furthermore, (1(Ti,Ti+1] ·Y)t = YTi+1∧t−YTi∧t and (1(Ti,Ti+1] ·Z)t = ZTi+1∧t−ZTi∧t by definition
of the Stieltjes integral, i = 1, ..., n. The statement now follows because of the linearity of the
integral.

We now turn to the special case of integrators of bounded variation. In this case, the
Lebensgue-Stieltjes integral can also be interpreted as a Riemann integral. Similar to in
Proposition 3.23, the following applies:

Proposition 16.13 (Riemann Integrability). Let g : R+ → R have locally finite variation,
i.e., for each t > 0 there exist 0 = tn,0 ≤ ... ≤ tn,kn = t with maxk |tn,k − tn,k−1|

n→∞−−−→ 0 is∑kn
i=1 |g(tn,k)− g(tn,k−1)| <∞. Then f · g exists for a continuous function f if and only if

(f · g)t = lim
n→∞

∞∑
k=1

f(sn,k)(g(tn,k)− g(tn,k−1)) (16.4)

holds for arbitrary tn,k−1 ≤ sn,k ≤ tn,k.

Proof. Analogous to the proof of Proposition 3.23.

If the integrand has continuous paths of finite variation, there is a transformation formula.
We note here that similar transformations in the case of unbounded variation require an
additional term.

Theorem 16.14 (Transformation formula). Let X = (Xt)t≥0 be a process with continuous
paths of locally finite variation and f ∈ C1(R). Then

f(Xt)− f(X0) =

∫ t

0
f ′(Xs)dXs.

Proof. Since (f ′(Xt))t≥0 is continuous, the right-hand side exists. Furthermore, let 0 =

tn,1 ≤ · · · ≤ tn,kn = t with maxk tn,k − tn,k−1
n→∞−−−→ 0. Then, for suitable random variables

tn,k−1 ≤ Sn,k ≤ tn,k according to Proposition 16.13 and the mean value theorem

f(Xt)− f(X0) =

kn∑
i=1

f(Xtn,k
)− f(Xtn,k−1

)

=

kn∑
i=1

f ′(XSn,k
)(Xtn,k

−Xtn,k−1
)

n→∞−−−→
∫ t

0
f ′(Xs)dXs.

Proposition 16.15 (Martingale property of the stochastic integral). Let X = (Xt)t≥0 be a
martingale with paths of bounded variation, supt≥0E[X2

t ] < ∞ and H is a bounded adapted
process with paths in GR([0,∞)). Then H · X is a martingale with supt≥0E[(H · X )2t ] <∞.

Proof. According to Lemma 16.6, there are H1 = (H1
t )t≥0,H2 = (H2

t )t≥0, ... ∈ S and
ε1, ε2, ... > 0 with ε2 ↓ 0 and sup0≤s≤t |Hs − Hn

s | ≤ εn almost surely. For every ε > 0,
let K > 0 be such that P (ν1,t(X ) > K) < ε/2. Furthermore, let N be large Then

P( lim
n→∞

sup
0≤s≤t

|((Hn −H) · X )s| = 0) ≤ P( lim
n→∞

εnν1,s(X ) = 0) = 1. (16.5)
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Therefore, (Hn · X )t
n→∞−−−→fs (Hn · X )t, and in fact uniformly on compact. According to the

Fatou lemma, if H,H1,H2, ... < ℓ, then, according to Proposition 16.2.2,

E[((H · X )t)2] ≤ lim inf
n→∞

E[((Hn · X )t)2] ≤ ℓ2 · sup
t≥0

E[X2
t ] <∞.

Finally, we verify the martingale property of H · X . Let s ≤ t. By (16.5) and the L2-
boundedness of Hn · X , it holds that (Hn · X )t

n→∞−−−→L1 (H · X )t. Then

E[(H · X )t|Fs] = lim
n→∞

E[(Hn · X )t|Fs] = lim
n→∞

(Hn · X )s = (H · X )s

and all assertions are shown.

Example 16.16 (Integration with respect to a Poisson process). Let Y = (Yt)t≥0 be a Poisson
process with intensity λ > 0 and X = (Xt)t≥0 with Xt = Yt − λt. Then, by example 13.46,
X is a martingale and has paths of locally bounded variation. Further, let f, g : N0 → R be
bounded and such that g(i) = f(i+1)− f(i) for i = 1, 2, .... Since Y− = (Yt−)t≥0 is a process
with paths in GR([0,∞)), it follows, if T1, T2, ... are the jump times of Y, that

(f(Yt− + 1)− f(Yt−)) · X = g(Y−) · X

=
( ∑

i:Ti≤t

g(i− 1)− λ
∫ t

0
g(Ys−)ds

)
t≥0

=
(
f(Yt)− f(0)− λ

∫ t

0
f(Ys + 1)− f(Ys)ds

)
t≥0

is a martingale. Indeed, this martingale property also follows from Theorem 14.30 together
with Example 14.26.1.

16.3 L2-bounded continuous martingales as integrators

Although the definition of the stochastic integral with processes of locally bounded variation
was quite straightforward, we are not yet able to integrate with respect to continuous mar-
tingales (such as the Brownian motion) with respect to the path. Indeed, as we have seen
in Proposition 15.5, the variation of the paths of a Brownian motion is almost surely infinite
(and only the quadratic variation is almost surely finite and positive).

The approach so far was based on the fact that a function of limited variation can be
understood as a signed measure. For this, it was essential that a non-decreasing process
uniquely defines a σ-finite measure on B(R). This is not the case for functions with unlimited
variation.

Nevertheless, in order to allow for continuous martingales with unlimited variation as
integrators, we recall the definition of the stochastic integral with respect to simple predictable
processes from Proposition 16.2. We can use (16.2) as definition of the stochastic integral
with respect to simple predictable processes and then extend the integral concept using the
martingale property of the stochastic integral from Proposition 16.2. The integrators we
consider here are continuous L2-bounded martingales.

Definition 16.17 (L2-bounded, continuous martingale). We denote byM2 the set of contin-
uous, L2-bounded martingales X = (Xt)t≥0 with X0 = 0. (This means that X has continuous
paths and supt≥0E[X2

t ] < ∞). By Theorem 13.51 (and Theorems 13.32 and 13.33) there
exists for each X = (Xt)t≥0 ∈ M2 an X∞ such that (Xt)0≤t≤∞ is a martingale. We define
the norm ||X || := ||X∞||2 onM2 and recall that || supt≥0X

2
t ||2 ≤ 2||X || by Proposition 13.26.
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To approximate stochastic integrals for general integrands, we will define them as L2 limits.
This works because the space L2 – and thus also the spaceM2 – is complete. The completeness
ofM2 will now be shown.

Lemma 16.18. The spaceM2 is a Hilbert space with a scalar product ⟨X ,Y⟩ := E[X∞Y∞].

Proof. We have to show that M2 is complete. To do this, let X 1 = (X1
t )0≤t≤∞,X 2 =

(X2
t )0≤t≤∞, ... be a Cauchy sequence inM2. According to the definition of the norm inM2,

X1
∞, X

2
∞, ... is a Cauchy sequence in L2. Therefore, the limit Xn

∞
n→∞−−−→ X∞ exists. We now

define X = (Xt)t≥0 by Xt = E[X∞|Ft] and note that Xt
t→∞−−−→fs,L2 X∞. Furthermore,

|| sup
t≥0

(Xn
t −Xt)||2 ≤ 2||Xn

∞ −X∞||
n→∞−−−→ 0

according to Propotision 13.26. By passing to a subsequence, this shows that X n converges
uniformly to X . In particular, X has continuous paths and X0 = 0.

Definition 16.19 (Stochastic integral of simple predictable processes). Let X ∈ M2 and H
be a simple predictable process as in definition 16.1. Then the stochastic integral H · X is
defined by

(H · X )t :=
n∑

i=1

Gi(XTi+1∧t −XTi∧t),

i.e. as in (16.3). If G1, ..., Gn ∈ L1, this is, by Proposition 16.2, once more a martingale and
additionally has continuous paths.

Proposition 16.20 (Integration of processes with paths in GR([0,∞))). Let X = (Xt)t≥0 ∈
M2 and H a bounded adapted process with paths in GR([0,∞)). Further, let H1,H2, ... is a
sequence of simple, predictable processes that converge uniformly on compact against H (as in
Lemma 16.6), then for every τ > 0, the sequence ((Hn · X )t∧τ )t≥0 converges to a martingale
inM2.

Definition 16.21 (Stochastic integral of processes with paths in GR([0,∞))). Let X ∈ M2

and H be a bounded, adapted stochastic process with paths in GR([0,∞)). Then we define
H · X as the stochastic process for which (H · X )t is the limit from Proposition 16.20 for (an
arbitrary) τ ≥ t.

Proof of Proposition 16.20. It suffices to consider martingales with compact index set t ∈
[0, τ ]. For the approximating sequenceH1,H2, ... there are ε1, ε2, ... with εn ↓ 0 and sup0≤t≤τ |Hn

t −
Ht| ≤ εn almost surely by Lemma 16.6. Furthermore, because sup0≤t≤τ |Hn

t −Hm
t | ≤ εm+εn,

because of Proposition 16.2,

||Hn · X −Hm · X || = ||(Hn −Hm) · Constance|| ≤ (εm + εn) · || Constance||
m,n→∞−−−−−→ 0.

Therefore,
∫
nH ·X is a Cauchy sequence inM2 that, because of the completeness, converges

to an element
∫
H ·X ∈M2.

Example 16.22 (Integral with respect to Brownian motion). Using the last proposition, we
can now define integrals with respect to Brownian motion. For this purpose, let X = (Xt)t≥0

be a Brownian motion with X0 = 0 and f ∈ C2b (R) is bounded. We will now show that∫ t

0
f ′(Xs)dXs = f(Xt)− f(X0)− 1

2

∫ t

0
f ′′(Xs)ds.
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For this purpose, we define recursively T ε
0 = 0, T ε

i+1 = inf{t > T ε
i : |Xt −XT ε

i
| = ε}. Then,

for suitable C,C ′ > 0

E[T ε
i+1 − T ε

i ] = E[T ε
1 ] = Cε2,

E[(T ε
i+1 − T ε

i )
2] = E[(T ε

1 )
2] = C ′ε4

and thus

E
[( ∞∑

i=0

f ′(XT ε
i ∧t)(XT ε

i+1∧t −XT ε
i ∧t)−

(
f(Xt)− f(X0)− 1

2

∫ t

0
f ′′(Xs)ds

))2]

= E

[( ∞∑
i=0

f ′(XT ε
i ∧t)(XT ε

i+1∧t −XT ε
i ∧t)−

(
f(XT ε

i+1∧t)− f(XT ε
i ∧t)−

1
2

T ε
i+1∧t∫

T ε
i ∧t

f ′′(Xs)ds
))2]

=

∞∑
i=0

E
[(
f ′(XT ε

i ∧t)(XT ε
i+1∧t −XT ε

i ∧t)−
(
f(XT ε

i+1∧t)− f(XT ε
i ∧t)−

1
2

T ε
i+1∧t∫

T ε
i ∧t

f ′′(Xs)ds
))2]

= 1
4

∞∑
i=0

E
[(
f ′′(XSε

i ∧t)(XT ε
i+1∧t −XT ε

i ∧t)
2 − f ′′(XS̃ε

i ∧t
)(T ε

i+1 ∧ t− T ε
i ∧ t)

)2]
≤ 1

2

∞∑
i=0

E
[(
f ′′(XT ε

i ∧t)((XT ε
i+1∧t −XT ε

i ∧t)
2 − (T ε

i+1 ∧ t− T ε
i ∧ t))

)2]
+E[(f ′′(XT ε

i ∧t)− f
′′(XSε

i ∧t))
2ε4] +E[(f ′′(XT ε

i ∧t)− f
′′(XS̃ε

i ∧t
))2(T ε

i+1 ∧ t− T ε
i ∧ t)2]

ε→0−−−→ 0

for random variables T ε
i ≤ Sε

i , S̃
ε
i ≤ T ε

i+1 according to the Taylor formula and the mean value
theorem. (In the last inequality sign, we used the simple estimate (ab)2 ≤ 2(a − a′)2b2 +
2(a′)2b2). On the one hand, this means that

∑∞
i=0 f

′(XT ε
i ∧t)(XT ε

i+1∧t − XT ε
i ∧t) converges

in L2 to
∫ t
0 f

′(Xs)dXs by definition of the stochastic integral, but also to f(Xt) − f(X0) −
1
2

∫ t
0 f

′′(Xs)ds. Due to the uniqueness of the L2 limit, the assertion follows.

It seems clear that this calculation method for stochastic integrals is feasible, but not
particularly elegant. Therefore, we will use the Itô formula (Theorem 16.51) to learn a simpler
method for calculating in similar cases.

16.4 Local Martingales as Integrators

In calculations, it would often be nice to know thatXs for a martingale X = (Xt)t≥0 cannot be
too large. If X has continuous paths, this is possible by transitioning to a sequence X 1,X 2, ...
of stopped martingales such that X n is stopped whenever |Xt| = n. On the other hand,
continuous processes for which such stopping times exist are not necessarily martingales.
Therefore, we need a class of stochastic processes that is larger than the class of martingales.

Definition 16.23 (Local Martingale and Stopped Process). 1. A real-valued stochastic pro-
cess X = (Xt)t≥0 is called a local martingale if there are stop times T1, T2, ... with
Tn ↑ ∞ such that (Xt∧Tn)t≥0 is a martingale for all n. Here, T1, T2, ... is called a
localizing sequence of stopping times.
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2. Let X = (Xt)t≥0 be a stochastic process and T a stop time. Then we denote by X T :=
(XT∧t)t≥0 the process stopped at T .

In other words, the above definition implies that X is a local martingal if and only if X Tn is
a martingale for an appropriate sequence of stopping times Tn ↑ ∞.

Remark 16.24 (Properties of Local Martingales). 1. According to the Optional Stopping
Theorem, Proposition 13.19 and Corollary 13.53, every martingale is a local martingale.

2. Let X = (Xt)t≥0 be a continuous local martingale. Then Tn = inf{t : |Xt| = n ∨ |X0|}
is a localizing sequence of stopping times.

Because: Since X is real-valued and continuous, every path on [0, t] takes its supremum.
It follows that Tn ↑ ∞ applies. Furthermore, let Sm ↑ ∞ be a localizing sequence of
stopping times for X . For s ≤ t,

E[Xt∧Tn |Fs] = lim
m→∞

E[Xt∧Tn∧Sm |Fs] = lim
m→∞

Xs∧Tn∧Sm = Xs∧Tn ,

since Xt∧Tn is bounded.

3. Let X = (Xt)t≥0 be a bounded local martingale. Then X is a martingale.

Because: Let T1, T2, ... be a localizing sequence of stop times. According to majorized
convergence, E[Xt|Fs] = limn→∞E[Xt∧Tn |Fs] = limn→∞Xs∧Tn = Xs for s ≤ t.

Example 16.25 (A genuine local martingale). LetW = (Xt, Yt, Zt)t≥0 be a three-dimensional
Brownian motion started at (x, y, z) ̸= 0. We now consider the process V = (Vt)t≥0, given by

Vt =
1√

X2
t + Y 2

t + Z2
t

and claim that, although V is a local martingale, it is not a martingale.
Because: The generator of the Brownian motion is well-known

(Gf)(w) =
1

2

(∂2f(w)
∂x2

+
∂2f(w)

∂y2
+
∂2f(w)

∂z2

)
.

Since for f(w) = 1/
√
x2 + y2 + z2

1

2

∂2f(w)

∂x2
f(w) = − ∂

∂x

x

(x2 + y2 + z2)3/2
= − 1

(x2 + y2 + z2)3/2
+ 3

x2

(x2 + y2 + z2)5/2
,

is for w ̸= 0
(Gf)(w) = 0.

Let Bε(0) be the ball around 0 with radius ε and gε ∈ C2b (R3) such that gε|Bε(0)c = f |Bε(0)c

and Tε := inf{t > 0 : ||Wt||2 = ε}.
According to Theorem 14.30,

(
gε(Vt)−

∫ t
0 (Gg

ε)(Vs)ds
)
t≥0

is a martingale, so by the Op-

tional Stopping Theorem – Proposition 13.19 – also

(f(Vt∧Tε))t≥0 = (gε(Vt∧Tε))t≥0 =
(
gε(Vt∧Tε)−

∫ Tε∧t

0
(Ggε)(Vs)ds

)
t≥0
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a martingale. Now let T = Tε∧TR for ε < ||W0||2 < R. Then f(Vt∧T ))t≥0 is also a martingale,
hence

1/||V0||2 = f(V0) = gε(V0) = E[gε(VT )] = P(Tε > TR)
1

R
+ (1−P(Tε > TR))

1

ε
.

It follows that

P(Tε > TR) =
1/ε− 1/||V0||2
1/ε− 1/R

ε→0−−−→ 1.

Since TR
R→∞−−−−→∞ due to the continuity of the paths of the Brownian motion, Tε

ε→0−−−→∞.

We have now shown that (f(Vt))t≥0 is a local martingale. However, one calculates

E[f(Vt)] = E
[ 1

||Vt||2

]
=

1√
t
·E
[ 1

||V1||2

]
t→∞−−−→ 0.

Since the expectation of a martingale is constant, (f(Vt))t≥0 cannot be a martingale.

We already have stochastic integrals with respect to processes of bounded variation and with
respect to continuous martingales. We now show that we have not treated any cases twice.

Theorem 16.26 (Continuous local martingales of bounded variation are constant). Let
X = (Xt)t≥0 be a local martingale with continuous paths and bounded variation. Then t 7→ Xt

is almost surely constant.

Proof. Without restriction, assume that X0 = 0 and X is a martingale. (If X is only a
local martingale, we can show that all stopped martingales are constant along the localizing
sequence of stopping times, which implies the statement.) Let t 7→ ν1,t(X ) be the variation
of X . We define the stopping times

TN := inf{t ≥ 0 : ν1,t(X ) ≥ N}

and note that (Xt∧TN
)t≥0 is a martingale whose variation is bounded by N . Furthermore,

t 7→ Xt is constant if and only if t 7→ Xt∧TN
is constant for some N . By assumption, TN ↑ ∞.

Thus, it suffices to show the assertion in the case that the variation of X is bounded by N .
For t > 0 we set tn,k := tk/n and define

Zn :=

n∑
k=1

(Xtn,k
−Xtn,k−1

)2 ≤ max
1≤k≤n

|Xtn,k
−Xtn,k−1

| ·
n∑

k=1

|Xtn,k
−Xtn,k−1

|

≤ max
1≤k≤n

|Xtn,k
−Xtn,k−1

| · ν1,t(X )
n→∞−−−→ 0,

since X has continuous paths. By definition, Zn ≤ ν1,t(X )2 ≤ N2. Therefore, we conclude
with majorized convergence that

E[X2
t ] = E

[( n∑
k=1

Xtn,k
−Xtn,k−1

)2]
= E[Zn]

n→∞−−−→ 0.

Thus, Xt = 0 is almost sure.
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We continue with a frequently used characterization of local martingales.

Lemma 16.27 (Characterizations of local martingales). Let Tn ↑ ∞ and X be a real-valued
stochastic process. Then X is a local martingale if and only if X Tn is a local martingale for
all n.

Proof. First, assume that X is a local martingale and S1, S2, ... is a localizing sequence of
stopping times. Then, for each stopping time T , the process (X Sn)T = (X T )Sn is a martingale
according to the Optional Stopping Theorem. This means that X T is a local martingale (with
the localizing sequence of stopping times S1, S2, ...)

On the other hand, for each n, the process X Tn is a local martingale with a localizing
sequence of stopping times Sn

1 , S
n
2 , ... Since S

N
k ↑ ∞ for k →∞, we choose kn with

P(Sn
kn < Tn ∧ n) ≤ 2−n.

According to the Borel-Cantelli lemma, T ′
n := Sn

kn
∧Tn ↑ ∞. To obtain an increasing sequence

of stopping times, we define T ′′
n := infm≥n T

′
n. Furthermore, X T ′′

n = (X T ′
n)T

′′
n = ((XTn)S

n
kn )T

′′
n .

By assumption, (X Tn)S
n
kn is a martingale, hence so is X T ′′

n . In particular, X is a local mar-
tingale.

For the Brownian motion X , we had already seen that the quadratic variation is given by
[X ]t = t . Since quadratic variation (and co-variation between two processes) will play a
crucial role for stochastic integration with respect to local martingals (see Theorem 16.36),
we will now construct it.

Proposition 16.28 (Quadratic Variation for bounded, continuous martingales). Let X be
a bounded martingale with continuous paths and X0 = 0. Further, let recursively Tn

0 = 0 and

Tn
k+1 := inf{t > Tn

k : |Xt −XTn
k
| > 2−n}.

Then there is an almost surely unique process [X ] = ([X ]t)t≥0 with [X ]0 = 0 and non-
decreasing paths of finite variation, such that for

Qn = (Qn
t )t≥0 with Qn

t :=

∞∑
k=0

(Xt∧Tn
k+1
−Xt∧Tn

k
)2

holds that supt≥0 |Qn
t − [X ]t|

n→∞−−−→p 0. Furthermore, X 2 − [X ] is a martingale.

Proof. The almost sure uniqueness follows from Theorem 16.26. (Assuming that there are two
processes [X ] and [X ]′ with the required properties. Then [X ] − [X ]′ would be a martingale
with paths of finite variation, so almost surely constant. Since [X ]0 = [X ′]0, [X ] = [X ]′ would
be almost surely constant.) We define the process Hn = (Hn

t )t≥0 ∈ S by

Hn
t =

∞∑
k=0

XTn
k
1(Tn

k ,Tn
k+1]

(t).

Then ||Hn −X||2 ≤ 2−n. According to Proposition 16.2.2, this also implies that

||Hn · X −Hm · X ||2
m,n→∞−−−−−→ 0.
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Thus, (Hn · X )n=1,2,... is a M
2-Cauchy sequence that converges to a martingale N = (Nt)t≥0.

Further, we write

(Hn · X )t =
∞∑
k=0

XTn
k
(XTn

k+1∧t −XTn
k ∧t),

X2
t =

∞∑
k=0

X2
Tn
k+1∧t

−X2
Tn
k ∧t

=
∞∑
k=0

(XTn
k+1∧t −XTn

k ∧t)
2 + 2XTn

k ∧t(XTn
k+1∧t −XTn

k ∧t)

= Qn
t + 2(Hn · X )t.

We now define [X ] := X 2 − 2N (so so that X 2 − [X ] is automatically a martingale). Then

sup
t≥0
|Qn

t − [X ]t| = sup
t≥0
|X2

t − 2(Hn · X )t −X2
t + 2Nt = sup

t≥0
|2Nt − 2(Hn · ConX)t|

n→∞−−−→p 0.

Since Qn has non-decreasing paths, the same is true for [X ].

We now extend the last result from bounded martingales to local martingales.

Theorem 16.29 (Quadratische Variation von lokalen Martingalen). Let X be a local martin-
gale with continuous paths. Then there exists an almost surely unique process [X ] = ([X ]t)t≥0

with [X ]0 = 0 and non-decreasing paths of finite variation, such that X 2 − [X ] is a local
martingale. Furthermore, [X T ] = [X ]T for every stopping time T .

Proof. Again, the almost sure uniqueness follows from Theorem 16.26. Moreover, if X 2− [X ]
is a local martingale and T is an almost surely finite stopping time, then (X T )2 − [X ]T =
(X 2 − [X ])T is a local martingale, hence [X T ] = [X ]T .

For the existence of [X ] we define Tn := inf{t ≥ 0 : |Xt| = n}, whereby Tn ↑ ∞ holds.
Further, X Tn is a (by n) bounded martingale with continuous paths. Thus, [X Tn ] exists
according to Proposition 16.28. Since for m ≥ n (X Tm)Tn = X Tn , X Tm = X Tn on [0, Tn],
hence [X Tn ] = [ X Tm ] on [0, Tn]. We define [ X ]t := limn→∞[ X Tn ]t, where the convergence
follows from Tn ↑ ∞. Furthermore, it is clear that (X 2 − [X ])Tn = (X Tn)2 − [X Tn ] for each n
is a martingale, so X 2 − [X ] is a local martingale.

Example 16.30 (Martingales derived from the Brownian motion). Let X = (Xt)t≥0 be a
Brownian motion. As is well known (see example 13.47), Y = (Yt)t≥0 with Yt = X2

t − t is a
martingale. We show that

[Y]t = 4

∫ t

0
X2

sds.

Because: According to example 14.26.2,(
X4

t − 6

∫ t

0
X2

sds
)
t≥0

is a martingale. Further, we consider the process (t,Xt)t≥0, i.e. the Markov process with state
space R+ × R and generator

(Gf)(t, x) =
∂f(t, x)

∂t
+ 1

2

∂2f(t, x)

∂x2
.
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With f(t, x) = tx2, it follows from Theorem 14.30 that(
tX2

t −
∫ t

0
X2

s + sds
)
t≥0

=
(
tX2

t − 1
2 t

2 −
∫ t

0
X2

sds
)
t≥0

is a martingale. Thus,(
X4

t − 6

∫ t

0
X2

sds− 2tXt + t2 + 2

∫ t

0
X2

sds
)
t≥0

=
(
(X2

t − t)2 − 4

∫ t

0
X2

sds
)
t≥0

is also a martingale. Hence the assertion follows.

Theorem 16.31 (Covariation of local martingales). Let X ,Y be local martingales. Then
there exists a near-unique process [X ,Y] of locally bounded variation and [X ,X ]0 such that
XY − [X ,Y] is symmetrical and bilinear with

[X ,Y]T = [ Con, ConT ] = [ ConT , Con] = [ ConT , ConT ]

for every stopping time T .

Proof. We define
[X ,Y] = 1

4([X + Y]− [X − Y]).

Then

4(XY − [X , Constance]) = ( X + Y)2 − (X − Y)2 − [X + Y] + [ X − Y],

from which all assertions follow using Theorem 16.29.

Proposition 16.32 (Continuity of quadratic variation).
Let X 1 = (X1

t )t≥0,X 2 = (X2
t )t≥0, ... be a sequence of local martingales with continuous paths

starting from 0. Then, supt≥0 |Xn
t |

n→∞−−−→p 0 if and only if [X n]∞
n→∞−−−→p 0. In particular,

the map X 7→ [X ] is continuous on the space of local martingales with continuous paths. The
same is true for the covariation.

Proof. First, let supt≥0 |Xn
t |

n→∞−−−→p 0 and ε > 0. We define Tn := inf{t ≥ 0 : |Xn
t | > ε,

n = 1, 2, ... Then for Yn := (X n)2− [X n], the process (Yn)Tn is a martingale, which, according
to Theorem 13.33 (and Theorem 13.51), can be extended to a martingale with index set [0,∞].
Since E[Y n

t ] = 0 and Xn
t∧Tn

≤ ε, we have E[[X n]Tn ] ≤ ε2. From the Markov inequality, we
conclude

P([X n]∞ > ε) ≤ P(Tn <∞) +
1

ε
E[[X n]Tn ] ≤ P(sup

t≥0
|Xn

t | > ε) + ε.

By assumption, the right-hand side converges to ε, from which [X n]∞
n→∞−−−→p 0 follows.

If, on the other hand, [X n]∞
n→∞−−−→p 0, then we write Tn := inf{t : [X n]t > ε}

P(sup
t≥0
|Xn

t | > ε) ≤ P(Tn <∞) +P(sup
t≥0
|Xn

t∧Tn
| > ε)

≤ P(Tn <∞) +
E[[X n]Tn

∞ ]

ε2

= P(Tn <∞) +
E[[X n]∞ ∧ ε]

ε2
n→∞−−−→ 0.
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Proposition 16.33 (Cauchy-Schwartz inequalities for covariation). Let X ,Y be local mar-
tingales and H = (Ht)t≥0 progressively measurable. Then

[X ,Y]2 ≤ [X ][Y]

as well as

(H · [X ,Y])2t ≤ (H2 · [X ])t[Y]t

almost surely.

Proof. First, we note the following: Let A,B ≥ 0. If a2A+ 2abC + b2B ≥ 0 for all a, b, then
C2 ≤ AB. Namely, if we set a = ±1/

√
A, b = 1/

√
B, then ±2C/

√
AB ≥ −2, thus |C| ≤

√
AB

or C2 ≤ AB.

For all a, b, because of the linearity of covariation,

0 ≤ [aX + bY] = a2[X ] + 2ab[X ,Y] + b2[Y]

almost certainly. (We can even choose the exception null set A independently of a, b. To do
this, we note that the union of the exception null sets for a, b ∈ Q is again a null set. This
must simultaneously be the exception null set for all a, b ∈ R, since the quadratic variation is
continuous; see Proposition 16.32.) From the initial remark, it now follows immediately that
[X ,Y]2t ≤ [X ]t[Y]t for all t ≥ 0. The first assertion follows from the fact that the right-hand
side is a non-decreasing function in t.

To show the second statement, we assume without further ado that H ≥ 0. Further-
more, we note that the first statement is analogously proven for subintervals, so ([X ,Y]t −
[X , ConY ]s)

2 ≤ ([ ConX]t− [ ConX]s)([Y]t− [ ConY ]s). Now let H =
∑n

i=1Gi1Ii for disjoint
open intervals Ii = (Vi,Wi) and G1, ..., Gn ≥ 0. Then on Ac we have

(H · [X ,Y])t =
n∑

i=1

Gi([X ,Y]t∧Wi − [X ,Y]t∧Vi)

≤
n∑

i=1

Gi

√
[X ]t∧Wi − [X ]t∧Vi

√
[Y]t∧Wi − [Y]t∧Vi

≤

√√√√ n∑
i=1

G2
i ([X ]t∧Wi − [X ]t∧Vi)

√√√√ n∑
k=1

[Y]t∧Wk
− [Y]t∧Vk

= (H2 · [X ])1/2t [Y]1/2t .

The case of progressively measurable processes H follows from the last calculation, initially
by approximating measurable sets instead of intervals I1, ..., In. Subsequently, monotone
convergence yields an approximation of H, from which the statement follows by monotone
convergence.

Now we are dealing with the stochastic integral with local martingales as integrators.
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Definition 16.34 (Stochastic integral of predictable, simple processes). Let X be a local
martingale and H a simple, predictable process as in Definition 16.1. Then we define the
stochastic integral H · X in the same way as in Definition 16.19.

Lemma 16.35 (Stochastic integral for simple predictable processes). Let X ,Y be local mar-
tingales with continuous paths, and H ∈ S. Then H · X is a local martingale again and it
holds that

[H · X ,Y] = H · [ ConX, ConY ]. (16.6)

Proof. First, H ·X is a local martingale (with the same localizing sequence of stopping times
as for X . We have to show that (H · X )Y − H · [ X , Y] is a local martingale . Due to
linearity, it suffices to consider Ht = G(1T∧t − 1S∧t) for G measurable with respect to FS .
Since XY−[X ,Y] is a local martingale, we conclude with repeated application of the Optional
Sampling Theorem

E[(H · X )tYt − (H · [ X , Y])t|Fs]

= E
[
G(XT∧tYt − [ X , Y]T∧t − (XS∧tYt − [X , ConY ]S∧t))|Fs

]
= G1T≤s

(
XT∧sYs − [X , ConY ]T∧s − (XS∧sYs − [X ,Y]S∧s))

+G1S≤s≤TE[XT∧tYT∧t − [X ,Y]T∧t − (XS∧tYs − [X ,Y]S∧t))|Fs]

+E
[
G1s<S≤tE[XT∧tYT∧t − [ ConX , ConY ]T∧t − (XS∧tYt − [ ConX , ConY ]S∧t))|FS∨s]|Fs]

= G1S≤s

(
XT∧sYs − [X , ConY ]T∧s − (XS∧sYs − [ ConX, ConY ]S∧s))

= G
(
(XT∧s −XS∧s)Ys − ([X ,Y]T∧s − [X , ConY ]S∧s)

)
= ( ConH · X )sYs − ( ConH · [ ConX, ConY ])s.

Using lemma 13.23, the statement follows.

To extend the stochastic integral of integrands in S to progressive stochastic processes, we
take (16.6) as the defining property.

Theorem 16.36 (General Stochastic Integral). Let X be a local martingale with continuous
paths and H a progressively measurable stochastic process with (H2 · [X ])t <∞ for all t ≥ 0.
Then there is an almost surely unique local martingale H ·X with (H ·X )0 = 0, such that for
every local martingale Y with continuous paths

[H · X ,Y] = H · [X ,Y]

holds.

Proof. First, we show uniqueness. If the process H · X were not unique, there would be two
processes Z ′,Z ′′ such that [Z ′,Y] = [Z ′′,Y] = [H · X ,Y] for all local martingale Y with
continuous paths. Then, due to the linearity of the covariation with Y = Z ′ − Z ′′, it holds
that [Z ′ −Z ′′] = 0. From Proposition 16.28 it follows that Z ′ = Z ′′.

For the existence of H · X , it suffices, as in the proof of Theorem 16.29, to consider
the case E[(H2 · [X ])∞] < ∞ (otherwise, we define Tn := inf{t ≥ 0 : (H2 · X )t ≤ n}.
Then, by assumption, Tn ↑ ∞. There exist continuous local martingales H · X Tn such that
[H·X Tn ,Y] = H· [X Tn ,Y] for all continuous local martingales Y and n = 1, 2, ... Furthermore,
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H · X Tn = H · X Tm must hold for m ≥ n on [0, Tn], since on the same set also X Tn = X Tm

holds. Now we can define H · X = limn→∞H · X Tn . Then (H · X )Tn = H · X Tn . Since the
latter is a local martingale for every n, it follows from lemma 16.27 that also H · X is a local
martingale.)

We now have to show that (H · X )Y − H · [X ,Y] is a local martingale. First, using
Proposition 16.33 and the Cauchy–Schwartz inequality, we have that for Y ∈M2

|E[(H · [X ,Y])∞]| ≤ E[|H · [X ,Y])|∞] ≤ (E[(H2 · [X ])∞])1/2(E[[Y]∞])1/2 <∞.

Thus, Y 7→ E[(H · [X ,Y])∞] is a continuous, linear functional on M2. According to the
Riesz-Fréchet theorem21 (applied on the Hilbert spaceM2) there is a unique process inM2

that we call H · X such that

E[(H · [X ,Y])∞] = E[(H · X )∞Y∞]

for all Y ∈ M2. From this equation it also follows that H 7→ H · X is continuous, and the
definition of H · X for H ∈ S from Lemma 16.35 . Furthermore, by Theorem 16.31 for a stop
time T

E[(H · [X ,Y])T ] = E[(H · [X , ConY T ])∞] = E[(H · X )∞ ConY T
∞] = E[(H · X )TYT ].

From lemma 13.23 it now follows that (H · X )Y − H · [X ,Y] is a martingale. From this the
assertion follows.

Corollary 16.37 (Kettenregel). Let H,X, Y be as in Theorem 16.36 and K progressively
measurable with (K2 · [Y ])t <∞ for all t ≥ 0. Then holds

[H · X ,K · Y] = (HK) · [ X , Y].

Proof. Since K · Y is a local martingale, it follows immediately from Theorem 16.36 that

[H · X ,K · Y] = K · [ H · X , Y] = H · K · [ X , Y].

Since [ X , xxx]
rules of calculus as for the Lebesgue integral, in particular when calculating with densities.

Now the assertion follows from Lemma ??.2.

Example 16.38 (Quadratische Variation von X2
t − t). Let X = (Xt)t≥0 be a Brownian

motion. According to example 16.30, for Y = (Yt)t≥0 with Yt = X2
t − t,

[Y]t = 4

∫ t

0
X2

sds.

We can verify this fact again with the help of the last result : According to example 16.22
with f(x) = x2, it holds that

2

∫ t

0
XsdXs = X2

t − t

. Therefore, we write

[Y] = [2X · X ] = 4X 2 · [X ] =
(
4

∫ t

0
X2

sds
)
t≥0

.

21Riesz-Fréchet theorem: Let H be a Hilbert space (with a scalar product ⟨., ⟩) over R and H ′ the space of
linear, continuous mappings H → R. Then x′ ∈ H ′ can be written as: x′(x) = ⟨y, x⟩ for some suitable y ∈ H.
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Finally, we prove a continuity property of the stochastic integral.

Proposition 16.39 (Continuity of the stochastic integral). Let X 1,X 2, ... be continuous
local martingales and H1,H2, ... progressively measurable with ((Hn)2 · [X n])t <∞, t ≥ 0, n =
1, 2, ... Then supt≥0 |(Hn · X n)t|

n→∞−−−→p 0 holds only if ((Hn)2 · [X n])
n→∞−−−→p 0.

Proof. By Corollary 16.37, [Hn,X n] = (Hn)2·[X n]. Now it suffices to apply Proposition 16.32.

16.5 Calculation Rules for Stochastic Integrals

The following are important rules for calculating with stochastic integrals. The most im-
portant ones are partial integration (Theorem 16.48) and the Itô formula (Theorem 16.51).
However, in order to establish a framework that is as general as possible framework, we in-
troduce the class of continuous semimartingales. A semimartingale X is the sum of a process
of locally finite variation A and a local martingale M. Integrals with respect to continuous
semimartingales are then defined by the sum of the integrals with respect to A andM.

Definition 16.40 (Semimartingale). 1. An adapted process X is called a semimartingale
if it has right-continuous paths and can be written as X = A+M, where A with A0 = 0
is a process with locally finite variation andM a local martingale.

2. A continuous semimartingale X is a semimartingale for which A andM can be chosen
as continuous processes. The decomposition X = A +M is then called the canonical
decomposition.

Lemma 16.41 (Canonical decomposition unique). The canonical decomposition of a contin-
uous semimartingale is unique.

Proof. Let X = A+M = A′ +M′ be two decompositions of the continuous semimartingale
X . Then we have A−A′ =M−M′. Since the right-hand side is a continuous local martingale
with M0 −M ′

0 = 0, then by Theorem 16.26 we have thatM =M′. Thus, A = A′.

Example 16.42 (Decomposition of semimartingales not unique). The decomposition X =
A+M is unique for continuous semimartingales, but not for semimartingales. As a simple
counterexample, let X = (Xt)t≥0 be the Poisson process (with parameter λ). Then X can be
written as

Xt = Xt + 0 and Xt = t+ (Xt − t).

Here At = Xt,Mt = 0 and A′
t = t,M ′

t = Xt − t are two different decompositions of X .

Example 16.43 (Functionals of continuous Markov processes). Let X = (Xt)t≥0 be a Markov
process with state space E and continuous paths. The generator of X is GX with D(GX ) ⊆
Cb(E). Then, for every f ∈ D(G), (f(Xt))t≥0 is a semimartingale. Indeed, by Theorem 14.30

f(Xt) = At +Mt with At =

∫ t

0
(GX f)(Xs)ds,Mt = f(Xt)−

∫ t

0
(GX f)(Xs)ds

, which is a decomposition into the process with locally finite variation A and the (local)
martingaleM.
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Definition 16.44 (Continuous semimartingales as integrators). Let X = A +M be a con-
tinuous semimartingale. Define

L(A) := {H progressive : H · A exists}

as well as

L(M) := {H : H2 ∈ L([M])}

and L(X ) := L(A) ∩ L(M). For H ∈ L(X ) we set

H · X := H · A+H ·M.

We define the quadratic variation of X as

[X ] := [M].

If Y = B + N is the canonical decomposition of another continuous semimartingale, we set
the covariation

[X ,Y] := [M,N ].

Lemma 16.45 (Covariation of the stochastic integral). Let X = A+M and Y = B+N the
canonical decompositions of the continuous semimartingales X and Y. Then

4[X ,Y] = [X + Y]− [ Con− Con].

If H ∈ L(X ), then H·X = H·A+H·M is the canonical decomposition of the semimartingale
H ·M. Furthermore,

[H ·M,Y] = H · [H,Y].

Proof. All statements follow directly from the definition of H·X and [X ] as well as [X ,Y].

We repeat a simple property of the integral with respect to a measure with density. If µ
is a σ-finite measure, ν = g · µ is the measure with density g with respect to µ and f is a
(bounded) measurable function, then ν[f ] = g ·µ[f ] = µ[fg]. This statement has an analogue
for stochastic integration with respect to processes of locally finite variation. Here is a simple
example: If H = (Ht)t≥0,K = (Kt)t≥0 are progressively measurable processes, then

H ·
(∫ t

0
Ksds

)
t≥0

=
(∫ t

0
HsKsds

)
t≥0

.

This example will now be significantly extended.

Proposition 16.46 (Chain Rule Theorem). Let X = (Xt)t≥0 be a continuous semimartingale
and K ∈ L(X ). Then H ∈ L(K · X ) if and only if HK ∈ L(X ). In this case,

H · (K · X ) = HK · X
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Proof. Let X = A +M be the canonical decomposition of X . It is clear that H(K · A) =
(HK) · A, which follows exactly as in the proof of Corollary 16.37 from Lemma ??.2. if one of
the two sides exists. Now we note that H ∈ L(K ·M) if and only if H2 ∈ L(K2 · [M]), which
is the case if and only if H2K2 ∈ L([M]), hence H ·K ∈ L(M). Similarly, H ∈ L(K · A) if
and only if H · K ∈ L(A), hence H · K ∈ L(A). Hence, the equivalence follows.

We now have to show that H · (K ·M) = (H · K) · M. To do this, we note that for any
local martingale N

[(H · K) · M,N ] = (H · K) · [M,N ] = H · (K · [M,N ]) = H · [ K ·M, N ] = (H · K) · M

is a local martingale with quadratic variation 0. Thus, the claim follows from Theorem 16.26.

In integration theory, the theorem of majorized convergence played an important role. This
now gets an analogue for stochastic integrals.

Proposition 16.47 (Majorized Convergence for Stochastic Integrals). Let X be a continuous
semimartingale and H,K = (Kt)t≥0,K1 = (K1

t )t≥0,K2 = (K2
t )t≥0, ... ∈ L(X ) with |Kn| ≤ H

and supt≥0 |Kn(t)−K(t)| n→∞−−−→fs 0. Then sup0≤s≤t |(Kn ·X −K ·X )s|
n→∞−−−→p 0 for all t ≥ 0.

Proof. Let X = A+M be the canonical decomposition of X . Since H ∈ L(X ), it holds that
H ∈ L(A) and H2 ∈ L([M]). Since we can transfer the theorem on the majorized convergence
to Stieltjes integrals , it follows that ((Kn −K)2 · [M])t

n→∞−−−→fs 0 for t ≥ 0. This implies (by

stopping at t) according to Proposition 16.39 that sup0≤s≤t |(Kn · M − K · M)s|
n→∞−−−→p 0.

Furthermore, ((Kn − K) · A)t
n→∞−−−→fs 0, again by the convergence in measure for Stieltjes

integrals. From the last two convergences, the statement follows.

The following is another rule of Lebesgue integration: If f is measurable and locally bounded
and λ is the one-dimensional Lebesgue integral, then f · λ is of locally bounded variation.
Fubini’s theorem applies

((f · λ) · (f · λ))t = ((f(f · λ)) · λ)t =
∫ t

0
f(s)

∫ s

0
f(r)drds = 1

2(f · λ)
2
t ,

i.e. 2(f · λ) · (f · λ) = (f · λ)2. Analogously, we conclude that for a process with locally finite
variation A,

2A · A = A2. (16.7)

We will now generalize this result.

Theorem 16.48 (Partial Integration). Let X and Y be continuous semimartingales. Then
we have

X · Y = X0Y0 + X · Y + Y · X + [ X , Y].

Proof. We first show only the case X = Y, i.e. X 2 = X2
0 + 2X · X + [X ]. First, we consider

X ∈M2 and set Tn
0 , T

n
1 , ... and Qn as in Proposition 16.28, and Hn = (Hn

t )t≥0 ∈ S by

Hn
t =

∞∑
k=0

XTn
k
1(Tn

k ,Tn
k+1]

(t).
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Just as in Propositin 16.28, X2
t −X2

0 = Qn
t +2(Hn · X )t. and supt≥0 |Hn

t −Xt| ≤ 2−n n→∞0−−−−→.
Due to Proposition 16.47 we have

2(X · X )t = lim
n→∞

2(Hn · X )t = X2
t −X2

0 − lim
n→∞

Qn
t = X2

t −X2
0 − [X ]t.

If X is a local martingale, then the statement follows as for X ∈ M2 by suitably stopping
X . On the other hand, if X = A is a process with locally finite variation, then the statement
follows as in (16.7).

Now consider the case of a semimartingale X with canonical decomposition X = A+ X .
Then the assertion is equivalent to

M2 + 2MA+A2 = 2M ·M+ 2M ·A+ 2A ·M+ 2A · ConA+ [ ConM ].

So we have to show that

MA = A ·M+M ·A.

We now define for t ≥ 0 and n = 1, 2, ... the processes An = (An
s )0≤s≤t andMn = (Mn

s )0≤s≤t

by

An
s = A(k−1)t/nandM

n
s =Mkt/nfors ∈ t(k − 1, k]/n.

Then

(An · M)t + (Mn · A)t =
n∑

k=1

A(k−1)t/n(Mkt/n −M(k−1)t/n) +Mkt/n(Akt/n −A(k−1)t/n)

=

n∑
k=1

Mkt/nAkt/n −M(k−1)t/nA(k−1)t/n = AtMt.

From the majorized convergence for Stieltjes integrals (in the term (Mn · A)t) and from
Proposition 16.47 (in the term (An · M)t) now follows the statement in the case X = Y. In
the case X ̸= Y, we write

4XY = (X + Y)2 − (X − Y)2

= (X0 + Y0)
2 + 2(X + Y) · (X + Y) + [X + Y]− (X0 − Y0)2 − 2(X − Y) · (X − Y)− [X − Y]

= 4X0Y0 + 4X · Y + 4Y · X + 4[ X , Y]

and the statement is proven.

Example 16.49 (Semimartingales derived from Brownian motion ). Let X = (Xt)t≥0 be a
Brownian motion. Then we saw in example 16.30 that 2

∫ t
0 XsdXs = X2

t − t. This is also
exactly the formula of partial integration (if you note that [X ]t = t).

In example 16.30, we saw that for a Brownian motion X = (Xt)t≥0, the process

(
tX2

t −
1

2
t2 −

∫ t

0
X2

sds
)
t≥0
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is a martingale. This can also be seen by means of partial integration. Indeed, for Y = (Yt)t≥0

and Yt = X2
t − t, we have

tX2
t =

(
id · X 2 + X 2 · id

)
t

=
(
id · Y + id · id+ X 2 · id

)
t

=

∫ t

0
sdYs +

∫ t

0
sds+

∫ t

0
X2

sds

Therefore, the above martingale is identical to id · Y.

Lemma 16.50 (The Covariation). Let X and Y be continuous semimartingales. For t > 0,
let ζn := {tn,0, ..., tn,kn} be a partition of [0, t]. If maxk |tn,k − tn,k−1|

n→∞−−−→ 0, then

Zn :=

kn∑
k=1

(Xtn,k
−Xtn,k−1

)(Ytn,k
− Ytn,k−1

)
n→∞−−−→p [X ,Y]t.

Proof. Similar to the last proof, we define

Xn
s = Xtn,k−1

and Y n
s = Ytn,k−1

for s ∈ (tn,k−1, tn,k].

Then

XtYt =
n∑

k=1

Xtn,k
Ytn,k

−Xtn,k−1
Ytn,k−1

=

n∑
k=1

Xtn,k−1
(Ytn,k

− Ytn,k−1
) + Ytn,k−1

(Xtn,k
−Xtn,k−1

)

+ (Xtn,k
−Xtn,k−1

)(Ytn,k
− Ytn,k−1

)

= (X n · Y)t + (Yn · X )t + Zn.

Since (X n · Y)t
n→∞−−−→p (X · Y)t and (Yn · X )t

n→∞−−−→p (Y · X )t by Proposition 16.47, it follows
with partial integration

lim
n→∞

Zn = XtYt − (X · Y)t − (Y · X )t = [X ,Y]t.

Theorem 16.51 (Itô-Formel). Let X 1, ..., ,X d be continuous semimartingales and f ∈ C2(Rd).
With X = (X 1, ...,X d), Xt = (X1

t , ..., X
d
t ) and f(X ) = (f(Xt))t≥0 is

f(X ) = f(X0) +

d∑
i=1

fi(X ) · X i + 1
2

d∑
i,j=1

fij(X ) · [X i,X j ]

where fi = ∂f/∂xi and fij = ∂2f/∂xi∂xj. In particular, if d = 1, then

f(X ) = f(X0) + f ′(X ) · X + 1
2f

′′(X ) · [ ConX ]. (16.8)
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Proof. We only show the case d = 1. The general case can be proved analogously. Let
C ⊆ Cb(R) be the class of functions for which (16.8) holds. Then C is a vector space and id∈ C.
We show that C is closed under multiplication. If namely f, g ∈ C, then by Proposition 16.46
and Theorem 16.48,

(fg)(X )− (fg)(X0) = f(X ) · g(X ) + g(X ) · f(X ) + [f(X ), g(X )]
= f(X ) · (g′(X ) · X + 1

2g
′′(X ) · [X ])

+ g(X ) · (f ′(X ) · X + 1
2f

′′(X · [X ]) + [f ′(X ) · X ), g′(X ) · X ]
= (fg′ + f ′g)( ConX) · X + 1

2(f
′′g + 2f ′g′ + fg′′)(X ) · [X ]

= (fg)′(X ) · ConX + 1
2(fg)

′′(X ) · [X ].

Let f ∈ C′′(R) be arbitrary and p1, p2, ... ∈ C polynomials such that sup|x|≤c |pn(x)−f ′′(x)|
n→∞−−−→

0 for each c > 0. By integration, polynomials f1, f2, ... are obtained with

sup
|x|≤c
|fn(x)− f(x)| ∨ |f ′n(x)− f ′(x)| ∨ |f ′′n(x)− f ′′(x)|

n→∞−−−→ 0.

For the canonical decomposition X = A +M, this means that, with majorized convergence
for Stieltjes integrals,

(f ′n(X ) · A+ 1
2f

′′
n( ConX) · [ ConX]

n→∞−−−→ (f ′( ConX) · ConA+ 1
2f

′′( ConX) · [ ConX]

uniformly on compact. Furthermore, it holds

((fn(X )− f(X ))2 · [X ])t
n→∞−−−→ 0,

so it follows from Proposition 16.39 that fn(X ) ·M
n→∞−−−→p f(X ) ·M uniformly on compact.

Hence the claim follows.

Example 16.52 (Application to Brownian Motion). In example 16.22 we saw that for f ′ ∈
C2b (R) and a Brownian motion X = (Xt)t≥0 holds that

f ′(X ) · X = f(X )− f(X0)− 1
2f

′′(X ) · [X ],

since [X ]t = t. This is exactly the Itô formula applied to the semimartingale X .

Remark 16.53 (Itô Formula as Taylor Expansion). The Itô formula can be written in dif-
ferent ways. If the stochastic integrals in (16.8) are written out, one obtains

f(Xt)− f(X0) =

∫ t

0
f ′(Xs)dXs +

1
2

∫ t

0
f ′′(Xs)d[X ]s.

Comparing this notation with Theorem 16.14 (which deals with processes of locally bounded
variation), we see an important difference in calculating with continuous martingales compared
to processes with locally bounded variation. The term 1

2

∫ t
0 f

′′(Xs)d[X ]s is called the Itô-
correction term. This is also obtained if f(Xt)is represented by the Taylor series up to the
second term. In differential notation, this means

df(X ) = f ′(X )dX + 1
2f

′′(X )d[X ].
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Remark 16.54 (The Stratonovich integral). In addition to the stochastic Itô integral, stochas-
tic integrals can also be introduced in the sense of R. Stratonovich. This is done by approxi-
mation using

(H • X )t = lim
n→∞

kn∑
i=1

1
2(Htni+1

+Htni
)(Xtni+1

−Xtni
) (16.9)

for partitions 0 = tn0 < · · · < tnkn with maxi |tni+1−tni |
n→∞−−−→ 0 is introduced. This construction

is therefore similar to integration in the sense of Riemann. After constructing the stochastic
integral, this leads to

X • Y = X · Y + 1
2 [X ,Y]

for semimartingales X and Y. Similarly, we get the formula

f(X ) = f(X0) + f ′(X ) • X

for f ∈ C2(R), which is exactly the Itô formula without the Itô correction term. So it looks
like the Stratonovich integral is the natural extension of the Lebesgue integral. However,
in (16.9) one has to approximate the integration by non-adapted processes, which in turn
seems unnatural. In stochastics, the Itô integral has become widely accepted.

17 Applications of the Itô Formula

The Itô formula is considered the most important formula in stochastic integration theory.
In this section, we will present some applications. In particular, we will focus on those that
establish the relationship between general continuous local martingales and Brownian motion.
For example, in Section 17.1 we will see that by means of a time transformation, every con-
tinuous local martingale can be transformed into a Brownian motion (Theorem 17.4), and in
section 17.2 also as a stochastic integral with respect to a Brownian motion (Theorem 17.9).
Furthermore, in section 17.3 we will use non-negative martingales to carry out a change of
measure, whereby semimartingales can be converted into martingales can be converted into
martingales (Theorem 17.14). Finally, in section ??, the concept of the local time of a semi-
martingale is introduced, which allows an extension of Theorem 15.8 about the distribution
of the maximum of a Brownian motion.

17.1 Transformations of Brownian Motion

The Itô formula provides a general transformation formula for continuous local martingales.
Central to this is the notion of quadratic variation. We will first get to know Lévy’s character-
ization of Brownian motion in Theorem 17.3 , which states that the Brownian motion is the
only continuous local martingale X with [X ]t = t. This not only emphasizes the importance
of the Brownian motion, but also opens the door to representing general continuous local
martingales in terms of the Brownian motion. For example, every continuous local martin-
gale is a time-transformed Brownian motion (Theorem 17.4). The proof of Theorem 17.3 is
easiest if we introduce C-valued local martingales.

Remark 17.1 (C-valued martingales). Let X = Y + iZ be a stochastic process with values
in C, then we call it a (local) martingale if both Y and Z are (local) martingales.
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Lemma 17.2 (An exponential martingale). Let X = (Xt)t≥0 be a local martingale with
X0 = 0. Then Z = (Zt)t≥0 with

Zt = exp(iXt +
1
2 [X ]t)

is a C-valued local martingale and

Zt = 1 + i(Z · X )t

almost surely.

Proof. We apply Itô’s formula to the semimartingale (iXt+
1
2 [X ]t)t≥0 and the function f(z) =

ez. This gives

dZ = Z(idX + 1
2d[X ] +

1
2d[iX ]) = iZdX

or Z = Z0 + i(Z · X ), from which the claim follows.

Theorem 17.3 (Lévy’s Characterization of Brownian Motion). Let X = (Xt)t≥0 = (X 1, ...,X d),
X k = (Xk

t )t≥0 be an adapted stochastic process with Xk
0 = 0, k = 1, ..., d. Then the following

are equivalent:

1. X is a Brownian motion, i.e. Xk
t −Xk

s is distributed according to N(0, t− s) for all k
and t− s and independent of Fs and of (X l)l ̸=k.

2. X is a continuous local martingale and

[X k,X l]t = δklt.

Proof. 1.⇒2. is clear from example 13.47.

2.⇒1.: Let γ ∈ Rd. The process (⟨γ,Xt⟩)t≥0 is a local martingale with

[⟨γ,X⟩]t =
d∑

k=1

γ2kt = ⟨γ, γ⟩t.

From lemma 17.2 it follows that for each γ ∈ Rd the process

(exp(i⟨γ,Xt⟩+ 1
2⟨γ, γ⟩t))t≥0 (17.1)

is a continuous martingale. From this it follows that

E[exp(i⟨γ,Xt −Xs⟩)|Fs] = exp(−1
2⟨γ, γ⟩(t− s)),

from which all assertions follow.

The importance of Brownian motion in the class of local martingales is now further em-
phasized. We now show that by means of a time transformation, we can transform every
continuous local martingale into a Brownian motion.
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Theorem 17.4 (Time Transformation, Dubins-Schwartz). Let Y be a continuous local mar-
tingale with Y0 = 0, such that [Y]t ↑ ∞ as t→∞. Define

Tt := inf{u ≥ 0 : [Y]u ≥ t}, Gt := FTt , Xt := YTt .

Then X = (Xt)t≥0 is a (Gt)t≥0-adapted Brownian motion (thus in particular a martingale
with respect to (Gt)t≥0). Furthermore, [Y]t is a (Gt)t≥0 stopping time and it holds that

Yt = X[Y]t .

Remark 17.5 (Merkhilfe). The relationships Xt := YTt and Yt = X[Y]t can be justified with
the help of quadratic variation. After all, by definition of Tt and because [X ]t = t, namely

[X ]t = t = [Y]Tt , [Y]t = [ ConX][ ConY ]t .

Example 17.6. Let X = (Xt)t≥0 be a Brownian motion. We know from example 16.30 that
Y = (Yt)t≥0 with Yt = X2

t − t is a martingale and [Y]t = 4X 2 · λ. This means that Y can be
transformed back into a Brownian motion by time change. See Figure 10.
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Figure 10: Sketch of the time transformation of the Brownian motion. Here, Tt is the first
time for which the quadratic variation of Y reaches t .

Proof. We start the proof by showing that X has continuous paths. To do this, we need to
show that the following almost certainly applies : If t 7→ Tt is constant on an interval, (i.e.
[Y]t is constant), then Y is also constant on the same interval. It suffices to assume that
X ∈ M2; otherwise we move on to stopped processes. Furthermore, it is sufficient to show
the statement for intervals with rational endpoints. For

Ss := inf{t > s : [Y]t > [ ConY ]s}

we calculate with the help of the Optional Sampling Theorem

E[(YSs)
2 − [Y]Ss |Fs] = Y 2

s − [ ConstanceY ]s,
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so because [ ConstanceY ]s = [ ConstanceY ]Ss also

E[(YSs − Ys)2|Fs] = 0,

from which the continuity of X follows.

We now show that both X and (X2
t − t) are continuous local martingales with respect to

(Gt)t≥0. Then, by applying Theorem 17.3, the assertion follows. Now let

Un := inf{t ≥ 0 : |Yt| > n}, Vn := [Y]Un .

Then

Tt∧Vn = Tt ∧ Un.

(If t ≤ Vn, then the quadratic variation up to time Un is already greater than t. Thus,
the time up to which quadratic variation t is accumulated before Un is Un ≥ Tt. If the
other way around, t ≥ Vn, then t has not yet been reached as quadratic variation up to
Un.So, timepassesbeforet is reached, so time still passes, so Tt ≥ Un. It is clear in this case
TVn = Un.) Since {Vn ≤ t} = {Un ≤ Tt} ∈ Gt, Vn is a (Gt)t≥0-stop time. Furthermore, for a
(Gt)t≥0-stop time T , the following applies

E[Xt∧Vn∧T ] = E[YTt∧T∧Vn
] = E[YTt∧T∧Un ] = 0,

E[X2
t∧Vn∧T − t ∧ Vn ∧ T ] = E[Y 2

Tt∧Vn∧T
− t ∧ [Y]Un ∧ T ] = 0,

Furthermore, for s ≤ t

E[Xt∧Vn |Gs] = E[YTt∧Vn
|Gs] = E[YTt∧Un |Gs] = YTs∧Un = Xs∧Vn .

Thus, X is a local martingale with V1, V2, ... as a localizing sequence of stopping times. Fur-
thermore,

E[X2
t∧Vn
− t ∧ Vn|Gs] = E[Y 2

Tt∧Un
− [Y]Tt∧Un + [Y]Tt∧Vn

− t ∧ Vn|Gs]
= Y 2

Ts∧Un
− [Y]Ts∧Vn = X2

s∧Vn
− s ∧ Vn.

Since X 2 − t is a local martingale, the claim follows.

17.2 Martingale Representations

We now look at how to represent (continuous) local martingales can be represented as integrals
with respect to Brownian motion. Let Y be a local martingale. Then a Brownian motion
X is given and we are looking for a process H such that Y = H · X ; see Theorem 17.9. On
the other hand, the process H is given and a Brownian motion X is searched for, such that
Y = H · X holds; see Theorem 17.10.

Example 17.7. Let X = (Xt)t≥0 be a Brownian motion and Y = (Yt)t≥0 with Yt = X2
t − t.

1. We already know that Y = 2X · X holds. This means that we have found a process
H = 2X such that Y = H · X . The general case of this is treated in Theorem 17.9.
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2. Let H = 2X . We are looking for a Brownian motion X ′ such that Y = H·X ′. Of course,
in this example we could use the Brownian motion X ′ = X . But there is but there is
another way: We note that [Y] = H2 · λ according to example 16.30. Furthermore, we
use (at least for times t with Xt ̸= 0) the process X ′ = 1

2X
−1 · Y. This is a continuous

local martingale with [X ′] = 1
4X

−2 · [Y] = X−2X 2 · λ = λ as in Example 16.30. With
Theorem 17.3, it follows that X ′ is a Brownian motion. Furthermore, H·X ′ = 1

2X
−12X ·

Y = 1 · Y = Y by Proposition 16.46. The general case is treated in Theorem 17.10.

Proposition 17.8 (Representation of Y ∈ L2 by a Brownian integral).
Let X = (X 1, ...,X d) a d-dimensional Brownian motion, so that (Gt)t≥0 is the completed
generated filtration of X and Y ∈ L2 and measurable under G∞. Then there exists an almost
surely unique process H = (H1, ...,Hd) with E[

∫∞
0 ||Hs||22ds] <∞, such that

Y = E[Y ] +
d∑

i=1

(Hi · X i)∞.

Proof. Blumenthal’s 0-1 law, Theorem 15.1, shows that E[Y |G0] = E[Y ] applies. Thus, it
suffices to assume that E[Y ] = 0. Let I denote the Hilbert space of the G∞-measurable
random variables Z with E[Z] = 0 and E[Z2] < ∞, and J ⊆ I is the subspace of random
variables that allows the desired representation Z =

∑d
i=1(Hi · X i)∞. This representation is

unique: namely, let Z =
∑d

i=1(Hi · X i)∞
∑d

i=1(Ki · X i)∞, then

0 = E
[
(

d∑
i=1

(Hi −Ki) · X i)2∞

]
= E

[[ d∑
i=1

(Hi −Ki) · ConXi
]
∞

]
=

d∑
i=1

E
[ ∫ ∞

0
(H i

s −Ki
s)

2ds
]
,

so that Hi = Ki is almost surely. Analogously, it follows that if I is complete, then so is J ,
and that for Z =

∑d
i=1(Hi · X i)∞ ∈ J

E
[ ∫ ∞

0
||Hs||2ds

]
= E[Z2] <∞.

Thus, J ⊆ I is a closed subspace and we have to show that for Y ∈ I with Y ⊥ J we always
have Z = 0. Then, in fact, J = I.

Let h = (h1, ..., hd) be deterministic functions with
∫∞
0 ||hs||

2
2ds <∞. Then

∑d
k=1 h

k · X k

is a local martingale with [
∑d

k=1 h
k · X k]t =

∫ t
0 ||hs||

2
2ds. By lemma 17.2 Z = (Zt)t≥ with

Zt = exp(i
∑d

i=1(h
k·X k)t+

1
2

∫ t
0 ||hs||

2
2ds) is a local martingale and Z−1 = i(Z·

∑d
k=1 h

k·X k) =

i(
∑d

k=1Zhk · X k), where the last equality follows from Proposition 16.46. Thus, Z − 1 ∈ J
and Y ⊥ J , that

0 = E[Y (Z∞ − 1)] = E
[
Y exp(i

d∑
i=1

(hk · X k)∞ + 1
2

∫ ∞

0
||hs||22ds)

]
If you choose specifically step functions h1, ..., hd, it follows from the uniqueness of the char-
acteristic function that

E[Y, (Xt1 , ..., Xtn) ∈ C] = 0

for t1, ..., tn ∈ [0,∞) and C ∈ Bn. This statement can now be extended to E[Y,C] = 0 for
C ∈ G∞. Since Y is measurable with respect to G∞, it follows that Y = 0.
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Theorem 17.9 (Representation of local martingales by Brownian integrals).
Let X = (X 1, ...,X d) be a d-dimensional Brownian motion such that (Gt)t≥0 is the completed
generated filtration of X , and Y = (Yt)t≥0 is a local (Gt)t≥0 martingale. Then Y has almost
surely continuous paths and there is an almost surely unique process H = (H1, ...,Hd) such
that

Y = Y0 +

d∑
i=1

Hi · X i

almost surely.

Proof. The most important step is to show that Y almost surely has continuous paths. At
first, it is sufficient to show this assertion if Y is uniformly integrable. (This can be achieved
by a localizing sequence of stopping times.) So we write Yt = E[Y∞|Gt] for a G∞-measurable
random variable Y∞. Further, we choose bounded random variables Y 1

∞, Y
2
∞, ..., such that

E[|Y n
∞ − Y∞|] ≤ 3−n. Since Y n

∞ ∈ L2, we can Proposition 17.8 write Y n
∞ as an integral with

respect to X . In particular, with Y n
t := E[Y n

∞|Gt], the martingale (Y n
t )t≥0 is continuous.

Furthermore, it follows from Lemma 13.25 that

P(sup
t≥0
|Y n

t − Yt| > 2−n) ≤ 2nE[|Y n
∞ − Y∞|] ≤ (2/3)n.

Since the right-hand side is summable, the Borel-Cantelli lemma implies the uniform con-
vergence of Yn against Y. Since the uniform limit of continuous functions is continuous,
Y is continuous. Since Y is now continuous, there is a stopping time T such that YT is
bounded. Applying Proposition 17.8 again shows that YT = (

∑d
k=1Hk · X k)T for suitable

H1, ..., Hd.

In the next result, we need an extension of the probability space (Ω,F ,P). This is a space
(Ω′,F ′,P′) such that the embedding Ω→ Ω′ is measure-preserving. It is important to realize
that further stochastic processes can be defined on Ω′.

Theorem 17.10 (Integral Representation of Local Martingales).
Let Y = (Y1, ...,Yd) be a vector of continuous local martingales with Y i

0 = 0, i = 1, ..., d and

[Y i,Yj ]t =
n∑

k=1

∫ t

0
H i,k

s Hj,k
s ds

for progressively measurable processes Hi,k = (H i,k
t )t≥0, i = 1, ..., d, k = 1, ..., n. Then there

exists a extension of the probability space and a Brownian motion X = (X1, ..., Xn) with

Y i =

n∑
k=1

H i,k ·Xk, i = 1, ..., d.

Proof. We consider the d × n matrix (Hi,k
t )i=1,...,d,k=1,...,n. Let Nt ⊆ Rn be the kernel and

Rt ⊆ Rd be the image of the corresponding linear map. Furthermore, let N⊥
t and R⊥

t be
the orthogonal spaces. We denote the projections onto these subspaces by πNt , πN⊥

t
, πRt

and πR⊥
t
. Then (Hi,k

t )i=1,...,d,k=1,...,n is a bijection N⊥
t → Rt and we denote its inverse with

((Hi,k
t )−1)i=1,...,d,k=1,...,n.
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We extend the probability space by an independent Brownian motion Z = (Z1, ...,Zn),
and by Gt = σ(Ft, (Zs)s≤t). Then Y is a local martingale and Z is a martingale with respect
to (Gt)t≥0. We now define

X = H−1πR · Y + πN · Z.

Thus

dX k
t =

{∑d
i=1(H

i,k
t )−1dY i

t , Ht ∈ Rt

dZt, Ht /∈ Rt

,

d[X k,X l]t =

{∑d
i,j=1(H

i,k
t )−1(Hj,l

t )−1d[Y i, ConY j ]t, Ht ∈ Rt,

δkldt, Ht /∈ Rt

Since, by assumption,

d∑
i,j=1

(H i,k
t )−1(Hj,l

t )−1d[Y i,Yj ]t =

n∑
m=1

d∑
i,j=1

(H i,k
t )−1(Hj,l

t )−1H i,m
t Hj,m

t dt

=

n∑
m=1

δkmδlmdt = δkldt,

so d[X k,X l] = δkl · λ. According to Theorem 17.3, X is therefore a Brownian motion. Fur-
thermore, Proposition 16.46 applies

Y i = 1 · Y i =
d∑

j=1

δij · Yj =
n∑

k=1

d∑
j=1

(Hi,k · (Hj,k)−1 · Yj =
n∑

k=1

Hi,k · X k.

17.3 Change of Measure and Transformations of the Drift

We now turn to two measures P and Q on the measure space (Ω,F) on which our stochastic
processes are defined. We always assume that this space is equipped with a filtration (Ft)t≥0

that is right-continuous and complete (with respect to P); we write F∞ := σ((Ft)t≥0). Since
the martingale property requires a conditional expectation , and this in turn requires a prob-
ability measure, we will now speak of P-martingales and Q-martingales, respectively. Fur-
thermore, we write EP[.] for expectation values with respect to P and EQ[.] for expectation
values with respect to Q.

We know from the Radon–Nikodym theorem, Corollary 4.17, that in the case Q≪ P (on
F) there is a random variable Z with EP[Z] = 1, so that Q(A) = EP[Z,A] holds. However,
if only Q ≪ P on Ft, i.e. P-nullsets N ∈ Ft are also Q-nullsets, there is at least a Ft-
measurable random variable Zt such that Q(A) = EP[Zt, A] for A ∈ Ft. We now want to
consider this case. We recall that Z ·P for a non-negative random variable Z with EP[Z] = 1
is the probability measure with density Z with respect to P

Example 17.11 (Transformation of Brownian Motion from Proposition 13.48). We already
know the basic example of a change of measure in Proposition 13.48. Let X be a Brownian
motion, let P be its distribution, let (Ft)t≥0 be the generated filtration, and let Z = (Zt)t≥0

with Zt = exp(µXt− 1
2µ

2t) and Q = Zt ·P on Ft. Then we showed that the distribution of X
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under Q is just that of a process Y with Yt = Xt + µt. So, by changing the measure, we have
changed the drift of the Brownian motion. Changing the distribution of a stochastic process
by changing the measure is exactly the topic covered here.

Lemma 17.12 (Measure transformations and martingales). Let E be a Polish space and P a
probability measure on (EI , (B(E))I) for I = [0,∞). Further, let (Ft)t≥0 be a right-continuous
and complete filtration.

1. If Z = (Zt)t≥0 with Zt ≥ 0 and Z0 = 1 is a P− ((B(E))t)t≥0 martingale, then there is
a probability measure Q on (EI , (B(E))I) such that Q = Zt ·P on Ft, t ≥ 0.

2. Let Q be a probability measure such that Q = Zt ·P on Ft, t ≥ 0, for suitable Zt. Then
Z = (Zt)t≥0 is a P-martingale. It is uniformly integrable if and only if Q≪ P on F∞.
Furthermore, a process X is a Q-martingale if and only if XZ is a P-martingale.

Proof. 1. We define a projective family of probability measures on E[0,∞) by means of the
martingale Z. For this purpose, let J = {t1, ..., tn} with t1 < ... < tn. Then we define

QJ(A1 × ...×An) := EP[Ztn , A1 × · · · ×An].

This family is projective because for H = {t1, ..., tn−1

(πJH)∗QJ(A1 × ...×An−1) := EP[Ztn , A1 × · · · ×An−1] = EP[Ztn−1 , A1 × · · · ×An−1]

= QH(A1 × ...×An−1)

due to the martingale property of Z. Thus, by Theorem 5.24 a probability measure Q exists
with the required properties.

2. Let X = (Xt)t≥0. It is clear that Xt belongs to L
1(Q) if and only if XtZt ∈ L1(P). In

this case, EQ[Xs, A] = EQ[Xt, A] for A ∈ Fs (which means that X is a Q-martingale) holds
only if EP[ZsXs, A] = EP[ZtXt, A] . The latter is the case for all s ≤ t if and only if XZ is
a P-martingale. Thus, we have shown the last assertion. If we choose X = 1, it follows in
particular that Z must be a P-martingale.

It remains to be shown that Q ≪ P if and only if Z is equally integrable. First, assume
that Z is equally integrable. Then, by Theorem ?? (and Theorem ??) Z converges in L1 to
a random variable Z∞. Therefore, Q(A) = E[Z∞, A] for all A ∈

⋃
t≥0Ft. This property can

be extended as usual for all A ∈ F∞, which means that Q = Z∞ ·P. In particular, Q≪ P.
If the reverse is true, Q ≪ P, then there is a Z with Q = Z · P on F∞. Thus, necessarily
Zt = EP[Z|Ft]. Furthermore, by lemma 11.5, Z is equipollarly integrable.

Lemma 17.13 (Measure transformation at stopping times). Let Q = Zt · P on Ft, t ≥ 0.
Then, for every stopping time T ,

Q = ZT ·P on Ft ∩ {T <∞}.

Furthermore, a process X is a local Q-martingale if and only if XZ is a local P-martingale.

Proof. Let A ∈ FT . Then, due to monotone convergence and the optional sampling theorem,

Q(A ∩ {T <∞}) = lim
t≥0

Q(A ∩ {T ≤ t}) = lim
t≥0

EP[Zt, A ∩ {T ≤ t}]

= lim
t≥0

EP[ZT∧t, A ∩ {T ≤ t}] = EP[ZT , A ∩ {T <∞}].
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Therefore, Q = ZT · P on Ft ∩ {T < ∞}. Furthermore, for a stopping time T , the process
X T is a Q-martingale if and only if X TZ is a P-martingale. If we write Z = ZT +(Z −ZT ),
it is clear that X T (Z − ZT ) is a P-martingale. Thus, X TZ is a P-martingale if and only if
X TZT is a P-martingale. Thus, all assertions are shown.

Theorem 17.14 (Girsanov Transformation). 1. Let Q = Zt · P on Ft, t ≥ 0, where
Z = (Zt)t≥0 has continuous paths (P-almost surely). If M is a continuous, local
P-martingale, then, Q-almost surely, the process Z−1 · [M,Z] is locally bounded and

M̃ :=M−Z−1 · [M,Z] is a local Q-martingale.

2. A continuous process Z > 0 is a local P-martingale if and only if

Z = exp(N − 1
2 [N ])

for a continuous local P-martingale N . In this case, N is almost surely unique, and for
every continuous local P-martingale M, [M,N ] = Z−1 · [M,Z]. Thus, if Q = Zt · P
on Ft, then =̃M−Z−1 · [M,Z] =M− [M,N ] is a local Q-martingale.

Proof. 1. We first assume that Z−1 · [M,Z] < ∞ is finite. Then M̃ is a continuous P-
semimartingale, and from the formula for partial integration, Theorem 16.48, it follows that

M̃ · Z − M̃0Z0 = M̃ · Z + Z · M̃+ [M̃,Z]

= M̃ · Z + Z ·M−Z · Z−1 · [M,Z] + [ widetildeM,Z]

= M̃ · Z + Z ·M.

Therefore, M̃Z is a local P-martingale. By lemma 17.13, M̃ is a local
In the general case, we define Tn := inf{t ≥ 0 : Zt ≤ 1/n}. Then, just as above, M̃Tn is a

local Q-martingale. Furthermore, Tn ↑ ∞ is measurable under P, because

lim
n→∞

Q(Tn ≤ t) = lim
n→∞

EP[Zt, Tn ≤ t] = lim
n→∞

EP[ZTn∧t, Tn ≤ t]

= lim
n→∞

EP[ZTn , Tn ≤ t] = lim
n→∞

EP[1/n, Tn ≤ t] = 0

for every t ≥ 0. Thus, by Lemma 16.27, M̃ is a local Q-martingale.
2. If N is a local P-martingale, then by the Itô formula

exp(N − 1
2 [N ])− exp(N0) = exp(N − 1

2 [N ]) · (N − 1
2 [N ]) + 1

2 exp(N −
1
2 [N ]) · [N ]

= exp(N − 1
2 [N ]) · N .

In particular, exp(N − 1
2 [N ]) is a local P-martingale. If, on the other hand, Z > 0, then the

Itô formula again yields

logZ − logZ0 = Z−1 · Z − 1
2Z

−2 · [Z] = Z−1 · Z − 1
2 [Z

−1 · Z],

and the assertion can be read off for N = logZ0 + Z−1 · Z. The almost certain uniqueness
of N follows from the uniqueness of logZ and Theorem 16.26. Furthermore, for a local
P-martingaleM

[M,N ] = [M,Z−1 · Z] = Z−1 · [M, ConZ].
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The quadratic variation [X ] of a continuous semimartingale X = A +M was defined
as the almost uniquely process of locally bounded variation such that M2 − [X ] is a local
martingale. Since this latter property depends on the probability measure P, [X ] depends on
P. Therefore, we now write [X ]P for the quadratic variation with respect to the probability
measure P. However, in the next result, it turns out that [X ] is not changed by transformation
of P. Furthermore, we have defined H · X by a martingale property. Therefore, we write
(H · X )P for the stochastic integral with respect to P. Again, the stochastic integral is not
affected by a change of measure. (This is clear for H ∈ S.)

Proposition 17.15 (Quadratic variation does not change under change of measure). Let
Q = Zt · P on Ft and Z = (Zt)t≥0 be continuous. Then every P-semimartingale X is also
a and [X ]P = [X ]Q. Furthermore, it holds that (H · X )P = (H · X )Q for Q-almost sure
H ∈ LP(X ), hence in particular LP(X ) ⊆ LQ(X ). Furthermore, for every P-martingale M,
we have

H ·M−Z−1 · [H ·M,Z] = H · (M−Z−1 · [M,Z]).

Proof. If X = A+M is a P-semimartingale, we write X = (A+Z−1 ·[M,Z])+(M−Z−1 ·[Z]
is the decomposition of X into the process of locally bounded variation A+Z−1 · [M,Z] and
the Q-martingaleM−Z−1 · [M,Z]. Thus, X is also a Q-semimartingale.

The assertion [X ]P = [X ]Q follows from lemma 16.50. If H ∈ LP(X ), then H ∈ LP(A),
and thus also H ∈ LQ(A). Furthermore, is H2 ∈ LP([X ]) and it follows H2 ∈ LQ([X ]) =
LQ([M]) = LQ([M− Z−1 · [H ∈ LQ(Z−1 · [M,Z]). Since Q-almost surely Z > 0, it suffices
to show that H ∈ LQ([M,Z]) = LQ([ Z−1 · [M,Z],Z]). Since H2 ∈ LQ([M−Z−1 · [M, Z]),
the assertion follows from Proposition 16.33.

Remark 17.16 (Completeness of the filtration). The usual conditions for a filtration to hold
are right-continuity and completeness (with respect to a probability measure P). We will
abandon the latter in the next result, and for good reason: let X be a Brownian motion, then

Xt

t

t→∞−−−→ 0

P-almost surely. In particular, for every µ ̸= 0,
{
Xt/t

t→∞−−−→ µ
}
is a P-null set. However, if

we now transform as in Proposition 13.48 Q = Zt ·P, so that X under Q becomes a Brownian

motion with drift µ, then Q
{
Xt/t

t→∞−−−→ µ
}
= 1. In particular, then hold Q ≪ P (on F∞).

Therefore, we do not require the completeness of the filtration (Ft)t≥0.

Theorem 17.17 (Deterministic Transformation of Brownian Motion). Let X = (X 1, ...,X d)
with X i = (Xi

t)t≥0 be a Brownian motion in Rd with canonical filtration (Ft)t≥0, and h : [0,∞)
to Rd with h(0) = 0. Further, let P0 be the distribution of X and Ph be the distribution of
X +h. Then P0 ∼ Ph on every Ft if and only if hi = fi ·λ for functions fi with (f2i ·λ)t <∞
for all t ≥ 0. In this case holds

Ph = exp
(( d∑

i=1

fi · X i − 1
2f

2
i · λ

)
t

)
·P0

on Ft.
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Proof. First, let P0 ∼ Ph on every Ft. Then there is a P0-martingale Z such that Ph = Zt ·P0

on Ft. According to Theorem 17.9, Z has continuous paths. To see that Z > 0 holds, let T
be the hitting time of 0 of Z. Assuming T < t with positive probability for a t > 0, then by
lemma 17.13 there would be a set A with Ph(A) = 0, P0(A) > 0, in contradiction to P0 ∼ Ph.
By theorem 17.14.2 there is a local martingaleM such that Z = exp(M− 1

2 [ ConM ]). With
Theorem 17.9 there are processes H1, ...,Hd with ((Hi)2 · λ)t < ∞ for all t ≥ 0, so that
M =

∑d
i=1Hi ·X i. Now, each of the processes X i−[X i,M] = X i−Hi ·λ is, by Theorem 17.14,

a continuous Ph-martingale with quadratic variation process λ, and vanishing covariations.
According to Theorem 17.3, it is therefore a Ph-Brownian motion. Now

X i = (X i −Hi · λ) +Hi · λ = (X i − hi) + hi,

which is two decompositions of the Ph-semimartingale X i. Since this decomposition is unique,
it follows that hi = Hi · λ. Thus, Hi is deterministic, i.e. hi = f i · λ for some suitable f i.
Therefore,M =

∑d
i=1Hi · X i =

∑d
i=1 f

i · X i.
Conversely, let hi = fi · λ for suitable f1, ..., fd. Using the Itô formula, it is calculated

that exp
(∑d

i=1 fi ·X i− 1
2f

2
i ·λ

)
t≥0

is a P0-martingale. By lemma 17.12 there is a probability

measure Q with Q = exp
(∑d

i=1 fi · X i − 1
2f

2
i · λ

)
t
·P0 on Ft. Furthermore, Theorem 17.14

implies that X i − [X i,
∑d

j=1 fj · X j ] = X i − fi · λ = Coni is a martingale with quadratic

variation λ and vanishing covariation. Thus, (X 1 − h1 · λ, ...,X d − hd · λ) is a Q-Brownian
motion, and therefore Q = Ph. In particular, P0 ∼ Ph on Ft.

17.4 Local time

The Itô formula can only be applied to twice continuously differentiable functions f . However,
it is sometimes desirable to describe other functions of continuous semimartingals. Let be
a Brownian motion X . Is then |X | a semimartingale? The answer to this question leads to
local time and the representation

|Xt| − |X0| =
∫ t

0
sgn(Xs)dXs + Lt or |X | − |X0| = sgn(X ) · X + L, (17.2)

where L = (Lt)t≥0 is called the local time of the Brownian motion at point 0 and

sgn(x) :=

{
1, x ≥ 0,

0, x < 0.
(17.3)

where L is an almost surely non-decreasing process (and thus has locally finite variation).
The right-hand side of (17.2) is best visualized as follows : if Xt > 0, then the change in |X |
in the time interval [t, t + dt] is identical to the change in X . On the other hand, if Xt < 0,
then this change is precisely the negative change of X . Furthermore, if Xt = 0, then |X | in
[t, t + dt] increases. On the other hand, such times do not play a role for the integral with
respect to X , since these times are a Lebesgue null set. Therefore, L is is the non-decreasing
process, which grows if and only if |X | = 0, so that (17.2) is true. (One can show in particular
that

Lt := lim
h→0

1

h

∫ t

0
1{|Xs|<h}ds

holds.
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Since the construction of local time works not only for Brownian motion but for general
continuous semimartingales, we formulate the existence of local time in this case.

Theorem 17.18 (Tanaka’s Formula). Let X = (Xt)t≥0 be a continuous semimartingale.
Then there exists a continuous non-decreasing adapted process L = (Lt)t≥0 with

|Xt| − |X0| =
∫ t

0
sgn(Xs)dXs + Lt.

It is almost surely true that ∫ ∞

0
1Xs ̸=0dLs = 0,

i.e. L only increases if Xs = 0. Furthermore,

Lt = 0 ∨ (−|X0| − inf
s≤t

(sgn(X ) · X )s).

To prove the theorem, we need an elementary statement.

Lemma 17.19. Let f : [0,∞) → R be continuous with f(0) ≥ 0. Then there is exactly one
non-decreasing continuous function g with g(0) = 0 such that f+g ≥ 0 and

∫
1{f+g>0}dg = 0,

namely
g(t) := 0 ∨ sup

s≤t
(−f(s)).

Proof. OBdA is f(0) = 0. Otherwise, we assume the function f(t+ t0), where t0 is the first
time with f(t) = 0. In this case, we claim that g(t) := sups≤t(−f(s)) is the only function
with the given properties. For this function, we first have

f(t) + g(t) ≥ f(t)− inf
s≤t

f(s) ≥ f(t)− f(t) = 0.

Furthermore, if f + g > 0 on the interval (t, t′), then g(t) = − infs≤t f(s) = − infs≤t′ f(s) =
g(t′), from which

∫
1{f+g>0}dg = 0 follows.

Now we check the uniqueness. Let g and g′ be two functions with the given properties.
If g(t) < g′(t) for some t ≥ 0, then we define r := sup{s ≤ t : g(s) = g′(s)}. Then
f + g′ ≥ f + g′ − f − g = g′ − g > 0 on (r, t]. From

∫
1{f+g′>0}dg

′ = 0 follows that
g′(r) = g′(t). And thus 0 < g′(t)− g(t) ≤ g′(r)− g(r) = 0, which is a contradiction .

Proof of Theorem 17.18. We will approximate the function f(x) = |x| by C∞ functions, and
apply the Itô formula to these. For this purpose, let φ ∈ C∞(R) be a increasing function such
that φ(x) = −1 for x ≤ 0 and φ(x) = 1 for x ≥ 1. Then we choose fn such that f ′n(x) = φ(nx)
and fn(0) = 0. Then fn ↑ f uniformly for all x ∈ R. The Itô formula yields

fn(X )− fn(X0) = f ′n( ConX) · X + Ln

with Ln = 1
2f

′′
n( ConX)·[ ConX ]. Since f ′′n(x) = 0 for x ≥ 1/n, 1{X>1/n}·Ln = 1{X>1/n}f

′′
n( Conn)·

[X ] = 0. Furthermore, since supt≥0 |f ′n(Xt) − sgn(Xt)|
n→∞−−−→fs 0, it follows from Proposi-

tion 16.47 that f ′n(X )·X
n→∞−−−→p sgn(X )·X uniformly on compact. Furthermore, fn(X )

n→∞−−−→
fs|X | uniformly for all t, so Ln = fn(X ) − fn(X0) − f ′n(X ) · X converges in probability to
|X | − |X0| − sgn(X ) · X . We denote this limit by L. Since Ln is non-decreasing, L is

242



non-decreasing as well. If we regard Ln as the distribution function of a measure, then Ln
converges weakly to L. Thus, by Theorem 9.6(iii), since X is continuous ,

1{X>1/m} · L ≤ lim inf
n→∞

1{X>1/m} · L.

With m→∞ the second assertion follows. The last assertion follows if we apply lemma 17.19
for the process |X0|+

∫ t
0 sgn(Xs)dXs instead of . Namely, it follows directly that the function

g must be the local time L itself.

Corollary 17.20. The same situation as in Theorem 17.18 applies to

X+
t −X

+
0 =

∫ t

0
1{Xs>0}dXs +

1
2Lt,

X−
t −X

−
0 =

∫ t

0
1{Xs<0}dXs +

1
2Lt.

Proof. We just note that x+ = 1
2(x+ |x|) and x− = 1

2(x− |x|).

As an application of local time, we recall Theorem 15.8. There we have for a Brownian

motion (Xt)t≥0 started at 0 and Mt = sups≤tXs that Mt − Xt
d
= |Xt|. In remark 15.9, we

claimed that this equality in distribution also holds along the entire path. We can now verify
this.

Proposition 17.21 (Path-valued reflection principle). Let X be a Brownian motion started
at 0 and L be the local time at 0 as in Theorem 17.18. Further, let M = (Mt)t≥0 with
Mt = sups≤tXs. Then

(L, |X |) d
= (M,M−X ).

Proof. We define X ′ = −sgnX · X . Then X ′ is a continuous local martingale with [X ] =
(sgn(X )2 · [X ] = λ. Thus, X ′ is also a Brownian motion. Furthermore,

M ′
t := sup

s≤t
X ′

s = − inf
s≤t

(sgnX · X )s = Lt

and by the Tanaka formula

|X | = −X ′ + L =M′ −X ′.

It follows that (L, |X |) = (M′,M′ −X ′)
d
= (M,M− Con).

18 Stochastic differential equations and diffusions

In many fields of application, such as biology, financial mathematics, or engineering, the
processes described by stochastic differential equations, are particularly important. These
are best thought of as the solution of ordinary differential equations, but with a noise term
integrated in, so that the solution is a stochastic process.
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18.1 Stochastic differential equations

In this section, we study equations of the form

dXi = µi(t,Xt)dt+
n∑

j=1

σij(t,X)dW j
t , (18.1)

with Xt = (X1
t , ..., X

d
t ), where W = (Wj)j=1,...,n with Wj = (W j

t )t≥0 is an n-dimensional
Brownian motion, and t 7→ µi(t,Xt), t 7→ σij(t,Xt), i = 1, ..., d, j = 1, ..., n are progressively
measurable processes. Such equations are also called stochastic differential equations or SDEs
(from Stochastic Differential Equations). Abbreviated we also write µ = (µi)i=1,...,d, σ =

(σij)i=1,...,d,j=1,...,n and

dX = µ(t,X)dt+ σ(t,X)dW.

or in integral notation

Xt = X0 +

∫ t

0
µ(s,Xs)ds+

∫ t

0
σ(s,X)dW s

or even shorter

X = µ(.,X ) · λ+ σ(., X) · W.

Example 18.1 (Some simple cases). 1. If σij = 0 for all i, j, then (18.1) becomes

dXi = µi(t,X)dt, or Ẋi = µi(t,X).

Equations of this form are also referred to as (ordinary) differential equations.

2. An especially simple differential equation is Ẋ = µX, which is solved by Xt = X0e
µt.

But what about
dX = µXdt+ σXdW

? We can rewrite this as d(lnX) = µdt+ σdW . This formulation suggests applying the
Itô formula to the (yet to be process (lnXt)t≥0). This yields (because [X ] = [σX ·W] =
σ2X 2 · λ)

d lnX =
1

X
dX − 1

X2
d[X ] = µdt+ σdW − 1

2σ
2dt,

or also

lnXt = lnX0 + (µ− 1

2
σ2)t+ σWt.

Solving for Xt yields

Xt = X0 exp
(
(µ− 1

2
σ2)t+ σWt

)
.

The process X is also called geometric Brownian motion and will be a model for the
development of a share price in the section on financial mathematics .
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It turns out that equations of the form (18.1) allow for different solution concepts.

Definition 18.2 (Strong and weak solutions of an SDE). We write X = (X i)i=1,...,d with
X i = (Xi

t)t≥0.

1. Let (Ω,F ,P) be a probability space on which an n-dimensional Brownian motion W is
defined, and (Ft)t≥0 be the filtration generated by W. A (Ft)t≥0-adapted process X , for
which (18.1) (with the given Brownian motion W) applies, is called a strong solution
of the SDE (18.1).

2. A probability space (Ω,F ,P), on which an n-dimensional Brownian motion W with
generated filtration (Ft)t≥0, and an adapted process X are defined, for which (18.1)
hold, is called a weak solution of the SDE (18.1). In short, we also say that (W,X ) is
a weak solution.

The difference between a strong and a weak solution is that for strong solutions, the Brownian
motion W is given in advance. For weak solutions, not only the process X that solves (18.1)
is sought, but also the Brownian motion W that appears on the right-hand side in (18.1).
It is clear that every strong solution also allows for a weak solution. The examples from
Example (18.1) were all strong solutions.

Example 18.3 (An SDE that is weakly but not strongly solvable). We consider the SDE

dX = sgn(X)dW, (18.2)

where sgn is defined as in (17.3). Since (sgn(X))2 = 1 holds, no matter what the process X
looks like, it follows that the solution of this SDE must be a Brownian motion. (After all, the
solution is a local martingale with [X ]t = t; see Theorem 17.3.)

We now show that there is a weak solution to (18.2) : For this, let X = (Xt)t≥0 be any
Brownian motion and W = sgn(X ) · X . Then, by Proposition (16.46),

X = sgn(X )2 · X = sgn(X ) · sgn(X ) · X = sgn(X ) · W.

Thus, (W,X ) is a weak solution of the SDE (18.2).
On the other hand, we now show that there cannot be a strong solution of (18.2). Suppose

that X is a strong solution of (18.2) for a given Brownian motion W. Then X is a Brownian
motion for which

W = 1·W = (sgn(X ))2· Constance = sgn( Constance)· Constance = | Constance|−|X0|− LX

due to (17.2), where LX is the local time of X at point 0. In particular, it follows that
σ(Xs : s ≤ t) ⊋ Ft (after all, it is not possible to tell from the right-hand side of the last
equation in which direction X has gone at points where 0 is met). This is in contradiction to
the fact that X is adapted to (Ft)t≥0. Thus, there cannot be a strong solution of (18.2).

We now come to the existence and uniqueness theorem for strong solutions of SDEs. In the
following, we will use the notation > from remark 10.13.

Theorem 18.4 (Strong Solutions of SDEs). Let Xi
t be a process on [0, τ ] with the following

SDE

Xi
t = Xi

0 +

∫ t

0
µi(s,Xs)ds+

n∑
j=1

∫ t

0
σij(s,Xs)dW

j
s (18.3)
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on [0, τ ] with a Brownian motionW = (Wj)j=1,...,n, with µ
i, i = 1, ..., d and σij , i = 1, ..., d, j =

1, ..., n, for which

||µ(t, x)||2 + ||σ(t, x)||2 > 1 + ||x||2, (18.4)

||µ(t, x)− µ(t, y)||2 + ||σ(t, x)− σ(t, y)||2 > ||x− y||2 (18.5)

for x, y ∈ Rd, 0 ≤ t ≤ τ (where ||σ||22 =
∑

(σij)2) holds. Furthermore, let Z be a random

variable with values in Rd with E[||Z||22] < ∞, which is independent of the sigma algebra
generated by W. Then there is a unique, adapted to (σ((W s)s≤t, Z))t≥0 and t-continuous

solution XZ = (X
Z
t )t≥0 of (18.3) with X

Z
0 = Z and E

[ ∫ τ
0 ||Xt||22dt

]
<∞. Furthermore, the

mapping z 7→ X z (for deterministic z) is continuous in z (where the space of paths of X is
equipped with the uniform convergence on compact).

Before we prove the theorem, we need two lemmas.

Lemma 18.5. We denote by (t, x) 7→ Si(t, x) the ith row of the right-hand side of the
SDE (18.3). Then under the same conditions as in Theorem 18.4 for two continuous adapted
processes (Xt)t≥0 and (Y t)t≥0

E[ sup
0≤s≤t

(Si(s,Xs)− Si(s, Y s))
2] ≤ c ·E[||X0 − Y 0||22] + c(1 + t) ·

∫ t

0
E[||Xs − Y s||22]ds,

where c > 0 is a constant that does not depend on the two processes .

Proof. We use Doob’s inequality and the Lipschitz continuity of the functions µi and σij for

E[ sup
0≤s≤t

(Si(Xs)− Si(Y s))
2] > E[(Xi

0 − Y i
0)

2] +E
[

sup
0≤s≤t

(∫ s

0
µi(r,Xr)− µi(r, Y r)dr

)2]
+E

[
sup
0≤s≤t

(∫ s

0

n∑
j=1

σij(r,Xr)− σij(r, Y r)dW
j
r

)2]
> E[||X0 − Y 0||22] +E

[( ∫ t

0
|µi(s,Xs)− µi(s, Y s)|ds

)2]
+E

[( ∫ t

0

n∑
j=1

σij(s,Xs)− σij(s, Y s)dW
j
s

)2]
= E[||X0 − Y 0||22] +E

[( ∫ t

0
|µi(s,Xs)− µi(s, Y s)|ds

)2]
+E

[∫ t

0

n∑
j=1

(σij(s,Xs)− σij(s, Y s))
2ds

]

> E[||X0 − Y 0||22] +E

[(∫ t

0
||Xs − Y s||1ds

)2]
+E

[ ∫ t

0
||Xs − Y s||22ds

]
> E[||X0 − Y 0||22] + (1 + t)

∫ t

0
E
[
||Xs − Y s||22

]
ds.
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Lemma 18.6 (Gronwall’s lemma). Let f : [0,∞)→ R be a continuous function with

f(t) ≤ a+ b

∫ t

0
f(s)ds or ḟ ≤ bf

for a, b ≥ 0. Then
f(t) ≤ aebt

for all t ≥ 0.

Proof. From the assumption, it follows immediately

d

dt

(
e−bt

∫ t

0
f(s)ds

)
=
(
f(t)− b

∫ t

0
f(s)ds

)
e−bt ≤ ae−bt.

Integration yields ∫ t

0
f(s)ds ≤ ebta

∫ t

0
e−bsds =

a

b
(ebt − 1).

Subtracting the result from the derivative at t yields the result.

Proof of Theorem 18.4. First, we show uniqueness. Suppose there are two solutions XZ =
(Xt)t≥0 and YZ = (Yt)t≥0 of (18.3) with the same initial value Z. Then it follows from
lemma 18.5 that

E[ sup
0≤s≤t

||Xs − Y s||22] ≤
d∑

i=1

E[ sup
0≤s≤t

(Si(s,Xs)− Si(s, Y s))
2]

> (1 + t)

∫ t

0
E[ sup

0≤s≤t
||Xs − Y s||22].

(18.6)

Therefore, the following applies to the function v : t 7→ E[sup0≤s≤t ||Xs − Y s||22]||] (restricted
to t ∈ [0, τ ]), that v̇ ≤ cv for a constant c and v(0) = 0. Using the Gronwall lemma, it follows
that v = 0. In particular, this means that XZ = YZ .

We now come to the existence of the strong solution. For this, we define recursively pro-
cesses X 0 = (X0

t )t≥0,X 1 = (X1
t )t≥0, ... with X 0 = Z, Xn+1

t = S(t,Xn
t ) with S = (Si)i=1,...,d

(and note that a solution of (18.3) exactly fulfills Xt = S(t,Xt)). Then the following applies

E[||X1
t −X0

t ||22] = E[||S(t, Z)− Z||22] = E
[ ∫ t

0
µ(s, Z)ds+

∫ t

0
σ(s, Z)dW s

]
> t(1 +E[||Z||22]).

because of (18.4), as well as

E[||Xk+1
t −Xk

t ||22] = E[||S(t,Xk
t )− S(t,Xk−1

t )||22]

> (1 + t)

∫ t

0
E[||Xk

s −Xk−1
s ||22]ds

due to lemma 18.5. Now, by induction, the existence of a constant c > 0 follows, such that

E[||Xk+1
t −Xk

t ||22] ≤
ck+1tk

(k + 1)!
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for k = 0, 1, 2, ... and 0 ≤ t ≤ τ . Now, again using Lemma 18.5

P( sup
0≤t≤τ

||Xk+1
t −Xk

t ||2 > 2−k) ≤ 4k ·E[ sup
0≤t≤τ

||S(t,Xk
t )− S(t,Xk−1

t )||22]

> 4k
∫ τ

0
E[||Xk

t −Xk−1
t ||22]dt ≤

(4cτ)k

k!
.

Since the right-hand side is summable, it follows from the Borel-Cantelli lemma that sup0≤t≤τ ||X l
t−

Xk
t ||2

k,l→∞−−−−→fs 0. Therefore, X k converges uniformly on [0, τ ] to a process X . With
lemma 18.5 one also shows that the convergence also holds in L2, so that X has the property
E
[ ∫ τ

0 ||Xt||22dt
]
<∞. Since Xk, k = 1, 2, ... is adapted to (σ((W s)s≤t, Z))t≥0 and continuous,

the same is true for X . It remains to be shown that X solves the SDE (18.3). However, this
is however, since Xt = limk→∞Xk

t = limk→∞Xk+1
t = limk→∞ S(t,Xk

t ) = S(t,Xt) due to the
continuity of S, which follows from lemma 18.5. With an analogous calculation to (18.6), it
finally follows that continuity of z 7→ X z uniformly on compacts.

Remark 18.7 (Itô-Diffusionen). Given an SDE (18.3), where µ and σ do not depend on t,
so that µ(t, x) = µ(x) and σ(t, x) = σ(x). In this case, the solution of the SDE is called
an Itô-diffusion. (More generally, a strong Markov process with continuous paths is called a
diffusion. There are also other diffusions than Itô-diffusions, for example |X | is a diffusion
if X is a Brownian motion.)

In a sense, all solutions of SDEs are Itô-diffusions: namely, if we introduce a new variable
Xd+1

t := t and supplement the SDE (18.3) by dXd+1
t = dt, and if we write µ(t;x1, ..., xd) =

µ(xd+1;x1, ..., xd) and σ(t;x1, ..., xd) = σ(xd+1;x1, ..., xd), we see that the right-hand sides
of the last two equations are independent of t. For this reason, we will only deal with Itô-
diffusions in the following, i.e. with SDEs of the form

dX = µ(Xt)dt+ σ(Xt)dW t. (18.7)

18.2 Martingale problems

Let X be a (weak) solution of the SDE (18.7), and let GX : C(2)b (Rd) → C(Rd) be the oper-

ator (here, C(2)b (Rd) is the space of real-valued, twice boundedly continuously differentiable
functions on Rd), given by

(GX f)(x) =
d∑

i=1

µi(x)
∂f

∂xi
(x) + 1

2

∑
i,j

(σij)2(x)
∂2f

∂xi∂xj
(x) (18.8)

with (σij)2 =
∑n

k=1 σ
ikσjk. Applying the Itô formula, we obtain

df(Xt) =

d∑
i=1

∂f

∂Xi
t

dXi + 1
2

d∑
i,j=1

∂2f

∂xi∂xj
d[X i,X j ]t

=

d∑
i=1

µi(Xt)
∂f

∂Xi
t

dt+ 1
2

d∑
i,j=1

∂2f

∂xi∂xj
(σij)2(Xt)dt+ dMf

t
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for the local martingaleMf = (Mf
t )t≥0, where

Mf
t =

d∑
i=1

n∑
j=1

∫ t

0

∂f

∂xi
(Xs)σ

ij(Xs)dW
j
s .

In other words,

Mf :=
(
f(Xt)− f(X0)−

∫ t

0
(GX f)(Xs)ds

)
t≥0

(18.9)

is a local martingale for all f ∈ C(2)b (Rd). The concept of (local) martingale problems high-
lights precisely this property. The question is therefore: given an operator GX (e.g. of the
form (18.8)), there exists a probability space with a stochastic process X such thatMf from
(18.9) is a local martingale for all f ∈ D(GX )?

Definition 18.8 (Local martingale problem). Let E be a Polish space, P0 a probability
measure on E and G a bounded operator with domain D(G) ⊆ B(E) (the set of bounded
measurable functions). For a stochastic process X = (Xt)t≥0 with paths in CE [0,∞) and state

space E, all derived processesMf = (Mf
t )t≥0,

Mf
t = f(Xt)− f(X0)−

∫ t

0
(Gf)(Xs)ds (18.10)

local martingales, and X0
d
= P0, then X is called the solution of the local (P0, G,D) martingale

problem (on CE [0,∞)).
If all Mf are even martingales, then it is said that X solves the (P0, G,D) martingale

problem . (If no distribution for X0 is specified, one also speaks of the (local) (G,D) martingale
problem.) If there is exactly one solution X for the (local) (P0, G,D) martingale problem, it
is said to be well-posed.

Example 18.9 (A simple martingale problem). Let E = Rd, P0 = δ0 and G the operator
on D(G) = {x 7→ xi, x 7→ xixj ; i, j = 1, ..., d} with Gxi = 0, Gxixj = δij. Then only the
d-dimensional Brownian motion solves the (P0, G,D) martingale problem. In particular, this
is well-posed.

Because: According to Theorem 17.3, a process X = (Xt)t≥0, Xt = (Xi
t)i=1,...,d is a d-

dimensional Brownian movement if and only if both (Xi
t)t≥0 and (Xi

tX
j
t − δijt)t≥0 are local

martingales. The latter is the case if and only if X solves the (G,D) martingale problem.

Weak solutions of SDEs of the form (18.3) and solutions of local martingale problems for
generators of the form (18.8) are closely related, as the following result shows.

Theorem 18.10 (Local martingale problems and weak solutions of SDEs). Let µ = (µ1, ..., µd)
and σ = (σij)i=1,...,d,j=1,...,n be continuous functions and P a probability measure on CRd [0,∞).
Then the SDE (18.3) has a weak solution with distribution P if and only if a process distributed

according to P solves the local martingale problem for (G, C(2)b (Rd)) with G as in (18.8).

Proof. If (W,X ) is a weak solution of (18.3), then we have already shown at the beginning of

this section under (18.8) that the distribution of X solves the local (G, C(2)b (Rd)) martingale
problem.
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Conversely, let X be a solution of the local (G, C(2)b (Rd)) martingale problem. Inserting
x 7→ xi into G, we see thatMi = (M i

t )t≥0 with

M i
t = Xi

t −Xi
0 −

∫ t

0
µi(Xs)ds

are local martingals. (Formally, we are only allowed to inserting bounded functions inG. From
this, inserting bounded functions f with f(x) = xi on An := {x : ||x||2 ≤ n} initially yields
that (M i

t∧T )t≥0 is a local martingale, where T is the hitting time of An. From Lemma 16.27,
it follows that Mi is a local martingale.) Furthermore, if we substitute xixj into G, we see

analogously thatMij = (M ij
t )t≥0 with

M ij
t = Xi

tX
j
t −Xi

0X
j
0 −

∫ t

0
Xi

sµ
j(Xs) +Xj

sµ
i(Xs)− (σij)2(Xs)ds

is a local martingale. Partial integration also yields

Mij = X i · X j + X j · X i + [X i,X j ]− ( Coniµj + X jµi + (σij)2) · λ
= X i · Mj + X j · Mi + [Mi,Mj ]− (σij)2 · λ.

From this we read that

[Mi,Mj ] = (σij)2 · λ =

n∑
k=1

σik(X )(σik)(X ) · λ.

From Theorem 17.10 it follows that there is an extension of the probability space and a
Brownian motion W = (W1, ...,Wn) with

X i − µi(X ) · λ =Mi =

n∑
k=1

σik(X ) · Wk.

This means that (W,X ) solves the SDE (18.3).

Weak solutions only depend on the joint distribution of the underlying Brownian motion W
and the solution of the SDE X . Therefore, it is possible to create weak solutions of SDEs
by measure transformations, i.e. by changing the distribution of the processes. This is done
with the Girsanov transformation known from Theorem 17.14.

Theorem 18.11 (The Girsanov transformation of solutions of SDEs). On a probability space
(Ω,F ,P) with filtration (Ft)t≥0, let X = (X 1, ...,X d) with X i = (Xi

t)t≥0 Solution of the SDE

dXt = µ(Xt)dt+ σ(Xt)dW t. (18.11)

for a P-Brownian motion W = (W1, ...,Wd). Furthermore, let γ : Rd → Rd be continuous
and let there be a progressively measurable process H in Rn with σ(X )H = γ(X ) and such
that

Z = exp
( n∑

j=1

Hj · Wj − 1
2(H

j)2 · λ
)

(18.12)
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is a martingale. Then define the measure Q by

Q = Zt ·P on Ft.

Then the process W̃ :=W −H · λ is a Brownian motion with respect to Q and

dXt = (µ(Xt) + γ(Xt))dt+ σ(Xt)dW̃ t. (18.13)

In other words: the pair (W̃ ,X ) is a weak solution of (18.13) (under Q).

Proof. The proof is an application of Theorem 17.14. First of all, we note that according to
this theorem, the process W− [W,

∑
HjWj ] =W−H·λ is a continuous local Q-martingale.

According to Proposition 17.15, this has the same covariation process as a Brownian motion
and is therefore, according to Theorem 9.33, a Brownian motion under Q. Furthermore,

(µ(X ) + γ(X )) · λ+ σ(X ) · W̃ = (µ(X ) + γ(X )) · λ+ σ(X ) · W − σ(X )H · λ = X .

Thus, all assertions are shown.

Corollary 18.12. Let X ,W, γ,H,Z be as in Theorem 18.11 and let Y = (Y1, ...,Yd) with
Y i = (Y i

t )t≥0 solution of the SDE

dY t = (µ(Y t)− γ(Y t))dt+ σ(Y t)dW t. (18.14)

Then

dY t = µ(Y t)dt+ σ(Y t)dW̃ t. (18.15)

In other words: Both (W,X ), and (W̃,Y) solve the SDE (18.11). (W,X ) is a (weak) solution

to (18.11) (under P, then (W̃,Y) solution to (18.13)) is also a weak solution to (18.11)
(under Q).

Proof. It remains only to show that (W̃,Y) solves the SDE (18.15). To do this, we write

µ(Y) · λ+ σ(Y) · W̃ = µ(Y) · λ+ σ(Y) · W − σ(Y)H · λ = Y.

Remark 18.13 (When is Z a martingale?). According to Theorem 17.14.2, Z from (18.12)
is always a local martingale. In applications, it is often important to show that the process
defined by Z in (18.12) is a martingale, since only (true, i.e., nonlocal) martingales can be used
to perform a change of measure. For this, it is sufficient, for example, (see remark 16.24.3),
if Z is bounded. Another condition for the martingale property of Z is called the Novikov
condition and is fulfilled if

E
[
exp

(
1
2

( n∑
j=1

∫ t

0
(Hj

s )
2ds
))]

<∞

holds for all t > 0. However, we will not show here that the martingale property of Z follows
from this.
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Example 18.14 (Transformation of Geometric Brownian Motion). The following example
plays an important role in financial mathematics. Let W = (Wt)t≥0 be a Brownian motion.
In example 18.1.2, we saw that X = (Xt)t≥0 with

Xt = exp
(
σWt + (µ− 1

2σ
2)t
)

is the solution of the SDE

dX = µXdt+ σXdW.

If we perform a measure transformation using Z = (Zt)t≥0,

Zt = exp(−µ
σWt − 1

2
µ2

σ2dt)

to a measure Q (i.e. Q = Zt ·P on Ft), then W̃ = σW + µ
σ t is a Brownian motion under Q

and X is a solution of

dX = σXdW̃ .

If X models a stock price process, then there exists the measure Q with respect to which this
price process is a martingale. Such a measure is also called a martingale measure (for the
stock price process X ).

18.3 Markov property

The solution of an SDE of the form (18.1) is usually thought of in such a way that the µi

indicate the direction of the process X i, and σij indicate the fluctuations that depend only
on and the infinitesimal increment of Brownian motion. In this description, it is clear that
the future evolution of the process after t depends only on t and. In other words, we would
expect to be a Markov process. We now show that this picture is correct.

Theorem 18.15 (Markov Property for Martingal Problems and SDEs). Let µ = (µ1, ..., µd)

and σ = (σij)i=1,...,d,j=1,...,n be continuous functions such that the local (P0, G, C(2)b (Rd)) mar-

tingale problem with G as in (18.8) is well-posed for every probability measure P0 on Rd with
solution X . Then X is a Markov process. If furthermore, x 7→ Pδx is continuous, then X
is strongly Markov. The generator GX of X has domain D(GX) ⊇ C(2)b (Rd) and has the

form (18.8) for f ∈ C(2)b (Rd).

Proof. LetMf be as in (18.10) and s, t ≥ 0 and θs the time-shift operator (i.e. θs((ωt)t≥0) =
(ωt+s)t≥0. Then holds for A ∈ Fs

E[((Mf
t −M

f
0 ) ◦ θs, A] = E[((Mf

t+s −Mf
s ), A] = 0,

sinceMf is a martingale. It follows immediately that

E[((Mf
t −M

f
0 ) ◦ θs|Fs] = 0,

from which it is also

E[((Mf
t −M

f
0 ) ◦ θs|Xs] = 0,
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immediately clear. Since the local martingale problem has a unique solution, the joint distri-
bution of Mf

t −M
f
0 (for all f) uniquely determines the process X (and thus Xt). Thus, for

t ≥ 0,

P(Xt+s ∈ .|Fs) = P(Xt ◦ θs ∈ .|Fs) = P(Xt ◦ θs ∈ .|Xs) = P(Xt+s ∈ .|Xs).

However, this is precisely the Markov property of X . The strong Markov property in the case
of the continuous mapping x 7→ Px follows from Theorem 14.12. Since X is now a Markov

process, the Itô formula for f ∈ C(2)b (Rd) applies

(GX f)(x) = lim
t→0

1

t
E[f(Xt)− f(X0)|X0 = x]

= lim
t→0

1

t
E
[ ∫ t

0

d∑
i=1

µi(Xs)
∂f

∂xi
(Xs)ds+

1
2

d∑
i,j=1

(σij)2(Xs)
∂2f

∂xi∂xj

∣∣∣X0 = x
]

=

d∑
i=1

µi(x)
∂f

∂xi
(x) + 1

2

d∑
i,j=1

(σij)2(x)
∂2f

∂xi∂xj
(x)

because of the continuity of µ and σ2.

Remark 18.16 (Infinitesimal Expected Value and (Co-)Variance). If we substitute f(x) = xi

into GX , we obtain

lim
t→0

1

t
E[Xi

t −Xi
0|X = x] = µi(x).

With f(x) = xixj, we have

lim
t→0

1

t
E[(Xi

t −Xi
0)(X

j
t −X

j
0)|X = x]

= lim
t→0

1

t
E[(Xi

tX
j
t −Xi

0X
j
0 −X

i
0(X

j
t −X

j
0)−X

j
0(X

i
t −Xi

0)|X = x]

= xiµ
j(x) + xjµ

i(x) + σ2ij(x)− xjµi(x)− xiµj(x)
= σ2ij(x).

Therefore, µ(X) is called the vector of the infinitesimal expectation value of X and σ2ij(X )
the matrix of the infinitesimal covariance of X . The diagonal elements (σ2ii(X))i=1,...,d are
correspondingly called also called infinitesimal variance.

Interestingly, Itô-diffusions can be helpful to solve partial differential equations given by an
operator of the form (18.8) uniquely. The next theorem shows this connection.

Theorem 18.17 (Backward Equation). Let X be a Markov process with generator G of the
form (18.8) and f ∈ C(2)(R). For the boundary value problem

∂u

∂t
= Gu, t > 0, x ∈ Rd, (18.16)

u(0, x) = f(x); x ∈ Rd. (18.17)

(where Gu describes the application of G to the x-coordinates of u) is

u(t, x) := E[f(Xt)|X0 = x]

the only solution.
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Proof. It is to be shown that the given u solves the boundary value problem, as well as the
uniqueness of the solution. Thus, let u(t, x) be as given. Then u(0, x) = f(x) by definition
and (18.16) holds by definition of the generator. Now we use Lemma 14.28, specifically (14.7).

If (T
X
t ) is the semigroup generated by X , then u(t, x) := (T

X
t f)(x). Thus, (18.16) follows

directly from (14.7).

Now for the uniqueness: Let w be a solution of the boundary value problem, t > 0 and
x ∈ Rd. It is to be shown that w(t, x) = E[f(Xt)|X0 = x] holds. We define the process
Y = (Y s)0≤s≤t by means of Y s = (t − s,Xs), where X = (Xs)0≤s≤t in X0 = x. Then the
generator of Y is given by

(GY f)(s, x) = −∂f
∂s

+ (Gf)(s, x),

where G acts on x in the last term. If we choose specifically f = w, then (GY w) = 0 applies,
since w solves the boundary value problem. Thus

w(t, x) = w(Y 0) = E[w(Y t)] = E[w(0, Xt)|X0 = x] = E[f(Xt)|X0 = x] = u(t, x).

18.4 One-dimensional diffusions

Diffusions are time-homogeneous, strong Markov processes with continuous paths. As became
clear from Theorem 18.15 and Theorem 18.10, for example, unique solutions of SDEs that are
continuous in the initial conditions are diffusions. We had processes Itô-diffusions. We turn
to the special case of one-dimensional Itô-diffusions, i.e. solutions of equations of the form

dX = µ(X)dt+ σ(X)dW. (18.18)

In this section, we will make the following assumptions throughout:

1. The equation (18.18) has continuous µ and σ and is uniquely solvable by a strong
Markov process,

2. the solution does not leave a range [l, r] ⊆ [−∞,∞] and σ > 0 on (l, r).

With regard to Theorem 18.15 or Theorem 18.4, the first condition is certainly fulfilled if
µ and σ are locally Lipschitz continuous and do not grow faster than linearly. The second
condition (σ > 0) means that the solution , i.e. X never stays in the interior of (l, r).

As explained in remark 18.16, µ is called the infinitesimal expectation and σ2 the infinites-
imal variance of X . We have already seen that the solution of this SDE is a strong Markov
process with generator

(GX f)(x) = µ(x)f ′(x) + 1
2σ

2(x)f ′′(x),

where f ∈ C(2)(R). We start with an example that will accompany us throughout this chapter
.

Example 18.18 (Ornstein-Uhlenbeck Process). We consider the solution of the SDE X =
(Xt)t≥0 with

dX = −µXdt+ dW
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with generator

(Gf)(x) = −µxf ′(x) + 1
2f

′′(x).

From example 18.18 it follows that X is a Gaussian process and Xt
t→∞
===⇒ N(0, 1/2µ).

The backward equation states that in the case of one-dimensional SDEs, the boundary value
problem

∂u

∂t
= µ(x)

∂u

∂x
+ 1

2σ
2(x)

∂2u

∂x2
,

u(0, x) = f(x)

has the solution u(t, x) = E[f(Xt)|X0 = x], where X = (Xt)t≥0 is an Itô diffusion with
infinitesimal expectation µ and infinitesimal variance σ2. There is a second partial differential
equation that plays an important role. To this end, we recall that every homogeneous Markov
process with state space R defines a family of transition kernels (µXt )t≥0.

Theorem 18.19 (Forward Equation). Let X = (Xt)t≥0 be an Itô diffusion with infinitesimal
expectation µ and infinitesimal variance σ2. If the transition kernels (µXt )t≥0 have densities,
i.e.

µXt (x,B) =

∫
B
pXt (x, y)dy

for a family (pXt )t≥0 such that t 7→ pXt (x, y) is twice continuously differentiable, then they
satisfy the equation

∂pXt (x, y)

∂t
= − ∂

∂y

(
µ(y)pXt (x, y)

)
+ 1

2

∂2

∂y2
(
σ2(y)pXt (x, y)

)
.

Proof.

∂pXt (x, z)

∂t
= lim

s→0

∂

∂s

∫
pXt (x, y)p

X
s (y, z)dy

= lim
s→0

∫
pXt (x, y)

∂pXs (y, z)

∂s
dy

= lim
s→0

∫
pXt (x, y)

(
µ(y)

∂pXs (y, z)

∂y
+ 1

2σ
2(y)

∂2pXs (y, z)

∂y2

)
dy

= lim
s→0

∫
−pXs (y, z)

( ∂
∂y

(
pXt (x, y)µ(y)

)
− 1

2

∂2

∂y2
(
pXt (x, y)σ

2(y)
))

= − ∂

∂z

(
µ(z)pXt (x, z)

)
+ 1

2

∂2

∂z2
(
σ2(z)pXt (x, z)

)
.

Example 18.20 (Stationary distribution of the Ornstein-Uhlenbeck process). Let X =
(Xt)t≥0 be an Ornstein-Uhlenbeck process with X0 = x. As we have already seen in example??,

Xt
d
= N(e−µtx, 1

2µ(1 − e
−2µt)). In particular, N(0, 1

2µ) is the stationary distribution of the
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Ornstein-Uhlenbeck process. We will now verify this again using the forward equation, Theo-
rem 18.19. We calculate with

p(y) := pt(x, y) =

√
µ

π
exp

(
− µy2

)
,

∂p

∂y
(y) = −2µyp(y),

∂p2

∂y2
= (4µ2y2 − 2µ)p(y),

that

− ∂

∂y

(
µ(y)p(y)

)
+ 1

2

∂2

∂y2
(
σ2(y)p(y)

)
=

∂

∂y
µyp(y) + 1

2

∂2

∂y2
p(y)

= (µ− 2µ2y2)p(y) + 1
2(4µ

2y2 − 2µ)p(y) = 0.

Thus, if X0
d
= N(0, 1

2µ), then according to the forward equation

∂pt(x, y)

∂t
= 0.

This means that the density of the distribution of Xt in t does not change. Thus, we have
(again) that N(0, 1

2µ) is a stationary distribution of X .

It turns out that one-dimensional Itô-diffusions allow for very explicit calculations. For this,
we need the scale function of a one-dimensional Itô-diffusion.

Proposition 18.21 (Scale function). Let X = (Xt)t≥0 be a solution of (18.18) with state
space [l, r]. We recall the assumption σ > 0 on (l, r) and define

S(x) :=

∫ x

exp
(
− 2

∫ y µ(z)

σ2(z)
dz
)
, x ∈ (l, r), (18.19)

whereby the lower bounds of the integrals can be arbitrary in (l, r). Then S(X ) = (S(Xt))t≥0

is a local martingale.

Proof. First, we note that S solves the ordinary differential equation

1

2
σ2S′′ + µS′ = 0

Therefore, using the Itô formula, we obtain

S(X )− S(X0) = S′(X ) · X + 1
2S

′′(X ) · [X ]
= (S′(X )µ(X ) + 1

2σ
2(X )S′′(X )) · λ+ S′(X ) · W = S′(X ) · W.

Let τx be the hitting time at x ∈ [l, r]. We now recall the following calculation for the
Brownian motion:
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Example 18.22 (Hitting probabilities for the Brownian motion). Let X = (Xt)t≥0 be a
Brownian motion with X0 = x and a < x < b. Then, due to the Optional Sampling and
Optional Stopping Theorems,

x = Ex[Xτa∧τb ] = aPx(τa < τb) + b(1−Px(τa > τb)),

so

Px(τa < τb) =
b− x
b− a

.

We now generalize this calculation using the scale function.

Theorem 18.23 (Hit probabilities). Let X and S be as in Proposition 18.21, and l < a <
x < b < r. Then

Px(τa < τb) =
S(b)− S(x)
S(b)− S(a)

as well as

Px(τb < τa) =
S(x)− S(a)
S(b)− S(a)

.

Proof. The function S is strictly increasing on (l, r). If τSy denotes the first time S(X ) hits
y, then

Px(τa < τb) = Px(τ
S
S(a) < τSS(b)).

Since the process S(X τa∧τb) is a bounded martingale, it converges almost surely and it holds
that

S(x) = S(a)P(τSS(a) < τSS(b)|S(X0) = S(x)) + S(b)P(τSS(b) < τSS(a)|S(X0) = S(x))

= S(a)Px(τa < τb) + S(b)(1−Px(τa < τb)).

Solving for Px(τa < τb) yields the claim.

In addition to the hitting probabilities of the last theorem, we want to calculate expected
hitting times. Again, we start with an example of Brownian motion.

Example 18.24 (Expected Hitting Times of Brownian Motion). Let X = (Xt)t≥0 be a
Brownian motion, i.e. an Itô diffusion with µ = 0 and σ = 1 and τa := inf{t ≥ 0 : Xt = a}.
Since (X2

t − t)t≥0 is a martingale, we have

Ex[τa ∧ τb] = Ex[X
2
τa∧τb ]−Ex[X

2
τa∧τb − τa ∧ τb] = a2P(τa < τb) + b2Px(τb < τa)− x2

= (a2 − x2)b− x
b− a

+ (b2 − x2)x− a
b− a

=
(x− a)(b− x)

b− a
(−a− x+ b+ x) = (x− a)(b− x).

We now generalize this example.

Theorem 18.25 (Expected Meeting Times). Let l < a < x < b < r, and let X and S be

as in Theorem 18.23. Let τ := τa ∧ τb and g ∈ C(2)((l, r)) such that x 7→ Ex

[ ∫ τ
0 g(Xs)ds

]
is

twice continuously differentiable. Then holds

Ex

[ ∫ τ

0
g(Xs)ds

]
=

∫ b

a
G(x, y)g(y)dy
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with

G(x, y) =


2
S(x)− S(a)
S(b)− S(a)

·
(
S(b)− S(y)

)
m(y), x ≤ y ≤ b,

2
S(b)− S(x)
S(b)− S(a)

·
(
S(y)− S(a)

)
m(y), a ≤ y ≤ x,

where

m(x) :=
1

σ2(x)S′(x)
.

Here G is called the green function of X .

Remark 18.26 (Interpretation). The value G(x, y)dy should be interpreted as the time mean
time spent by a path started at x in [y, y + dy) before hitting a or b.

Example 18.27 (Expected hitting times of the Brownian motion). For µ = 0, σ = 1, we
compute

G(x, y) =


2
x− a
b− a

· (b− y), x ≤ y ≤ b,

2
b− x
b− a

· (y − a), a ≤ y ≤ x,

Thus,

Ex[τa ∧ τb] = 2
b− x
b− a

∫ x

a
(y − a)dy + 2

x− a
b− a

∫ b

x
(b− x)dy

=
(b− x)(x− a)2

b− a
+

(x− a)(b− x)2

b− a
=

(b− x)(x− a)
b− a

(x− a+ b− x) = (x− a)(b− x),

just as in example 18.24.

Proof of Theorem 18.25. We set

w(x) = Ex

[ ∫ T

0
g(Xs)ds

]
.

Then, using the Markov property of X , we have

w(x) = Ex

[ ∫ h

0
g(Xs)ds

]
+Ex

[
w(Xh)

]
.

For small h, we now write, since w is twice continuously differentiable,

Ex

[ ∫ h

0
g(Xs)ds

]
= hg(x) + o(h2),

Ex[w(Xh)] = Ex[w(x) + (Xh − x)w′(x) + 1
2(Xh − x)2w′′(x) + o(h2)]

= w(x) + h
(
µ(x)w′(x) + 1

2σ
2(x)w′′(x) + o(h)

)
.

From this we read that

µ(x)w′(x) + 1
2σ

2(x)w′′(x) = −g(x), w(a) = w(b) = 0
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or equivalently

exp
(
2

∫ x

y

µ(z)

σ2(z)
dz
)2µ(x)
σ2(x)

w′(x) + exp
(
2

∫ x

y

µ(z)

σ2(z)
dz
)
w′′(x) = −2g(x)

σ2(x)
exp

(
2

∫ x

y

µ(z)

σ2(z)
dz
)
,

d

dx

(
exp

(
2

∫ x

y

µ(z)

σ2(z)
dz
)
w′(x)

)
= −2g(x)

σ2(x)
exp

(
2

∫ x

y

µ(z)

σ2(z)
dz
)
.

It holds that

m(x) =
1

σ2(x)S′(x)
=

1

σ2(x)
exp

(
2

∫ x

y

µ(z)

σ2(z)
dz
)
,

from which it follows that

d

dx

(w′(x)

S′(x)

)
= −2m(x)g(x).

If both sides are integrated, the following is obtained

w′(x)

S′(x)
= −2

∫ x

a
m(y)g(y)dy + β,

w(x) = −2
∫ x

a
S′(η)

∫ η

a
m(y)g(y)dydη + β

∫ x

a
S′(η)dη + α

= −2
∫ x

a
(S(x)− S(y))m(y)g(y)dy + β(S(x)− S(a)) + α

for α, β ∈ R. Since w(a) = 0, it follows that α = 0 and because w(b) = 0, it holds that

β =
2

S(b)− S(a)

∫ b

a

(
S(b)− S(y)

)
m(y)g(y)dy

From this we get

w(x) = 2

∫ x

a

(S(x)− S(a))(S(b)− S(y))− (S(x)− S(y))(S(b)− S(a))
S(b)− S(a)

m(y)g(y)dy

+ 2

∫ b

x

(S(x)− S(a))(S(b)− S(y))
S(b)− S(a)

m(y)g(y)dy.

Simplifying now shows the result.

Example 18.28 (Geometric Brownian Motion and Feller’s branching process).

1. As we know, the solution of the SDE dX = σXdW is the martingale (exp(σWt −
1
σ

2
t))t≥0. This process, the geometric Brownian motion, does not hit 0. Using the last

result, we can at least show that the expected hitting time is infinite. Namely, S(x) = x
and with X0 = 1

E[τε] = lim
R→∞

E[τε ∧ τR]

= lim
R→∞

2

∫ 1

ε

(R− 1)(y − ε)
R− ε

1

σ2y2
dy + 2

∫ R

1

(1− ε)(R− y)
R− ε

1

σ2y2
dy

= 2

∫ 1

ε

y − ε
σ2y2

dy +

∫ ∞

1

1− ε
σ2y2

dy
ε→0−−−→∞.
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Since the first term of the Green’s function considers such paths with τε < τR, one shows
analogously that

E[τ0, τ0 < τR] = lim
ε→0

2

∫ 1

ε

(R− 1)(y − ε)
R− ε

1

σ2y2
dy = 2

∫ 1

0

(R− 1)y

R

1

σ2y2
dy =∞.

2. Geometric Brownian motion is a non-negative process that never reaches 0 in finite
time. This does not apply to Feller’s branching process, the solution of the SDE

dX =
√
XdW.

(Incidentally, the existence and uniqueness of the solution here not from Theorem 18.4,
but from other considerations.) Here, too, S(x) = x, but with x = 1

E[τ0, τ0 < τR] = lim
ε→0

E[τε, τε < τR] = 2

∫ 1

0

(R− 1)y

R

1

σ2y
dy <∞.

This means that the 0 of the paths that do not meet R will almost surely be met in finite
time.
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We now want to deepen the outlook given in chapter ?? on applications of stochastic
processes in financial mathematics. In contrast to chapter ??, the models now dealt with will
be continuous in time. Our acquired knowledge of stochastic integration will be used.

19 Introduction

19.1 Notation

To introduce models for financial markets in a mathematically sound way, we need some
definitions for the following. For this, a probability space (Ω,F ,P) and an n-dimensional
Brownian motionW = (W1, ...,Wn),Wj = (W j

t )0≤t≤τ for some τ > 0. Further, let (Ft)0≤t≤τ

be the filtration generated byW with F = Fτ . Thus, we model a stock market between times
0 and τ > 0.

Definition 19.1 (Financial market). A (financial) market is a (Ft)0≤t≤τ -adapted, d + 1-
dimensional process X = (X 0, ...,X d), X i = (Xi

t)0≤t≤τ of the form

X 0 = X0
0 +RX 0 · λ,

X i = Xi
0 + µiX i · λ+ X i

n∑
k=1

σik · Wk, i = 1, ..., d
(19.1)

for adapted processes R = (Rt)0≤t≤τ , µ
i = (µit)0≤t≤τ , σ

ik = (σikt )0≤t≤τ , i = 1, ..., d, k = 1, ..., n.
Here, X 0 denotes a risk-free investment. The market is said to be normalized if X 0

t = 1 for all
0 ≤ t ≤ τ . normalization of the market X is the process X̃ = (X̃ 0, ..., X̃ d) with X̃i

t = Xi
t/X

0
t .

Remark 19.2 (Interpretation). 1. In the above definition, it may come as a surprise that
X 0 is classified as risk-free, even though R can be a stochastic process. At least it follows
from (19.1) that – in contrast to X 1, ...,X n – the quadratic variation of X 0.

2. In applications, we will mostly assume that X 0, ...,X d is the solution of the SDE

dX0 = r(t,Xt)X
0
t dt,

dXi = µi(t,Xt)X
i
tdt+Xi

t

n∑
k=1

σik(t,Xt)dW
k
t , i = 1, ..., n.

(19.2)

where r, µi, σik, i = 1, ..., d, k = 1, ..., n are locally Lipschitz continuous functions. This
market model is also called the generalized Black-Scholes model. Since the model (19.1)
also allows processes µi, σik that depend not only on Xt at time t but on the entire path
(Xs)0≤s≤t, this is a strong – but practical – restriction.

3. The processes X 1, ...,X d are prices of risky investments, such as stocks. These prices
are correlated, as can be seen from (19.1). It holds that

[X i,X j ] =
[
X i

n∑
k=1

σik · ConW k,X j
n∑

l=1

σjl · W l
]
= X iX j

n∑
k,l=1

σikσjl · [Wk, ConvolveW l]

=

n∑
k=1

σikσjk · λ.
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From this, for example,

COV[Xi
t , X

j
t ] = E

[ n∑
k=1

∫ t

0
Xi

sσ
ik
s X

j
sσ

jk
s ds

]
.

4. The model (19.1) has the property that all prices are continuous semimartingales. In
order to model the large price fluctuations that occur in practice in a short period of
time, one can also switch to discontinuous semimartingales. However, since we have
developed the theory of stochastic integration only for continuous integrators, we will
not consider such models here.

Definition 19.3 (Portfolio). In a market of the form (19.1), a portfolio is an adapted stochas-
tic process ∆ = (∆0, ...,∆d), ∆i = (∆i

t)0≤t≤τ . Here, ∆i
t is the number of securities of type i

at time t. The value of the portfolio V(∆,X ) = Vt(∆,X ) at time t is

Vt(∆,X ) :=
d∑

i=0

∆i
tX

i
t =: ⟨∆t, Xt⟩.

A portfolio is said to be self-financing (with respect to X ) if

V(∆,X ) = V0(∆,X ) +
d∑

i=0

∆i · X i, (19.3)

d.h.

Vt(∆,X )− V0(∆,X ) :=
d∑

i=0

∫ t

0
∆i

sdX
i
s

and ∫ t

0
|∆0

sRsX
0
s |ds <∞,∫ t

0
|∆i

sµ
i
sX

i
s|ds <∞, i = 1, ..., d∫ t

0
(∆i

sX
i
sσ

ik
s )2ds <∞, i = 1, ..., d, k = 1, ..., n.

Remark 19.4 (Interpretation). The concept of a portfolio is self-explanatory. For the value
of a (not necessarily self-financing) portfolio composed of semimartingals, the following applies
because of the formula for partial integration, Theorem 16.48,

V(∆,X )− V0(∆,X ) =
d∑

i=0

∆i · X i + X i ·∆i + [ ConXi,∆i].

To understand self-financing portfolios, it is helpful to first discretize time. Let us divide
the interval [0, t] into equally sized intervals of length t/n with large n, then a portfolio is
self-financing if

V(k+1)t/n(∆,X )− Vkt/n(∆,X ) =
d∑

i=0

∆i
kt/n(X(k+1)t/n −Xkt/n).
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This means that changes in the value of the portfolio only come about because the prices of
the securities change. After the price change has taken place, a change in the portfolio, i.e.
a reinvestment in a different composition of securities, can follow.

It is often more practical to calculate in the normalized market X̃ instead of in the market
model X . The following lemma shows how to do this and that self-financing portfolios remain
self-financing under normalization .

Lemma 19.5 (Normalization of Markets and Self-Financing Strategies). Let X and X̃ be

as in Definition 19.1, i.e., in particular, that X̃t
i
= Xi

t/X
0
t . Then

X̃ 0 = 1,

X̃ i = Xi
0 + (µi −R)X̃ i · λ+ X̃ i

n∑
k=1

σik · Wk, i = 1, ..., d.

Furthermore, let ∆ be a portfolio. Then

V(∆, X̃ ) = 1

X 0
V(∆,X )

and ∆ is self-financing with respect to X if and only if ∆ is self-financing with respect to X̃ .

Proof. The formula X̃ 0 = 1 is clear from the definition. Furthermore,

X0
t = exp

(∫ t

0
Rsds

)
= 1 +

∫ t

0
Rs exp

(∫ s

0
Rrdr

)
ds, X 0 = 1 +RX 0 · λ, (19.4)

also

X̃i
t = Xi

t exp
(
−
∫ t

0
Rsds

)
,

1

X 0
= 1− R

X 0
· λ.

Using the formula for partial integration, we write (since the quadratic variation of X 0 dis-
appears)

X̃ i = Xi
0 +

1

X 0
· X i + X i · 1

X 0

= Xi
0 +

1

X0
·
(
µiX i · λ+

n∑
k=1

σik · Wk
)
−
(
µi − 1

X 0
· λ
)
·
( 1

X 0
· λ+

1

X 0
· λ
)

= Xi
0 + X̃ i(µi − 1

R
) · λ+ X̃ i

n∑
k=1

σik · Wk.

(19.5)

Let ∆ be a (with respect to X ) self-financing portfolio, i.e. V(∆,X ) :=
∑

i∆
iX i =

∑
i∆

i ·X i.
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Then, again with partial integration,

V(∆, X̃ ) =
d∑

i=0

∆iX̃ i =
d∑

i=0

∆iX i

X 0
=

1

X 0

d∑
i=0

∆iX i =
d∑

i=0

1

X 0
(V0(∆,X ) + ∆i · X i)

= V0(∆,X ) +
d∑

i=0

1

X 0

(
∆iµiX i · λ+∆iX i

n∑
k=1

σik · Wk
)

= V0(∆,X ) +
d∑

i=0

∆iµiX̃ i · λ+∆iX̃ i
n∑

k=1

σik · Wk −∆iX i R
X 0
· λ

= V0(∆,X ) +
d∑

i=0

∆i · X̃ i.

The reverse direction can be shown analogously.

In the following, we will deal with financial derivatives and their fair prices, where the un-
derlying stock prices follow certain stochastic processes. We will first define what financial
derivatives are and what a fair price is. However, a fair price can only exist in arbitrage-free
markets.

Definition 19.6 (Arbitrage). We use the notation from Definitions ?? and ??.

1. A portfolio ∆ is admissible if the value V(∆,X ) is almost surely bounded from below.

2. An admissible, self-financing portfolio ∆ is called arbitrage if almost surely

V0(∆,X ) = 0, Vτ (∆,X ) ≥ 0 and P(Vτ (∆,X ) > 0) > 0.

Remark 19.7 (Interpretation). 1. Only portfolios in which the investor can take on a
limited amount of debt are admissible in the above sense.

2. We have already seen the definition of arbitrage in remark ?? already. Roughly speaking,
an arbitrage is a possibility to make a profit without risk and with limited financial
resources. We note that the existence of arbitrage depends on the pricing process X . If
there is no arbitrage, we also say that the market X is arbitrage-free.

Definition 19.8 (Derivatives, Achievable Strategies and the Fair Price). We use the notation
from Definitions ?? and ??.

1. A (financial) derivative is a Fτ -measurable, from below bounded, square-integrable ran-
dom variable S.

2. The derivative S is called achievable if there exists a h ∈ R and a self-financing portfolio
∆ = (∆0, ...∆d) with V0(∆,X ) = h, so that

S = Vτ (∆,X )

is almost surely. If the market is arbitrage-free, then Vt(∆,X ) is the fair price of the
derivative S at time t. Furthermore, ∆ a hedging portfolio of S.
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Remark 19.9 (The fair price). The concept of the fair price of the derivative S is to be
explained by the demand for the arbitrage-free market explain. If – say at time t = 0 –
a derivative with a fair price h were to be sold at a price ℓ > h, then one could sell this
derivative at the price ℓ and, with h < ℓ, set up a self-financing portfolio with seed capital
that would almost certainly have the same value at all times as the sold derivative. At time
τ , there is still ℓ− h of the starting capital left, without risk. For ℓ < h, a similar procedure
leads to an arbitrage opportunity. We will come back to the concept of arbitrage more often
in the future.

19.2 The Black-Scholes model

The Black-Scholes model is the simplest continuous-time model of a stock market of the form
given in Definition 19.1. It consists of only two securities, where the process R and µ1 and
σ11 are constant. Thus, we have

dX0 = rX0dt,

dX1 = µX1dt+ σX1dW
(19.6)

for r, µ ∈ R, σ > 0 and a Brownian motionW = (Wt)0≤t≤τ . This SDE can be solved explicitly,
namely by

X0
t = X0

0e
rt,

X1
t = X1

0 exp
(
(µ− 1

2σ
2)t+ σWt

)
,

(19.7)

where X1
0 is the (deterministic) starting price of the stock at time 0 and is assumed here to be

1. See examples 18.1.2 and 18.14. Using (19.7) we see that X1
t follows a logarithmic normal

distribution for each t . Furthermore, we see that X1
s and (X1

t −X1
s )/X

1
s for 0 ≤ s ≤ t are

independent. In addition, with s ≤ t ≤ u,

X1
t −X1

s

X1
s

d
=
X1

t−s −X1
0

X1
0

,

i.e. the relative increments are distributed independently and identically. Furthermore, we
see from Lemma 19.5 that the normalization of (19.6), X̃1 by

dX̃1 = (µ− r)X̃1dt+ σX̃1dW, X̃1
t = X1

0 exp
(
(µ− r − 1

2σ
2)t+ σWt

)
(19.8)

. We start with an important observation about the normalized process X̃1, which we actually
already saw in Example (18.14). Throughout the section, we use the notation introduced
above.

Proposition 19.10 (A measure under which X̃ 1 is a martingale). We define a probability
measure Q by

Q = Zτ ·P, Zτ = exp
(
− µ− r

σ
Wτ −

1

2

(µ− r)2

σ2
τ
)
.

Then X̃ 1 is a Q-martingale, given by

X̃ 1 = σX̃ 1 · W̃,

where W̃ = W̃ + µ−r
σ t is a Brownian motion with respect to Q and

X̃1
t = X1

0 exp
(
σW̃t − 1

2σ
2t
)
. (19.9)
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Proof. See example 18.14.

As we saw in Definition 19.8, the price of a derivative can only be meaningfully determined
if the market is arbitrage-free. We will now show this for the Black-Scholes model .

Theorem 19.11 (Arbitrage-Freedom and Prices in the Black-Scholes Model). The Black-
Scholes model is arbitrage-free. This means that for every bounded, self-financing portfolio ∆
with V0(∆,X ) = 0 and Vτ (∆,X ) ≥ 0, it is almost certain that Vτ (∆,X ) = 0. Furthermore,
the fair price of a derivative S at time t is given by

EQ[e−r(τ−t)S|Ft], (19.10)

where Q is the probability measure from Proposition 19.10.

Proof. First, the arbitrage-free property: Let ∆ be a portfolio with V0(∆,X ) = 0 and
Vτ (∆,X ) ≥ 0 almost surely. Since ∆ is also self-financing with respect to X̂ , it holds that

V(∆, X̃) =

d∑
i=0

∆i · X̃i.

Since by Proposition 19.10 the processes X̃i, i = 0, 1 are martingales with respect to Q ,
V(∆, X̃ ) is also a Q-martingale. By assumption, Vτ (∆,X ) ≥ 0 is almost surely P -sure. Since P
and Q are equivalent, Vτ (∆,X ) ≥ 0 is also Q-almost sure. Because of the martingale property
of V(∆, X̃ ) in addition, EQ[Vτ (∆, X̃ )] = 0. However, this is only possible if Vτ (∆, X̃ ) = 0 is

Q-almost surely. Again, because of the equivalence of P and Q, Vτ (∆, X̃ ) = 0 follows from
P-almost surely, and arbitrage-freeness is shown.

We now show the general price formula (19.10). First, it is clear that M = (Mt)0≤t≤τ ,
given by Mt := EQ[e−rτS|Ft], is a Q-martingale. According to Theorem 17.9, there is a
process H = (Ht)0≤t≤τ with

Mt = EQ[e−rτS] +

∫ t

0
HsdX̃s.

Now we write ∆1
t := Ht/(σX̃

1
t ),∆

0
t =Mt −Ht/σ, so that

Vt(∆, X̃ ) = ∆0
t +∆1

t X̃
1
t =Mt,

EQ[e−rτS] + (∆0 · X̃ 0 +∆1 · X̃ 1)t = EQ[e−rτS] +

∫ t

0
HsdW̃s =Mt.

Thus, ∆ = (∆1,∆2) is self-financing with respect to X̃ , according to lemma 19.5 also self-
financing with respect to X . Because of the definition ofM, Vτ (∆, X̃ ) =Mτ = e−rτS is also
almost surely true, so – again with lemma 19.5 –

Vτ (∆,X ) = S

almost surely. By definition, the fair price at time t is given by

Vt(∆,X ) = ertVt(∆, X̃ ) = ertMt = EQ[e−r(τ−t)S|Ft].

With this, all assertions are shown.
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While the last theorem gives a general result for the fair price of a derivative, in practice
you also need a hedging portfolio for the derivative. This problem is now solved for the
Black-Scholes model.

Proposition 19.12 (Hedging Portfolio in the Black-Scholes Model). Let S be a derivative
with price

EQ[e−r(t−τ)S|Ft] = F (X1
t , t)

for a smooth function F . Then the portfolio ∆ = (∆0
t ,∆

1
t )0≤t≤τ with

∆1
t =

∂F (X1
t , t)

∂x
, ∆0

t = e−rtF (X1
t , t)−∆1

t X̃
1
t

is a hedging portfolio for S.

Proof. We immediately compute the value of the portfolio as

Vt(∆,X ) = ∆0
tX

0
t +∆1

tX
1
t = F (X1

t , t)−∆1
t X̃

1
t e

rt +∆1
tX

1
t = F (X1

t , t).

It remains to be shown that the portfolio is self-financing. For this, it is sufficient to show,
due to Lemma 19.5, that the portfolio is self-financing for X̃1

t . We set

F̃ (x, t) := e−rtF (xert, t),

so that with the Itô formula

F̃ (X̃1
t , t) = F̃ (X̃1

0 , 0) +

∫ t

0

∂F̃ (X̃1
s , s)

∂x
dX1

s +

∫ t

0

∂F̃ (X̃1
s , s)

∂s
ds+ 1

2

∫ t

0

∂2F̃ (X̃1
s , s)

∂x2
d[X̃ 1]s

= F̃ (X̃1
0 , 0) +

∫ t

0

∂F̃ (X̃1
s , s)

∂x
dX̃1

s +

∫ t

0
Ksds

holds for a process (Kt)0≤t≤τ . Since (F̃ (X̃
1
t , t))0≤t≤τ = e−rτ (EQ[S|Ft])0≤t≤τ is a Q-martingale,

then by Theorem 16.26 (Kt)0≤t≤τ must vanish. Thus, since ∂F̃ (X̃t,t)
∂x = ∂F (Xt,t)

∂x , we have that

Vt(∆, X̃ ) = F̃ (X̃1
t , t) = F (X1

0 , 0) +

∫ t

0

∂F (X1
s , s)

∂x
dX̃1

s

= V0(∆, X̃ ) +
∫ t

0
∆0

sdX̃
0
s +

∫ t

0
∆1

sdX̃
1
s ,

whereby ∆ is self-financing for X̃1
s and

19.3 Price and Hedging of European Options: The Black-Scholes Formula

In this section, we calculate the fair price of European call and put options in the Black-Scholes
model. This leads to the well-known Black-Scholes formula for option pricing.

Definition 19.13 (European Call and Put Option). 1. A European call option (on a stock
with price process X 1) with maturity τ and strike price K is a derivative Sc := (X1

τ −
K)+.

2. A European put option (on a stock with price process X 1) with maturity τ and strike
price K is a derivative Sp := (K −X1

τ )
+.
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Remark 19.14 (Interpretation). 1. The European option gives the owner, as in Section ??,
the right (but not the obligation) to buy the share (with price process X 1) at time τ at
the price of K. The value at time τ is thus exactly the possible profit if the option is
exercised. If the owner immediately sells the share bought for K at the price X1

τ > K,
he makes a profit of X1

τ −K. If K > X1
τ , it is more favorable to let the option expire .

Overall, the value of Sc = (X1
τ −K)+ at time τ

2. The European put option gives the owner the right to sell the stock at time τ at a price
of K. Of course, this is only worthwhile if X1

τ < K. In this case, the profit is then –
similar to the call option – the profit is K −X1

τ . (Note that Sp is thus even bounded.)

Since European call and put options complement each other in a sense, the following rela-
tionship applies to their prices.

Lemma 19.15 (Put/Call Parity for European Options). Let Sc
t and Sp

t be the prices of
European call and put options on a stock with price process X 1 at the same maturity τ and
strike K in the Black-Scholes model. Then

Sc
t − S

p
t = X1

t −Ke−r(τ−t).

Proof. It holds that (X1
t −K)+ − (K −X1

t )
+ = (X1

t −K)+ + (X1
t −K)− = X1

t −K. Thus,
by applying Theorem 19.11 with the equivalent measure Q we get

Sc
t − S

p
t = EQ[e−r(τ−t)(X1

τ −K)|Ft] = ertEQ[X̃1
τ |Ft]−Ke−r(τ−t)

= ertX̃1
t −K = X1

t −Ke−r(T−t).

We now use Theorem 19.11 to calculate the price of European call and put options in the
Black-Scholes model. This leads to the famous Black-Scholes formula for option pricing.

Theorem 19.16 (Black-Scholes Formula). 1. The fair price at time t of a European call
option with maturity τ and strike price K in the Black-Scholes model is given by

Sc
t = F (X1

t , τ − t)

with

F (x, t) = xΦ(d1(x, t))−Ke−rtΦ(d2(x, t)),

where Φ is the distribution function of the standard normal distribution and

d1(x, t) =
log(x/K) + (r + 1

2σ
2)t

σ
√
t

, d2(x, t) = d1(x, t)− σ
√
t.

The portfolio ∆ = (∆0
t ,∆

1
t )0≤t≤τ with

∆1
t = Φ(d1(X

1
t , t)), ∆0

t = e−rtF (X1
t , t)−∆1

t X̃
1
t

is a hedging portfolio for Sc.
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2. Furthermore, the fair price at time t of a European put option with maturity τ and
strike price K is given by

Sp
t = Ke−r(τ−t)Φ(−d2(X1

t , τ − t))−X1
t Φ(−d1(X1

t , τ − t)).

The portfolio ∆ = (∆0
t ,∆

1
t )0≤t≤τ with

∆1
t = −Φ(−d1(X1

t , t)), ∆0
t = e−rtF (X1

t , t)−∆1
t X̃

1
t

is a hedging portfolio for Sp.

Proof. Since Φ(−x)+Φ(x) = 1 for all x ∈ R, it suffices to calculate the price of the European
call option because of lemma 19.15. The proof of the hedging portfolio is also analogous.

To calculate the price of a call option, we have to calculate Sc
t = EQ[e−r(τ−t)(X1

τ−K)+|Ft]
for the equivalent measure Q with density Zτ from Proposition 19.10. Due to (19.9) is

Sc
t = EQ

[
e−r(τ−t)

(
X1

t

X̃1
τ

X̃1
t

er(τ−t) −K
)+∣∣∣Ft

]
= EQ[e−r(τ−t)(X1

t e
σ(W̃ 1

τ −W̃ 1
t )+
(
r−1

2σ
2
)
(τ−t) −K)+|Ft]

= EQ

[(
X1

t e
σZ

√
τ−t−1

2σ
2(τ−t) −Ke−r(τ−t)

)+|Ft

]
.

for a random variable Z
d
= N(0, 1), which is independent of Ft. Now

xeσ
√
tz−1

2σ
2t > Ke−rt ⇐⇒ z >

1

σ
√
t

(
1
2σ

2t+ log
Ke−rt

x

)
=
− log x

K − (r − 1
2σ

2)t

=
− d2(x, t).

Therefore, Sc
t = F (X1

t , t) with

F (x, t) =
1√
2π

∫ ∞

−d2(x,t−r)
(xeσz

√
τ−t−1

2σ
2(τ−t) −Ke−r(τ−t))e−

z2

2 dz

y=z−σ
√
τ−t

=
1√
2π

(
x

∫ ∞

−d1(x,τ−t)
eσy

√
τ−t+

1
2σ

2(τ−t)e−(
y2

2 +σy
√
τ−t+

1
2σ

2(τ−t))dy

−Ke−r(τ−t))

∫ ∞

−d2(x,τ−t)
e−

z2

2 dz
)

= xΦ(d1(x, τ − t))−Ke−r(τ−t)Φ(d2(x, τ − t))

and the option price formula is shown. For the hedging portfolio, we use Proposition 19.12
and calculate directly

∂F (x, t)

∂x
= Φ(d1(x, t)) +

1√
2π

(
x exp

(
− 1

2d
2
1(x, t)

)
−Ke−rt exp

(
− 1

2(d1(x, t)− σ
√
t)2
) 1

xσ
√
t

= Φ(d1(x, t)) +
1

xσ
√
2πt

exp
(
− 1

2d
2
1(x, t)

)(
x−Ke−rt exp

(
d1(x, t)σ

√
t− 1

2σ
2t
) 1

xσ
√
t

= Φ(d1(x, t)) +
1√
2π

exp
(
− d21(x, t)

)(
x−Ke−rt exp

(
log(x/K) + rt

)) 1

xσ
√
t

= Φ(d1(x, t)).
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Remark 19.17 (Volatility). It is noticeable that the price of the European call and put options
no longer depends on µ, but only on r and σ, which is also volatility. Usually, r is known as
the interest rate. To determine the volatility of a particular security, there are two different
possibilities:

1. The historical method is based on the observations log(X1
t /X

1
0 ), log(X1

2t/X
1
t ),

log(X1
3t/X

1
2t), ... are based. These random variables are independent in the Black-Scholes

model and distributed according to N((µ − 1
2σ

2)t, σ2t). From the empirical variance of
these quantities, the volatility σ can be estimated.

2. The implicit method observes options traded on the market (European options) and
their prices and uses the prices to calculate what volatility has been applied, so that the
Black-Scholes formula is used to calculate the traded price.

Remark 19.18 (The Greeks). In practice, one is interested in the dependence of the price
of an option on the model parameters. The quantity

∂F (x, t)

∂x

indicates the dependence of the option price on the current price of the stock and is called
the option’s delta. (We just calculated in the proof that it is Φ(d1(x, t)) for a European
call option.) To further determine the sensitivity with respect to the current price, calculate
∂2F (x,t)

∂x2 , which is also referred to as the. Finally, theta is given as ∂F (x,t)
∂t .

19.4 Arbitrage-Freedom and Completeness

The goal of this section is to derive the two fundamental theorems of option pricing. The
first one states that arbitrage-freedom is equivalent to the existence of a so-called equivalent
martingale measure. (This is a measure with respect to which all securities are martingals.)
The second one says that all derivatives can be hedged if and only if the equivalent martingale
measure is unique. We will show these two theorems for the financial market from Defini-
tion ??, i.e. the stock prices follow the price processes X = (X 0, ...,X d), X i = (Xi

t)0≤t≤τ of
the form

X 0 = 1 +RX 0 · λ,

X i = Xi
0 + µiX i · λ+ X i

n∑
k=1

σik · Wk, i = 1, ..., d
(19.11)

with an n-dimensional Brownian motion W and a filtration generated by it (Ft)0≤t≤τ such
that R = (Rt)0≤t≤τ , µ

i = (µit)0≤t≤τ , σ
ik = (σikt )0≤t≤τ , i = 1, ..., d, k = 1, ..., n are adapted.

Further, we recall the normalized processes X̃i
t = (Xi

0, ..., X
i
d−1)/X

0 = (X̃0, ..., X̃d) with

X̃i = X ⟩/X ′.
We see from Lemma 19.5 that the normalized stock price processes satisfy the equations

X̃ 0 = 1,

X̃ i = Xi
0 + (µi −R)X̃ i · λ+ X̃ i

n∑
k=1

σik · Wk, i = 1, ..., d
(19.12)

.
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Definition 19.19 (Equivalent martingale measures). An equivalent martingale measure (to
P) is a probability measure Q that (i) is equivalent to P (i.e., has the same null sets) and
(ii) with respect to which all normalized processes X̃i are martingales.

Proposition 19.20. Is there a process H = (H1, ...,Hn) such that

n∑
k=1

σikHk = µi −R, (19.13)

and

Z = exp
(
−

n∑
k=1

Hk · Wk − 1
2(H

k)2 · λ
)

is a martingale, then

Q = Zτ ·P

is an equivalent martingale measure with

X̃ i = Xi
0 + X̃ i

n∑
k=1

σik · W̃k,

where W̃k =Wk +Hk · λ, k = 1, ..., n are Brownian motions with respect to Q .

Proof. All statements follow analogously to Theorem 18.11 with γ = −µ+R.

The equations (19.13) are also called risk equations of the market. We now establish a
connection between arbitrage and the existence of an equivalent martingale measure. For the
definition of arbitrage see definition 19.6.

Theorem 19.21 (First Fundamental Theorem of Investment Valuation). If a financial mar-
ket of the form (19.11) has an equivalent martingale measure, then it is arbitrage-free.

Proof. The proof is almost analogous to the proof of the arbitrage-freeness of the Black-Scholes
market from Theorem 19.11:

Let ∆ be a portfolio with V0(∆,X ) = 0 and Vτ (∆,X ) ≥ 0 almost surely. Since ∆ is also
self-financing according to Lemma 19.5 with respect to X̃ , it holds that

V(∆, X̃ ) = V0(∆, X̃ ) +
d∑

i=0

∆i · X̃ i.

Since, according to the assumption, the processes X̃ i, i = 0, ..., d are martingales with respect
to Q, V(∆, X̃ ) is also a Q-martingale. By assumption, Vτ (∆,X ) ≥ 0 is almost surely P -sure.
Since P and Q are equivalent, Vτ (∆,X ) ≥ 0 is also Q-almost surely. Due to the martingale
property of V(∆, X̃ ), we also have EQ[Vτ (∆, X̃ )] = 0. However, this is only possible if

Vτ (∆, X̃ ) = 0 Q-almost surely. Again, due to the equivalence of P and Q, Vτ (∆, X̃ ) = 0
P-almost surely, and the arbitrage-free property is established.
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Example 19.22 (A non-arbitrage-free market). We give a simple example in which no equiv-
alent martingale measure exists, but arbitrage opportunities do. For this purpose, let i = 2
and k = 1, i.e. two stocks are driven by the same Brownian motion. We assume that
R =: r, µi, σi1 =: σi are constant and X1(0) = X2(0) = 1. Then the risk equations of the
market are given by

σ1H = µ1 − r,
σ2H = µ2 − r.

This has a unique solution if and only if

µ1 − r
σ1

=
µ2 − r
σ2

.

Let us assume that a := µ1−r
σ1 − µ2−r

σ2 > 0. We set

∆1 =
1

σ1X 1
, ∆2 = − 1

σ2X 2
.

Furthermore, let ∆0 be chosen such that the portfolio is self-financing with V0(∆,X ) = 0.
Then we have

∆0 =
1

σ2
− 1

σ1
,

V(∆,X ) = 1

σ1X 1
· X 1 − 1

σ2X 2
· X 2 + r

(
V(∆,X )− 1

σ1
+

1

σ2

)
· λ

=
µ1 − r
σ1

· λ− µ2 − r
σ2

· λ+ rV(∆,X ) · λ+W −W

and (with (19.5))

V(∆, X̃ ) = V0 +
1

σ1X 1
· X̃ 1 − 1

σ2X 2
· X̃ 2

=
(µ1 − r

σ1
− µ2 − r

σ2

) 1

X 0
· λ =

a

X 0
· λ > 0

for t > 0. This means that ∆ is a self-financing portfolio with V0(∆, X̃ ) = 0 and Vτ (∆, X̃ ) > 0
almost surely, hence the market is not arbitrage-free.

To price derivatives, it is important to know hedging portfolios for. We now come to conditions
under which such portfolios exist.

Definition 19.23 (Complete Market). A market (19.11) is called complete if every derivative
can be hedged, i.e. for every quadratically integrable random variable S, there is a self-
financing strategy with a fixed starting value V0(∆,X ) and Vτ (∆,X ) = S.

Theorem 19.24 (Second Fundamental Theorem of Investment Valuation). If a financial
market of the form (19.5) has an equivalent martingale measure, then it is complete if and
only if the martingale measure is unique.

Before we begin with the proof, we introduce an elementary lemma from linear algebra.

272



Lemma 19.25. Let A be a d× n-matrix, b a d-dimensional vector, such that

Ax⊤ = b⊤

has a unique solution x ∈ Rn. Then

y A = c

has at least one solution y ∈ Rd for each n-dimensional vector c .

Proof. We interpret A as a map A : Rn → Rd. Since the solution of A · x⊤ = b⊤ is unique,
then ker(A) = 0 (because with x, x + x0 is also a solution for x0 ∈ ker(A)). Thus n =
dim(ker(A)) + dim(im(A)) = dim(im(A)) ≤ d, also rg(A) = dim(im(A)) = n. We write the
equation y A = c as A⊤ y⊤ = c⊤. Since rg(A⊤) = rg(A) = n, every c ∈ Rn lies in im(A⊤), in

particular A⊤ y⊤ = c⊤ has at least one solution.

Proof of Theorem 19.24. Assume that the market is complete and that Q and R are two
equivalent martingale measures. The aim is to show that Q = R. For this, let A ∈ Fτ = F
and S = 1AX

0
τ . Since the market is complete, S can be hedged, so there is a self-financing

portfolio ∆ with Vτ (∆,X ) = S, or also Vτ (∆, X̃
i = 1A. Since X̃i is both a Q- and a R-

martingale, i = 0, ..., d, we have

EQ[1A] = EQ[Vτ (∆, X̃)] = EQ

[ d∑
i=0

∆i
0X

i
0 + (∆i · X̃ i)τ

]
=

d∑
i=0

∆i
0X

i
0,

and analogously, EQ[1A] =
∑d

i=0∆
i
0X

i
0. In particular, Q(A) = R(A), and since A was

arbitrary, it follows that Q = R.

Conversely, let Q be the only equivalent martingale. Then the risk equations of the mar-
ket, (19.13), have exactly one solution H1, ...,Hn. (Because: First, Q = Zτ ·P for a random
variable Zτ > 0 according to the Radon-Nikodym theorem. Z = (Zt)0≤t≤τ with Zt :=
EP[Zτ |Ft] is a positive P-martingale, hence Theorem 17.14 implies that Z = exp(N − 1

2 [N ])
for a (unique) local P-martingale N , which, according to the martingale representation theo-
rem 17.9, can be written as an integral of processes H1, ...,Hn with respect to the Brownian
movements W1, ...,Wn. Now, in order for X̃i are Q-martingales, the equations (19.13) must
necessarily be fulfilled. Since this argumentation can be applied to any equivalent martingale
measure, but this is unique according to the assumption, (19.13) has exactly one solution.)
We set σ := (σik)i=1,...,d;k=1,...,n, µ := (µi)i=1,...,d, H := (Hk)k=1,...,n. Then we can write these
equations as a linear system of equations

σH⊤ = µ⊤ −R⊤ (19.14)

(with solution H). This equation has (for almost all ω and all t) thus exactly one solution.

We have to show that every derivative, given by a quadratically integrable random variable
S, can be hedged. First, we note that

X0
t = exp

(∫ t

0
Rsds

)
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must apply. We define the process V = (Vt)0≤t≤τ with

Vt := EQ[e−
∫ τ
t RsdsS|Ft],

such that V/X 0 is a

Vt/X
0
t = EQ[e−

∫ τ
0 RsdsS|Ft]

for all 0 ≤ t ≤ τ is a Q-martingale. With W̃ k =Wk−Hk ·λ and the martingale representation
theorem 17.9, there are processes L1, ...,Ln with

V/X 0 = V0 +

n∑
k=1

Lk · W̃k.

To hedge S, it is sufficient to find a self-financing portfolio ∆ with Vt(∆,X ) = Vt/X
0
t . This

implies that ;̃X i = Xi
0 + ;̃X i

∑
k σ

ik · ;̃Wk

V0 +
n∑

k=1

∫ t

0
Lk
sdW̃

k
s = Vt/X

0
t = V0 +

n∑
k=1

∫ t

0
∆i

sX̃
i
sσ

ik
s dW̃

k
s .

So to hedge S, we need to find ∆ such that

Lk = ∆iX̃ iσik,

or equivalently

L = ∆X̃ σ

with ∆X̃ = (∆iX̃ i)i=1,...d and L = (Lk)k=1,...,n. Since (19.14) has exactly one solution by
assumption, this system of equations has at least one solution according to Lemma 19.25 ∆.
As just shown, this ∆ provides a hedging portfolio for S.

20 Interest Rate Models

In the Black-Scholes model, the value of the risk-free security, X 0, is deterministic. We will
now abandon this condition, but instead consider no further securities. The market is thus
determined by the equation

X 0 = 1 +R · X 0 · λ, (20.1)

whereby we always assume that the filtration to which R = (Rt)0≤t≤τ and thus X 0 =
(X0

t )0≤t≤τ are adapted, is generated by a Brownian motion W is generated. It is clear that

X0
t = exp

(∫ t

0
Rsds

)
.

The aim of this section is to calculate the fair price of zero bonds. These are derivatives that
are issued at a point in time 0 ≤ t ≤ τ and whose owners receive a monetary unit at a point
in time t ≤ u ≤ τ receive one monetary unit. The question is, therefore, what it is worth at
time t to be sure of having one monetary unit at time u, given that the interest process is
given by R. We denote the price of the zero bond with maturity u at time t by Su

t , which
leads to a process (Su

t )0≤t≤u with Su
u = 1.
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20.1 Basic

Again, we will use equivalent martingale measures to calculate the fair price of zero bonds;
see Proposition 20.1. Subsequently, we can describe the price processes (Su

t )0≤t≤u by means
of a stochastic differential equation; see Proposition 20.4.

Proposition 20.1 (Price of a zero bond). If there is an equivalent martingale measure Q in
the market (20.1), (i.e., a measure with respect to which (Su

t /X
0
t )0≤t≤u is a martingale for

all 0 ≤ u ≤ τ , then
Su
t = EQ

[
exp

(
−
∫ u

t
Rsds

)∣∣∣Ft

]
is the fair price of the zero bond with maturity u at time t.

Proof. It is clear that Su
u/X

0
u = exp

(
−
∫ u
0 Rsds

)
. Since (Su

t /X
0
t )0≤t≤u is a Q-martingale, it

follows that

Su
t /X

0
t = EQ[Su

u/X
0
u|Ft] = EQ

[
exp

(
−
∫ u

0
Rsds

)∣∣∣Ft

]
,

hence the assertion follows after multiplication by X0
t .

Since the filtration (Ft)0≤t≤τ is generated by the Brownian motion, we can describe equiv-
alent martingale measures in the market (20.1) well.

Proposition 20.2 (Characterization of equivalent measures). Let Q be equivalent to P. Then
there exists a random variable Zτ > 0 and a process H = (Ht)0≤t≤τ such that Q = Zτ ·P and

Zτ = exp
(
−
∫ τ

0
HsdWs − 1

2

∫ τ

0
H2

sds
)
. (20.2)

Proof. According to the Radon-Nikodym theorem, there exists a density Zτ of Q with respect
to P such that Q = Zτ · P. It is clear that Z = (Zt)0≤t≤τ with Zt = EP[Zτ |Ft] is a
P-martingale. By Theorem 17.14.2, there exists a local P-martingale N such that Z =
exp(N − 1

2 [ Con]). Since the filtration (Ft)0≤t≤τ is generated by W, theorem 17.9 implies
that there is a process H with N = −H ·W. Hence the claim follows.

Corollary 20.3 (Preis eines Zero-Bonds). Is there an equivalent martingale measure in the
market (20.1) Q with Q = Zτ ·P for

Zτ = exp
(
−
∫ τ

0
HsdWs − 1

2

∫ τ

0
H2

sds
)
.

and a process H = (Ht)0≤t≤τ , then

Su
t = EP

[
exp

(
−
∫ u

t
Rsds−

∫ u

t
HsdWs −

1

2

∫ u

t
H2

sds
)∣∣∣Ft

]
is the fair price of the zero bond with maturity u at time t.

Proof. It suffices to show the statement for u = τ . It follows immediately from the last two
propositions, if one notes that for any non-negative random variable X for 0 ≤ t ≤ τ and
A ∈ Ft

EP[ZtEQ[X|Ft], A] = EQ[EQ[X|Ft], A] = EQ[X,A] = EP[ZτX,A] = EP[EP[ZτX|Ft], A],
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which means that

EQ[X|Ft] =
EP[ZτX|Ft]

Zt

holds.

Proposition 20.4 (An SDE for the price process of zero bonds). Is there an equivalent
martingale measure in the market (20.1) Q with Q = Zτ ·P for

Zτ = exp
(
−
∫ τ

0
HsdWs − 1

2

∫ τ

0
H2

sds
)
.

and a process H = (Ht)0≤t≤τ , then there is for each 0 ≤ u ≤ τ an adapted stochastic process
Ku = (Ku

t )0≤t≤u such that

dSu
t = (Rt +Ku

t Ht)S
u
t dt+Ku

t S
u
t dW.

Remark 20.5 (Interpretation). We immediately notice that although the process R has finite
variation, the processes (Su

t )0≤t≤u do not. Furthermore, we observe that the expected interest
rate, which can be calculated using a zero bond, differs from the process R differs. If H is
positive (which is the normal case), then the expected interest rate is higher than for X 0.
However, this higher interest rate is associated with a higher risk due to a positive quadratic
variation in the process (Su

t )0≤t≤u.

Proof of Proposition 20.4. Since the process (Su
t /X

0
t )t≥0 is a positiveQ-martingale, by lemma 17.12

(ZtS
u
t /X

0
t )t≥0 is a positive P-martingale. Thus, by Theorems 17.14 and Theorem 17.9, there

is an adapted process Lu = (Lu
t )0≤t≤u with

ZtS
u
t /X

0
t = Su

0 exp
(∫ t

0
Lu
sdWs − 1

2

∫ t

0
(Lu

s )
2ds
)
,

or also

Su
t = Su

0 exp
(∫ t

0
Lu
s +HsdWs +

∫ t

0
Rs − 1

2((L
u
s )

2 −H2
s )ds

)
.

Just as in example 18.1, we see that (Su
t )0≤t≤u is the SDE

dSu
t =

(
Rt − 1

2((L
u
t )

2 − (Ht)
2) + 1

2(L
u
t +Ht)

2
)
Su
t ds+ (Lu

t +Ht)S
u
t dW

=
(
Rt + Lu

tHt +H2
t

)
Su
t ds+ (Lu

t +Ht)S
u
t dW

löst. Nun folgt die Aussage mit Ku
t = Lu

t +Ht.

20.2 The Vasicek model

As we saw in Section 20.1, in particular in Proposition 20.1 and Corollary 20.3, we can
calculate the price Su

t of a zero bond if we know the price process X 0 under the equivalent
martingale measure Q, or both X 0 and H under P. The (single-factor) Vasicek model is a
simple model in which we describe R by an Ornstein-Uhlenbeck process. We will now briefly
repeat this process .
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Example 20.6 (Ornstein-Uhlenbeck Process). We consider the solution of the SDE

dX = −µXdt+ σdW

and claim that

Xt = e−µt
(
X0 + σ

∫ t

0
eµsdWs

)
(20.3)

strong solution of this SDE. According to the formula for partial integration, the following
applies to the process defined in this way and A = (At)t≥0 with At = e−µt (and thus A =
1− µA · λ) and B = (Bt)t≥0 with Bt = X0 + σ

∫ t
0 e

µsdWs, i.e. B = X0 + σA−1 · W

X −X0 = A · B + B · A = σ · W − µAB · λ = −µX · λ+ σ · W.

Furthermore, we assume that

Yt = b+ e−µt
(
Y0 − b+ σ

∫ t

0
eµsdWs

)
(20.4)

is a strong solution of the SDE

dY = µ(b− Y )dt+ σdW (20.5)

. (Because if X solves the equation (20.3), then Y := X + b solves the equation (20.4).)

In the Vasicek model, the process R from (20.1) is modeled by the solution of (20.4).
Furthermore, it is assumed that the equivalent martingale measure from Proposition (20.4)
has the form Q = Zτ ·P with Zτ from (20.2) and H = ρ for some ρ ∈ R. In this fairway, we
state some elementary results.

Lemma 20.7 (Modeling in the Vasicek model). Let Y = Y0≤t≤τ be the solution of (20.5)

and Q = Zτ ·P with Zτ = exp(−ρWτ − 1
2ρ

2t). Then W̃ =W + ρt is a Brownian motion with
respect to Q and Y is the only strong solution of

dY = µ(b∗ − Yt)dt+ σW̃t

with b∗ = b− ρσ/µ.

Proof. This follows directly from the Girsanov transformation of Theorem 18.11.

Theorem 20.8 (Prices of Zero-Bonds in the Vasicek Model). We use the notation from
Proposition 20.1. Let R = R0≤t≤τ the solution of (20.5) and Q = Zτ · P with Zτ =
exp(−ρWτ − 1

2ρ
2t). Then

Su
t = F (Rt, u− t)

with b∗ = b− ρσ/µ and

F (x, t) = exp
(
−
(
b∗ − σ2

2µ2

)
t+

1

µ

(
b∗ − σ2

2µ2
− x
)
(1− e−µt)− σ2

4µ3
(1− e−µt)2

)
the fair price of the zero bond with maturity u at time t.

277



Remark 20.9 (The long-term achievable interest rate). For large t, approximately

F (x, t) ≈ C exp
(
−
(
b∗ − σ2

2µ2

)
t
)

for a constant C. This means that b∗ − σ2/(2µ2) is the long-term interest rate in the Vasicek
model. In practice, however, it is assumed that the long-term interest rate depends on the
current interest rate, Rt.

Proof of Theorem 20.8. Due to Proposition 20.1, only EQ[exp(−
∫ u
t Rsds)|Ft] needs to be

calculated. Since R solves the SDE

dR = µ(b∗ −Rt)dt+ σdW̃ (20.6)

with the Q-Brownian motion W̃ and b∗ = b − ρσ/µ, and is therefore a Markov process we
write

EQ

[
exp

(
−
∫ u

t
Rsds

)∣∣∣Ft

]
= F (Xt, u− t)

with

F (x, t) = E
[
exp

(
−
∫ t

0
Rsds

)∣∣∣R0 = x
]
, (20.7)

where R = (Rt)0≤t≤τ solves the SDE (20.6). We can use the fact that

Rt = b∗ + e−µt
(
x− b∗ + σ

∫ t

0
eµsdW̃s

)
.

Since Rs is normally distributed in (20.7) for each s,
∫ t
0 Rsds is also normally distributed. We

calculate the expectation and variance as

µ̂ := E
[ ∫ t

0
Rsds

]
=

∫ t

0
b∗ + e−µs(x− b∗)ds = b∗t+

x− b∗

µ
(1− e−µt),

σ̂2 := V
[ ∫ t

0
Rsds

]
= 2

∫ t

0

∫ s

0
COV[Rs, Rr]drds

= 2σ2
∫ t

0

∫ s

0
e−µre−µsE

[ ∫ s

0
eµsdW̃s

∫ r

0
eµrdW̃r

]
drds

= 2σ2
∫ t

0

∫ s

0

∫ r

0
e−µre−µse2µvdvdsdr

=
σ2

µ

∫ t

0
e−µs

∫ s

0
eµr − e−µrdrds

=
σ2

µ2

∫ t

0
1− 2e−µs + e−2µsds

=
σ2t

µ2
− 2σ2

µ3
(1− e−µt) +

σ2

2µ3
(1− e−2µt)

=
σ2t

µ2
− σ2

µ3
(1− e−µt)− σ2

2µ3
(1− e−µt)2.
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Since by Example 6.13.3 for a N(µ̂, buildingσ2)-distributed random variable Z it holds that
E[e−Z ] = e− buildingµ+ buildingσ2/2, follows

F (x, t) = e−µ̂+σ̂2/2

= exp
(
−
(
b∗ − σ2

2µ2

)
t+

1

µ

(
b∗ − σ2

2µ2
− x
)
(1− e−µt)− σ2

4µ3
(1− e−µt)2

)
and thus the assertion.

Part V

Appendix

A Some Topology

A topology is used in mathematics whenever a notion of convergence is introduced. Even if
topologies have only been treated as a sideline in most of your lectures so far, some concepts
of convergence are well known. There are also many connections between measure theory
and topology; see for example the notion of a Borel σ-algebra in Definition 1.7. Therefore,
we repeat basic notions of topology here.

A.1 Basics

By a topology we understand a family of open subsets of a space Ω.22 In metric spaces one
calls a set A open if for every ω ∈ A there is an open ball23 Bε(ω) ⊆ A for some ε > 0. This
case of metric spaces is in practice the most important.

In measure theory, the case of separable topologies, which are generated by complete
metrics, is of particular importance. Such spaces are called Polish.

Definition A.1 (Metric space, topological space). Let Ω be some set.

1. A function r : Ω × Ω → R+ is called a metric if (i) r(ω, ω′) ̸= 0 for ω ̸= ω′, (ii)
r(ω, ω′) = r(ω′, ω) for all ω, ω′ ∈ Ω, and (iii) r(ω, ω′′) ≤ r(ω, ω′) + r(ω′, ω′′) for all
ω, ω′, ω′′ ∈ Ω. The pair (Ω, r) is a metric space.

For ω ∈ Ω and ε > 0, we denote by Bε(ω) := {ω′ ∈ Ω : r(ω, ω′) < ε} the open ball
around ω with radius ε.

2. A metric r on Ω is called complete if every Cauchy sequence converges. That is, if
ω1, ω2, . . . ∈ Ω with

∀ε > 0 ∃N ∈ N ∀n,m ≥ N : r(ωn, ωm) < ε,

then there is ω ∈ Ω with r(ωn, ω)
n→∞−−−→ 0.

3. A set system O ⊆ 2Ω is called topology if (i) ∅,Ω ∈ O; (ii) if A,B ∈ O, then A∩B ∈ O;
(iii) if I is arbitrary and if Ai ∈ O, i ∈ I, then

⋃
i∈I Ai ∈ O. The pair (Ω,O) is called

topological space. Its members, i.e. every A ∈ O, is called open; any set A ⊆ Ω with
Ac ∈ O is called closed.

22We will write 2Ω for the set of all subsets of Ω.
23We define Bε(ω) := ω′ : r(ω, ω′) < ε}.
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4. Let (Ω,O) be a topological space and A ⊆ Ω. Then

A◦ :=
⋃
{O ⊆ A : O ∈ O}

is called the interior of A and

A :=
⋂
{F ⊇ A : F c ∈ O}

is called closure of A.

5. A topological space (Ω,O) is called separable if there is a countable set Ω′ ⊆ Ω with

Ω
′
= Ω.

6. Let (Ω,O) be a topological space and B ⊆ O. Then B is called a base of O if

∀A ∈ O ∀ω ∈ A ∃B ∈ B : ω ∈ B ⊆ A.

This is exactly the case if

O = {A ⊆ Ω : ∀ω ∈ A ∃B ∈ B : ω ∈ B ⊆ A}. (A.1)

or (equivalently)

O =
{ ⋃

B∈C
B : C ⊆ B

}
. (A.2)

7. Let B ⊆ 2Ω. Then, the right hand sides of (A.1) and (A.2) define the topology generated
by B, which we denote by O(B).

8. Let (Ω, r) be a metric space and

B := {Bε(ω) : ε > 0, ω ∈ Ω}. (A.3)

Then O(B) is the topology generated by r. If specifically Ω ⊆ Rd and r is the Euclidean
distance, then the topology generated in (A.1) or (A.2) is called the euclidean topology.

9. The space (Ω,O) is called (completely) metrizable if there exists a (complete) metric r
on Ω such that (A.1) holds with B from (A.3). The space (Ω,O) is called Polish if it is
separable and completely metrizable.

10. Let (Ω,O) and (Ω′,O′) be topological spaces. Then a mapping f : Ω → Ω′ is called
continuous if f−1(A′) ∈ O for all A′ ∈ O′.

Example A.2 (The space R). We will often use functions with values in24

R := R ∪ {−∞,∞} or R+ := R+ ∪ {∞}
24The notation R suggests that the termination of R is meant here. This is not true, since the added elements

−∞,∞ do not lie in R, but closures of sets always contain at most the elements of the basic space can contain.
Topologically, R is the two-point compactification of R
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In order to be able to consider these spaces as topological spaces, we set

φ :


R → [−1, 1],

x 7→


2
π arctan(x), x ∈ R,
1, x =∞,
−1, x = −∞

and define the metric
rR(x, y) := |φ(x)− φ(y)|, x, y ∈ R.

The topological space defined by rR(R,O) extends the Euclidean topology (R,O) to R in the
sense that {A∩R : A ∈ O} = O. This is true because φ is continuous on R with a continuous
inverse function. It further holds that (R,O) is separable and rR is a complete metric.

On R one can calculate as usual in calculus. For example, a ·∞ =∞ for a > 0. However,
expressions like ∞−∞ and ∞/∞ are not defined.

Remark A.3 (Metric and topological spaces). Let (Ω,O) be a topological space and ω, ω1, ω2, . . . ∈
Ω. We define

ωn
n→∞−−−→ ω :⇐⇒ (∀O ∈ O : ω ∈ O ⇒ ωn ∈ O for almost all n ∈ N). (A.4)

In particular, this gives any topology on Ω a notion of convergence for sequences in Ω.
This notion of convergence agrees with the well-known notion on metric spaces: namely,

if r is a metric on Ω, which generates O, then the right-hand side of (A.4) holds if and only
if for all ε > 0, we have r(ωn, ω) < ε for almost all n ∈ N.

Using the notion of convergence from (A.4), we state the following well-known property:

Lemma A.4 (Closure of a metric space). Let (Ω, r) be a metric space and O be the topology
generated by r. For F ⊆ Ω the following are equivalent:

1. F is closed.

2. If ω1, ω2, . . . ∈ F and ω ∈ Ω are such that ωn
n→∞−−−→ ω, then ω ∈ F .

In particular, for every A ⊆ Ω there exists the closure A consists exactly of the cluster points25

of A.

Proof. ’1.⇒2.’ Assume there is a sequence ω1, ω2, . . . ∈ F with ωn
n→∞−−−→ ω ∈ F c. Then, since

F c ∈ O, we find ωn ∈ F c for almost all n. This is in contradiction with the assumption.
’2.⇒1.’: Suppose F was not closed, i.e. F c, is not open. Then there is ω ∈ F c such that for
all ε > 0 it holds that Bε(ω) ̸⊆ F c. Choose ε1, ε2, . . . > 0 with26 εn ↓ 0 and ωn ∈ Bεn(ω)∩F .
Then ω1, ω2, . . . ∈ F with ωn

n→∞−−−→ ω, but ω ∈ F c.

Lemma A.5 (Countable base and separable spaces). Let (Ω, r) be a separable metric space,
O be the topology generated by r, Ω′ countable with Ω′ = Ω and

B̃ := {Bε(ω) : ε ∈ Q+, ω ∈ Ω′}.

Then B̃ is countable and O(B̃) = O.
25A cluster point of A is any limit of a convergent sequence ω1, ω2, ... ∈ A.
26We write εn ↓ 0 if ε1 ≥ ε2 ≥ . . . and εn

n→∞−−−−→ 0
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Proof. Clearly, B̃ is countable and O(B̃) ⊆ O. Let B as in (A.3). Then for Bε(ω) ∈ B

Bε(ω) =
⋃

B̃∋B⊆Bε(ω)

B,

thus B ⊆ O(B̃) and thus O = O(B) ⊆ O(B̃).

Example A.6 (Two Polish spaces). 1. Let O be the Euclidean topology on Rd, as given in
Definition A.1.9 by the Euclidean metric. From your lecture Analysis I, it is known that
this metric is complete. Further, Qd is countable and every ω ∈ Rd is a cluster point of
a sequence in Qd. Thus, in particular, Qd = Rd by Lemma A.4, so Rd is separable. So
overall, (Rd,O) is Polish.

2. Let K ⊆ R be compact (i.e. closed and bounded) and Ω = CR(K) be the set of continuous
functions ω : K → R. On Ω let

r(ω1, ω2) := sup
x∈K
|ω1(x)− ω2(x)|

be the supremum distance. It is known from Analysis II that r is complete is complete.
Furthermore, every ω ∈ Ω can be calculated according to the Weierstrass’ approximation
theorem can be uniformly approximated by polynomials by polynomials. Let Ω′ be the
countable set of polynomials with rational coefficients. Then it also holds that Ω′ = Ω.
Thus (Ω,O) is separable, i.e. Polish.

A.2 Compact sets

Topological spaces can be very large. Just think of the space R, in which there are sequences
that diverge. Now compact set are considered as smaller subsets of a topological space. In
such compact sets there are always convergent subsequences.

Definition A.7 (Relatively compact, compact, relatively sequenctially compact, totally re-
stricted). Let (Ω,O) be a topological space and K ⊆ Ω.

1. The set K is called compact if every open cover has a finite partial cover. That is: If
Oi ∈ O, i ∈ I and K ⊆

⋃
i∈I Oi, then there is27. J ⊂ I with K ⊆

⋃
i∈J Oi.

2. The set K is called relatively compact if K is compact.

3. The set K is called relatively sequentially compact if for every sequence ω1, ω2, . . . ∈ K
there is a convergent subsequence, i.e. there is an increasing sequence k1, k2, ... ↑ ∞ and
ω ∈ Ω with ωkn

n→∞−−−→ ω as in (A.4).

4. Let r be a metric that generates O. Then we call K ⊆ Ω totally bounded if for every
ε > 0 there is an N ∈ N and ω1, . . . , ωN ∈ K such that K ⊆

⋃N
n=1Bε(ωn). In other

words, for every radius ε > 0, there is a finite number of balls with this radius covering
K.

Lemma A.8 (Compact sets are closed). . Let (Ω, r) be a metric space and O the topology
generated by r. If K ⊆ Ω is compact, then K is also closed.

27We write J ⊆f I if J ⊆ I and J is finite
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Proof. We show that Kc is open. For this, let ω ∈ Kc. For all ω′ ∈ K we choose δω′

and εω′ such that Bδω′ (ω) ∩ Bεω′ (ω
′) = ∅. Then obviously

⋃
ω′∈K Bεω′ (ω

′) ⊇ K, so there
is J ⊆f K with K ⊆

⋃
ω′∈J Bεω′ (ω

′). Set δ := minω′∈J δω′ > 0. Then Bδ(ω)is ∩ K ⊆
Bδ(ω) ∩

⋃
ω′∈J Bεω′ (ω

′) = ∅, i.e. Bδ(ω) ⊆ Kc. Since ω ∈ Kc was arbitrary, Kc is open, so K
is closed.

The following theorem about compact sets gives a complete characterization of compact sets
in Polish spaces.

Proposition A.9 (Characterising relatively compact sets). . Let (Ω, r) be a metric space, O
be the topology generated by r and K ⊆ Ω. Consider the following statements:

1. K is relatively compact.

2. If Fi ⊆ K is closed, i ∈ I, and
⋂

i∈I Fi = ∅, then there is J ⊆f I with
⋂

i∈J Fi = ∅.

3. K is relatively sequentially compact.

4. K is totally bounded.

Then

4.⇐= 1. ⇐⇒ 2. =⇒ 3.

Furthermore, 3. =⇒ 2. also holds if (Ω,O) is separable and 4. =⇒ 3. if (Ω, r) is complete. In
particular, all four statements are equivalent, if (Ω,O) is Polish.

Corollary A.10. Let (Ω, r) be a metric space, O the topology generated by r. Then closed
subsets of compact sets are compact.

Proof. Let K ⊆ Ω be compact and A ⊆ K closed. A closed set is compact if and only if it is
relatively compact. From Proposition A.9.2 one reads, because of the relative compactness of
K, that for Fi closed, i ∈ I, with Fi ⊆ A ⊆ K and

⋂
i∈I Fi = ∅ a J ⊂ I exists with

⋂
i∈J Fi = ∅.

Again with Proposition A.9.2 it follows that A is relatively compact, i.e. compact.

Proof of Proposition A.9. ’1.⇒4.’ LetK be compact and ε > 0. Obviously,
⋃

ω∈K Bε(ω) ⊇ K
is an open covering. Thus, sinceK is compact, there is a finite subcover, i.e. there is ω1, . . . , ωN

with K ⊆
⋃N

n=1Bε(ωn). Since ε > 0 was arbitrary, the assertion follows.

’1.⇒2.’ Now let Fi, i ∈ I be as stated. Then
⋃

i∈I F
c
i =

(⋂
i∈I Fi

)c
= Ω ⊇ K. Since K is

compact, there is J ⊆f I with K ⊆
⋃

i∈J F
c
i . Thus

⋂
i∈J Fi =

(⋃
i∈J F

c
i

)
⊆ K

c
. But since

Fi ⊆ K was assumed,
⋂

i∈J Fi = ∅.

’2.⇒1.’ Let Oi ∈ O, i ∈ I be a covering of K, i.e. K ⊆
⋃

i∈I Oi. Set Fi = Oc
i ∩ K, then

F c
i ∈ O and

⋂
i∈I Fi = K ∩

(⋃
i∈I Oi

)c
= ∅. So there is J ⊆f I with

⋂
i∈J Fi = ∅. Therefore,

K
c ∪
⋃

i∈J Oi =
⋃

i∈J F
c
i = Ω, so

⋃
i∈J Oi ⊇ K. So we found a finite subcovering. In other

words, K is compact.

’2,⇒3.’ Let ω1, ω2, . . . ∈ K. We set Fn = {ωn, ωn+1, . . .} ⊆ K. Suppose there is no convergent
subsequence of ω1, ω2, . . . Then

⋂∞
n=1 Fn = ∅. From 2. it then follows that there is a N ∈ N
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with ∅ = .
⋂N

n=1 Fn = FN . This is a contradiction, since FN is not empty by construction;
therefore there is a convergent subsequence.

’3.⇒1.’ if (Ω,O) is separable. Let Ω′ be countable with Ω′ = Ω and B := {B1/n(ω) : ω ∈
Ω′, n ∈ N}. Then, B is a countable basis of O. We write B = {B1, B2, . . .}.

Suppose K is not compact. That is, there is a cover Ai ∈ O, i ∈ I (for some infinite I)
with K ⊆

⋃
i∈I Ai and there is no finite subcover. We set for i ∈ I

Ji = {j ∈ N : Bj ⊆ Ai} ⊆ N

and J :=
⋃

i∈I Ji ⊆ N. Thus Ai =
⋃

j∈Ji Bj , and

K ⊆
⋃
i∈I

Ai =
⋃
i∈I

⋃
j∈Ji

Bj =
⋃
j∈J

Bj .

This shows that Bj ∈ O, j ∈ J is a countable cover of K. Since there is no finite subcover
for Ai, i ∈ I, there can also be no finite finite subcover for Bj , j ∈ J . (If there would be a
finite subcover Bj , j ∈ J , we could take Aj ⊇ Bj , j ∈ J and find a finite subcover Aj , j ∈ J ,
contradiction.) We write J = {j1, j2, ...}. For n ∈ N we set ωn ∈ K \

⋃n
i=1Bji . (Note that

this set is non-empty, otherwise a finite subcover would exist.) By assumption, the sequence
ω1, ω2, . . . ∈ K has a cluster point ω ∈ K. Since K ⊆

⋃
j∈J Bj , there is k ∈ J ⊆ N with

ω ∈ Bk. So, on the one hand (since Bk is open) there are infinitely many of the ωn in Bk,
on the other hand, ωi /∈ Bk for all i ≥ k by construction. This is a contradiction, so K is
compact.

’4.⇐’3. If (Ω, r) is complete: Let ω1, ω2, . . . ∈ K. We are going to construct a Cauchy subse-
quence. This converges since (Ω, r) is complete and K is found to be relatively sequentially
compact. In order to construct the subsequence, choose a sequence ε1, ε2, . . . > 0 with εn ↓ 0.
Since K is totally bounded, there are finitely many ε1-balls covering K. At least one of these
balls must contain infinitely many of the ωn. These have each at most distance 2ε1. Choose
ωk1 as one of these infinitely many points. Since this ε1-ball is covered by finitely many ε2-
balls, there is one of these ε2-balls, which contains infinitely many of the ωn. These each have
at most distance 2ε2. Choose ωk2 ̸= ωk1 as one of these infinitely many points. By proceeding
further we obtain a sequence ωk1 , ωk2 , . . . ∈ K such that r(ωkn , ωkm) ≤ 2εm∧n. With other
words, as announced, we have found a Cauchy subsequence in K.

Lemma A.11 (Compact metric spaces are Polish). . Let (Ω, r) be a metric space and O be
the topology generated by r. If Ω is compact, then (Ω,O) is Polish.

Proof. For the proof, we need to show both, completeness of (Ω, r) and separability of (Ω,O).
For completeness, let ω1, ω2, . . . ∈ Ω be a Cauchy sequence. Since K is relatively sequentially
compact according to Proposition A.9, there is ω ∈ Ω and a subsequence ωk1 , ωk2 , . . . converg-
ing to ω. Let ε > 0 and N ∈ N be such that r(ωm, ωn) < ε/2 form,n > N and r(ωkn , ω) < ε/2
for kn > N . Then for m > N it holds that r(ωm, ω) ≤ r(ωm, ωkn) + r(ωkn , ω) ≤ ε. It fol-
lows that ωn

n→∞−−−→ ω. For separability of (Ω,O), let ε1, ε2, . . . > 0 with εn ↓ 0. Since K
is totally bounded, for all n ∈ N there is a kn and ωn1, . . . , ωnkn with K ⊆

⋃kn
k=1Bεn(ωnkn).

Let Ω′ = ωnk : n ∈ N, k = 1, . . . , kn}. Then Ω′ is countable and for each ω ∈ Ω and each
n ∈ N there is a k(ω, n) ∈ {1, . . . , kn} with r(ωk(ω,n), ω) < εn. Thus, (ωk(ω,n), ω)

n→∞−−−→ ω. So

Ω′ = Ω.
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