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Lebesgue measure

» Proposition 2.18: There is exactly one measure A on
(R, B(R)) with

AM(a, b)) =b—a

for a, b € Q with a < b.

» Proof: H ={(a,b]:a,bec Q,a< b} is a semi-ring with
o(H) = B(R).
o-additivity: let aj, ap, ... be such that
Ur21(ant1,an] = (a,b] € H, i.e., b= a1 and a, | a. Then,

Aa, b] = b—a= al—Nll‘rlo an = Z an—ant1 = Z)\((anﬂ, an)).
n=1

n=1
Conclude with Theorem 2.16.
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o-finite measures on R

» Proposition 2.19: i : B(R) — R is a o-finite measure iff
there is G : R — R, non-decreasing and right-continuous with

u((a.b) = G(b)— G(a), abeQa<h (¥

If G also satisfies (), then G = G + ¢ for some ¢ € R.
» Proof: '=": Define G(0) =0 and
0 0
G(X) = M(( 7X])7 X > )
(. 0]), x <0,
'<=": Similar to the proof of Proposition 2.18.
Let G satisfy (x). Then, for a € R,

G(b) = G(a) + u((a, b)) = G(b) + G(a) — G(a),
and the assertion follows with ¢ = G(a) — G(a).
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Probability measures on R

» Corollary 2.20: u : B(R) — [0, 1] is probability measure iff
there is F : R — [0, 1] non-decreasing and right-continuous
with limp_, F(b) =1 and

wu((a, b]) = F(b) — F(a), a,beQ,a<b.

F is uniquely defined by p.
F is called the distribution function of pu.
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Examples

» Let f: R — Ry be a density (piecewise continuous with
S5 f(x)dx = 1). A densitiy defines a distribution function
via N

F(x) ::/ f(a)da,

therefore uniquely a probability measures.

N 0, x<0,
Fu,1)(x) = / Lpy(a)da=qx, 0<x<1,
- 1, x>1,

Fexp()\)(X) = / 1[0700)(3))\e_)“’da =1—e ™

Fr(u,o2)(x) = \/21? /_Xoo exp ( - (az_ag)z)da =: ®(x)
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Image measures
» If 7' is a o-fieldon @', and f: Q — Q'. Then,
o(f) = {fHA): A € F'} is a o-field on Q.
» Definition 2.23: (2, F, ;1) measure space, (', F') measurable
space, f : Q — Q' with o(f) C F. Then,
F oA fp(A) = u(fHA)) = w(f € A)

is the image measure of f under pu.

If P is a probability measure, we call X, the distribution of X
under P.

» Proposition 2.25: f,u is a measure on F'.
> Proof: A}, AS,--- € F' disjoint, then

o B) (7 ()

= WHAD) = S ulF T AY) = 3 fu(Ay).
n=1 n=1
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Examples

» For Q=1[0,1], H:={[0,b): 0 < b <1} has
o(M) = B([0, 1]).
B = pyu), f:u—1—u. Then fiu = p, because

fu([0, b)) = u(F([0,6))) = u([L — b,1]) =1 — (1~ b) = b.

» Q=R yeR, f,:x—=x+y
A Lebesgue measure. Then (f,).A = A, because

(£,):M([a, b1) = A(f, H([a, b)) = Mla —y, b~ y]) = b — a.

> Q=1[0,1,2 =Ry, f:x— —1log(x) for A >0
K= fy(o,1)- Then, fipt = fiexp(n), because for x >0

fen([0,x]) = p(FH([0,x])) = p([e ™, 1) =1 — ™.
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