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Tutorial 4 - Almost sure, stochastic and Lp-convergence

Exercise 1 (1+1+1+1+1+1 Points).

Let Ω = [0,1], F = B([0,1]) and P = λ|[0,1] be the Lebesgue measure on [0,1]. The sequence
(Xn)n∈N of random variables is given by

X1 = 0 and Xn =
√
n1( 1

n
, 2
n)
.

Prove or disprove:

(a) (Xn)n∈N converges in probability.

(b) (Xn)n∈N converges almost surely.

(c) (X2
n)n∈N converges almost surely.

(d) (Xn)n∈N converges in L2.

(e) (Xn)n∈N is uniformly integrable.

(f) (X2
n)n∈N is uniformly integrable.

Exercise 2 (1+1+1+1+1+1 Points).

Let X, Y, X1, Y1, X2, Y2, . . . be random variables on a probability space (Ω,F ,P) with
Xn ∼ Yn for all n and X ∼ Y . Prove or disprove (by giving a counter-example) the
following statements:

(a) Xn →p 0 ⇐⇒ Yn →p 0.

(b) Xn →as 0 ⇐⇒ Yn →as 0.

(c) Xn →L1 0 ⇐⇒ Yn →L1 0.

(d) Xn →p X ⇐⇒ Yn →p Y .

(e) Xn →as X ⇐⇒ Yn →as Y .

(f) Xn →L1 X ⇐⇒ Yn →L1 Y .

Recall that X ∼ Y means that X∗P = Y∗P.

1

https://pfaffelh.github.io/hp/2024ss_wtheorie.html
https://www.stochastik.uni-freiburg.de/


Exercise 3 (2+2 Points).

Let (Xn)n∈N, (Yn)n∈N and (Zn)n∈N be sequences of real, integrable random variables on a
probability space (Ω, F , P) with Xn ≤ Yn ≤ Zn for all n ∈ N and Xn →p X, Yn →p Y
and Zn →p Z. Show that:

(a) Xn + Yn →p X + Y .

(b) If E[Xn] → E[X], and E[Zn] → E[Z] also applies, then E[Yn] → E[Y ].

Exercise 4 (2+2 bonus points).

Let p,q ∈ N and X1, X2, . . . ∼ exp(1) be independent. In addition, let Y = X1 + · · ·+Xp

and Z = Xp+1 + · · ·+Xp+q.

(a) Show that Y ∼ fp · λ, where λ is Lebesgue measure and

fp(x) =
1

(p− 1)!
xp−1e−x1x≥0.

(b) Show that Y/(Y + Z) ∼ β(p,q), the β-distribution from the last sheet.
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