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Definition of some set-systems

I C ⊆ 2Ω

C σ-field =⇒ C ring =⇒ C semi-ring.

I Definition 1.1: Ω set, ∅ 6= H,R,F ⊆ 2Ω.
I H ∩-stable, if (A,B ∈ H ⇒ A ∩ B ∈ H).
I H σ − ∩-stable, if (A1,A2, ... ∈ H ⇒

⋂∞
i=n An ∈ H).

I H ∪-stable, if (A,B ∈ H ⇒ A ∪ B ∈ H).
I H σ − ∪-stable, if (A1,A2, ... ∈ H ⇒

⋃∞
i=n An ∈ H).

I H complement-stable, if A ∈ H ⇒ Ac ∈ H.
I H set-difference-stable, if (A,B ∈ H ⇒ B \ A ∈ H).



Definition of some set-systems

I We write A ] B for A ∪ B if A ∩ B = ∅.
I Definition 1.1: Ω set, ∅ 6= H,R,F ⊆ 2Ω.

I H is a semi-ring, if it is (i) ∩-stable and (ii)
∀A,B ∈ H∃C1, . . . ,Cn ∈ H with B \ A =

⊎n
i=1 Ci .

I R is a ring, if it is ∪-stable and set-difference-stable.
I F is a σ-field, if Ω ∈ F , it is complement-stable and

σ-∪-stable. Then, (Ω,F) is called measurable space.



Connections between set-systems

C semi-ring C ring C σ-field

C is ∩-stable • ◦ ◦

C is σ-∩-stable ◦

C is ∪-stable • ◦

C is σ-∪-stable •

C is set-difference-stable • ◦

C is complement-stable •

B \ A =
⊎n

i=1 Ci • ◦ ◦

Ω ∈ C •



Examples

I Semi-ring: Let Ω = R. Then,

H := {(a, b] : a, b ∈ Q, a ≤ b} is a semi-ring.

I σ-algebras: Trivial examples are {∅,Ω} and 2Ω.
If F ′ is a σ-field on Ω′, and f : Ω→ Ω′. Then,

σ(f ) := {f −1(A′) : A′ ∈ F ′} is a σ-field on Ω.

Indeed: If A′,A′1,A
′
2, . . . ∈ σ(f ), then

(f −1(A′))c = f −1((A′)c) ∈ σ(f ) and⋃∞
n=1 f

−1(A′n) = f −1
(⋃∞

n=1 A
′
n

)
∈ σ(f ).


