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Preface

These notes cover the numerics part of Basics in Applied Mathematics.

Sections and results marked with an asterisk (∗) are not presented in the lecture. They are
included for self-study and for reference; they are not part of the testable core.

This material was prepared with the help of AI. The selection and structure of the material
and every final formulation are mine, as is the responsibility for any remaining errors; please
report them to me.
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• E. Süli, D. Mayers, An Introduction to Numerical Analysis, Cambridge University Press –
very accessible, with full proofs.

• P. Deuflhard, A. Hohmann, Numerical Analysis in Modern Scientific Computing, Springer
– condition and stability.

• N. J. Higham, Accuracy and Stability of Numerical Algorithms, 2nd ed., SIAM 2002 – the
reference for rounding error analysis (Chapters 1–3).

• G. H. Golub, C. F. Van Loan, Matrix Computations, 4th ed., Johns Hopkins University
Press 2013 – the reference for matrix algorithms (Chapters 2–6).

• E. Hairer, S. P. Nørsett, G. Wanner, Solving Ordinary Differential Equations I, and
E. Hairer, G. Wanner, Solving Ordinary Differential Equations II: Stiff and Differential-
Algebraic Problems, Springer – for Chapter 10.



1 Introduction, floating-point
arithmetic, conditioning and norms

Learning goals. After this chapter you can

(i) name the four sources of error in a numerical computation,

(ii) explain how real numbers are stored in a computer, why 0.1+0.2 ̸= 0.3 in floating-point
arithmetic, and what cancellation is,

(iii) distinguish a well-conditioned problem from a stable algorithm,

(iv) measure the size of vectors and matrices with norms and compute ∥A∥1, ∥A∥∞ and
∥A∥2.

1.1 What this part of the course is about

Numerical mathematics is concerned with algorithms that compute approximate solutions of
mathematical problems using finitely many arithmetic operations on numbers of finite precision.
The problems treated in this part of the course are the following:

• solving a linear system Ax = b (Chapters 2 and 6), also when there are more equations
than unknowns (Chapter 3);

• computing eigenvalues and singular values of a matrix (Chapters 4 and 5);

• solving a nonlinear equation f(x) = 0 (Chapter 7);

• reconstructing a function from finitely many values (Chapter 8) and computing an integral
(Chapter 9);

• solving an ordinary differential equation (Chapter 10).

For each of these problems three questions recur throughout the course.

1. Accuracy. How far is the computed result from the exact solution, and how does the
error depend on the parameters of the method (step size, number of iterations, number of
nodes)?

2. Cost. How many arithmetic operations and how much memory does the method require
as a function of the problem size n?

3. Robustness. Does the method still work when the data are perturbed, for instance by
measurement errors or by rounding in the computer?

Four sources of error. In a computation based on a mathematical model one distinguishes

• the model error: the equations do not describe reality exactly;

• the data error: the input data are known only approximately;

• the method error (discretisation error): the exact mathematical problem is replaced by
a computable approximation, for instance a series by a finite sum, an integral by a finite
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sum, a limit by an iterate;

• the rounding error: the computer stores numbers with finite precision.

Numerical analysis is concerned with the method error and the rounding error, and with the
question of how an algorithm propagates data errors. The following example shows that two
mathematically identical formulas can behave very differently in floating-point arithmetic.

Example 1.1 (two formulas for one function). For x > 0 the two expressions

f(x) =
1

x
− 1

x+ 1
and g(x) =

1

x(x+ 1)

define the same function. The table below lists the values of both expressions computed in
double precision arithmetic for xk = 10k, k = 1, . . . , 16, together with the relative difference
|f(xk)− g(xk)|/|g(xk)|.

k x f(x) g(x) rel. difference

1 1e+01 9.0909090909e-03 9.0909090909e-03 3.82e-16

2 1e+02 9.9009900990e-05 9.9009900990e-05 8.21e-16

3 1e+03 9.9900099900e-07 9.9900099900e-07 2.16e-14

4 1e+04 9.9990001000e-09 9.9990001000e-09 6.39e-14

5 1e+05 9.9999000010e-11 9.9999000010e-11 6.25e-13

6 1e+06 9.9999899989e-13 9.9999900000e-13 1.08e-10

7 1e+07 9.9999989907e-15 9.9999990000e-15 9.28e-10

8 1e+08 1.0000000003e-16 9.9999999000e-17 1.03e-08

9 1e+09 1.0000001492e-18 9.9999999900e-19 1.50e-07

10 1e+10 1.0000006145e-20 9.9999999990e-21 6.15e-07

11 1e+11 9.9999996827e-23 9.9999999999e-23 3.17e-08

12 1e+12 1.0000484359e-24 1.0000000000e-24 4.84e-05

13 1e+13 1.0009067165e-26 1.0000000000e-26 9.07e-04

14 1e+14 9.9396474058e-29 1.0000000000e-28 6.04e-03

15 1e+15 9.8607613153e-31 1.0000000000e-30 1.39e-02

16 1e+16 0.0000000000e+00 1.0000000000e-32 1.00e+00

For x = 10k the value computed from f agrees with the exact value in only about 16− k
decimal digits, and for x = 1016 it is 0, because x+ 1 is rounded to x. The value computed
from g is correct to all displayed digits in every row. The explanation is the following. For
k ≤ 15 the sum x+ 1 is an integer below 253 and is therefore computed exactly, and the two
reciprocals 1/x ≈ 10−k and 1/(x+1) ≈ 10−k are each computed with a relative error of at most
u ≈ 1.1 · 10−16 (Theorem 1.4 below), that is, with an absolute error of at most about 10−16−k.
Their exact difference is 1/(x(x+ 1)) ≈ 10−2k, so an absolute error of 10−16−k amounts to a
relative error of about 10k−16 of the result: up to k of the 16 significant digits are lost. This is
a rule of thumb for the worst case; the actual error depends on the particular rounding errors
of the two reciprocals and need not grow monotonically with k (compare the rows k = 10
and k = 11). Nothing is wrong with f mathematically; the loss of accuracy is caused by the
subtraction of two nearly equal numbers in floating-point arithmetic, called cancellation. The
precise analysis is given in Section 1.2.3.

1.2 Floating-point numbers

1.2.1 Representation

A computer stores a real number with finitely many digits. The standard representation is the
floating-point format.

Definition 1.2 (floating-point numbers). Let β ≥ 2 (the base), t ≥ 1 (the precision) and
emin ≤ emax be integers. The set of floating-point numbers is

F = F(β, t, emin, emax) =
{
± βe

t∑
i=1

di β
−i : di ∈ {0, . . . , β−1}, d1 ̸= 0, emin ≤ e ≤ emax

}
∪{0}.

BAM Numerics: Preliminary version, comments and corrections welcome 2
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For x = ±βe
∑t

i=1 diβ
−i ∈ F \ {0} the number m =

∑t
i=1 diβ

−i ∈ [β−1, 1) is the mantissa and
e the exponent of x.

The condition d1 ̸= 0 (normalisation) makes the representation of x ∈ F \ {0} unique: if
βem = βe′m′ with m,m′ ∈ [β−1, 1), then βe−e′ = m′/m ∈ (β−1, β), hence e = e′ and m = m′;
and two different digit strings (di), (d

′
i) with first difference at position i0 give mantissas that

differ by at least β−i0 −
∑t

i=i0+1(β − 1)β−i = β−t > 0. The set F consists of the normalised
numbers and 0; IEEE arithmetic additionally contains subnormal numbers (d1 = 0 with
e = emin), ±∞ and the symbol NaN (“not a number”).

Current computers implement the IEEE 754 standard. Its double precision format has
β = 2, t = 53, emin = −1021 and emax = 1024; a number is stored in 64 bits (one sign bit,
eleven bits for the exponent and 52 bits for the mantissa, since the leading digit d1 = 1 need
not be stored). The single precision format (float32) has t = 24. The largest double is
(1− 2−53) 21024 ≈ 1.80 · 10308, the smallest positive normalised double is 2−1022 ≈ 2.23 · 10−308.

Two properties of F are essential.

• F is a finite set (there are 2 · 252 · 2046 ≈ 1.8 · 1019 normalised doubles). In particular, F
is not closed under the operations +,−, ·, /.

• The elements of F are not equally spaced: in the interval [βe−1, βe) they form a grid
with spacing βe−t. For doubles, the interval [1, 2) contains 252 elements of F with spacing
2−52, and in [2k, 2k+1) the spacing is 2k−52 for every exponent in the admissible range,
−1022 ≤ k ≤ 1023. Relative to the numbers themselves the spacing is nearly constant:
for x ∈ [2k, 2k+1) ∩ F the quotient 2k−52/x lies in (2−53, 2−52].

spacing of doubles near 1e+00: 2.220e-16 (relative: 2.220e-16)

spacing of doubles near 1e+03: 1.137e-13 (relative: 1.137e-16)

spacing of doubles near 1e+06: 1.164e-10 (relative: 1.164e-16)

spacing of doubles near 1e+15: 1.250e-01 (relative: 1.250e-16)

0.1 + 0.2 == 0.3 ? False 0.1+0.2 = 0.30000000000000004

The last line of the output is not a defect of the software: 0.1 is not a double (its binary
expansion is infinite and periodic), so the literal 0.1 already denotes the double nearest to 0.1,
and the sum of two rounded numbers, rounded once more, need not coincide with the double
nearest to 0.3.

1.2.2 Rounding and the standard model

Definition 1.3 (rounding, unit roundoff). Let xmax := (1 − β−t)βemax denote the largest
element of F. The rounding fl: [−xmax, xmax]→ F maps x to an element of F nearest to x; if
there are two nearest elements, one of them is selected by a fixed tie-breaking rule (in IEEE
arithmetic the one whose last digit dt is even). The number

u := 1
2β

1−t

is called the unit roundoff (or machine precision). For doubles, u = 2−53 ≈ 1.11 · 10−16.

Theorem 1.4 (rounding error). Let x ∈ R \ {0} satisfy

βemin−1 ≤ |x| ≤ xmax. (1.1)

(The left bound is the smallest positive normalised number and the right bound the largest
floating-point number; the two conditions are called no underflow and no overflow.) Then

|fl(x)− x|
|x|

≤ u.

Equivalently, there is a number δ = δ(x) ∈ R with |δ| ≤ u such that fl(x) = x (1 + δ).

BAM Numerics: Preliminary version, comments and corrections welcome 3
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Proof. Since x ̸= 0, there is exactly one integer e with βe−1 ≤ |x| < βe, namely e = ⌊logβ |x|⌋+1.
The hypothesis (1.1) gives emin ≤ e ≤ emax: from βe > |x| ≥ βemin−1 we get e > emin − 1, and
from βe−1 ≤ |x| ≤ xmax < βemax we get e− 1 < emax.

The elements of F with exponent e are the numbers ±βem with m ∈ {β−1, β−1+β−t, . . . , 1−
β−t}; on the interval [βe−1, βe) they form a grid with spacing βe−t whose smallest point is
βe−1 and whose largest point is βe(1 − β−t). If e < emax, then βe = βe+1 · β−1 also belongs
to F, so |x| lies between two consecutive elements of F at distance βe−t; if e = emax, then
|x| ≤ xmax = βe(1− β−t) is the largest grid point, and again |x| lies between two consecutive
grid points at distance βe−t (or coincides with one). Since fl(x) is an element of F nearest to x,
its distance to x is at most half the spacing:

| fl(x)− x| ≤ 1
2β

e−t.

Using |x| ≥ βe−1 we conclude

|fl(x)− x|
|x|

≤
1
2β

e−t

βe−1
= 1

2β
1−t = u.

The exponent e has cancelled: the bound is the same for every magnitude of x. For the second
statement set δ := (fl(x)− x)/x; then fl(x) = x(1 + δ) and |δ| ≤ u by the first statement.

The IEEE standard requires the four basic operations to be correctly rounded : for a, b ∈ F
and ◦ ∈ {+,−, ·, /} the computed result of a ◦ b is fl(a ◦ b). Together with Theorem 1.4 this
gives the standard model of floating-point arithmetic,

fl(a ◦ b) = (a ◦ b)(1 + δ), |δ| ≤ u, (1.2)

valid for all a, b ∈ F for which the exact result a ◦ b is nonzero and satisfies the no-underflow
and no-overflow condition (1.1) (and b ̸= 0 in the case of division); if a ◦ b = 0 the result is
exact. Every single operation is thus accurate to a relative error of at most u. The difficulties
arise when many operations are combined, as the following output shows.
floating point addition is not associative: (1 + 1e-16) - 1 = 0.0 , 1 + (1e-16 - 1) =

1.1102230246251565e-16

The two results differ because floating-point addition is not associative. The spacing of the
doubles in [1, 2) is 2−52 ≈ 2.2 · 10−16, so 1 + 10−16 is rounded to 1 and the first expression
evaluates to 0. In the second expression, 10−16 − 1 = −(1− 10−16) is rounded to −(1− 2−53),
because the spacing of the doubles in [12 , 1) is 2−53 ≈ 1.1 · 10−16 and 1 − 2−53 is the double
nearest to 1− 10−16; the second expression therefore evaluates to 2−53 ≈ 1.11 · 10−16.

1.2.3 Cancellation

Consider the subtraction of two numbers that are themselves results of earlier computations
and therefore carry relative errors: ã = a(1 + δa) and b̃ = b(1 + δb) with |δa|, |δb| ≤ u and a ̸= b.
Even if the subtraction itself is carried out exactly, the result ã− b̃ has the relative error

|(ã− b̃)− (a− b)|
|a− b|

=
|aδa − bδb|
|a− b|

≤ u
|a|+ |b|
|a− b|

. (1.3)

The factor (|a| + |b|)/|a − b| ≥ 1 is the worst-case amplification of the relative errors of the
operands by the subtraction (a particular pair of errors δa, δb may be amplified less, or may
even cancel), and it is large precisely when |a− b| is small compared with |a|+ |b|, that is, when
a and b are nearly equal relative to their size. This phenomenon is called cancellation: the
leading digits of a and b agree and cancel, and the trailing digits, which carry the rounding

BAM Numerics: Preliminary version, comments and corrections welcome 4
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errors of ã and b̃, become the leading digits of the result. For a = 1/x and b = 1/(x+ 1) with
x = 10k (Example 1.1) the amplification factor is (|a| + |b|)/|a − b| = (2x + 1) ≈ 2 · 10k, in
accordance with the loss of up to k digits observed there.

Example 1.5 (quadratic equation). Let p, q ∈ R with p ̸= 0 and p2/4− q > 0. The two roots
of x2 + px+ q = 0 are

x± = −p

2
±
√

p2

4
− q.

If p2 ≫ |q|, then
√
p2/4− q ≈ |p|/2, and the root of smaller modulus is obtained as the

difference of two nearly equal numbers (x+ if p > 0, x− if p < 0). The remedy is to compute
the root of larger modulus,

x1 = −
p

2
− sign(p)

√
p2

4
− q,

in which the two terms have the same sign, so that no cancellation occurs in this addition,
and the second root from Vieta’s formula x1x2 = q, that is, x2 = q/x1. (The discriminant
p2/4− q itself suffers from cancellation when p2/4 ≈ q, that is, for nearly double roots; these are
ill-conditioned, see Remark 7.2.) For p = 108 and q = 1 the two procedures give the following
results.

direct formula: smaller root = -7.4505805969e-09 larger root = -1.0000000000e+08

stable : smaller root = -1.0000000000e-08 larger root = -1.0000000000e+08

Expanding
√
p2/4− q = p

2

√
1− 4q/p2 in powers of 1/p gives the exact roots x1 = −108 +

10−8 + 10−24 + O(10−40) and x2 = −10−8 − 10−24 + O(10−40). The direct formula returns
−7.45 · 10−9 for the root of smaller modulus, a relative error of about 25%. The reason is that√

p2/4− q is a double of magnitude 5 ·107, where the spacing of the doubles is 2−27 ≈ 7.45 ·10−9;
the subtraction −p/2 +

√
p2/4− q can therefore only produce a multiple of this spacing. The

stable procedure returns −10−8 correct to all displayed digits. Consequently, the subtraction of
nearly equal quantities that are themselves affected by rounding errors should be avoided where
possible: if a formula contains such a subtraction, an algebraically equivalent formula without
it should be sought. (If both operands are exact floating-point numbers, the subtraction is as
accurate as any other operation by the standard model; the danger lies in the amplification of
errors already present in the operands.)

1.3 Conditioning of a problem and stability of an algorithm

1.3.1 Condition numbers

Before an algorithm is blamed for an inaccurate result, one should ask whether the problem
itself is sensitive to perturbations of its data. This is a property of the problem and does not
depend on any algorithm.

Definition 1.6 (condition numbers). Let f : Rn → Rm describe a problem (input x, output
f(x)) and let ∥ · ∥ denote norms on Rn and Rm (norms are introduced in Section 1.4; for
n = m = 1 the norm is the absolute value). The absolute and the relative condition
number of f at x are

κabs(x) = lim
ε→0

sup
0<∥∆x∥≤ε

∥f(x+∆x)− f(x)∥
∥∆x∥

,

κrel(x) = lim
ε→0

sup
0<∥∆x∥≤ε

∥f(x+∆x)− f(x)∥/∥f(x)∥
∥∆x∥/∥x∥
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1 Introduction, floating-point arithmetic, conditioning and norms

(for the relative condition number we assume x ̸= 0 and f(x) ̸= 0). The limits exist in [0,∞]
because the suprema are nondecreasing functions of ε. A problem is called well-conditioned at
x if κrel(x) is of moderate size (as a rule of thumb, at most of the order 102) and ill-conditioned
if κrel(x) is large; where the boundary lies depends on the accuracy required.

Lemma 1.7 (condition numbers of differentiable functions). Let f : R→ R be differentiable at
x. Then κabs(x) = |f ′(x)|, and if x ̸= 0 and f(x) ̸= 0,

κrel(x) =
|f ′(x)| |x|
|f(x)|

.

Proof. By the definition of the derivative, the difference quotient D(∆x) := |f(x + ∆x) −
f(x)|/|∆x| converges to |f ′(x)| as ∆x → 0. Let η > 0. There is ε0 > 0 such that |D(∆x) −
|f ′(x)|| ≤ η for all 0 < |∆x| ≤ ε0, hence sup0<|∆x|≤εD(∆x) ∈ [|f ′(x)| − η, |f ′(x)| + η] for all
ε ≤ ε0. Since η > 0 was arbitrary, the limit of the suprema equals |f ′(x)|, which is the first
claim. The quotient in the definition of κrel(x) equals D(∆x) |x|/|f(x)|, and the second claim
follows from the first.

Example 1.8.

(i) f(x) =
√
x, x > 0: κrel(x) =

x

2
√
x
√
x
=

1

2
. Taking square roots is well-conditioned for

every x > 0.

(ii) f(x) = x − 1: κrel(x) =
|x|
|x− 1|

→ ∞ as x → 1. This is cancellation, viewed as the

ill-conditioning of a problem.

(iii) f(x) = ex: κrel(x) = |x|; the exponential function is ill-conditioned for large |x|.
(iv) f(x) = sinx: κrel(x) = |x cotx|, which is large near the roots x = kπ, k ∈ Z \ {0}. A

small relative change of x near 1000π changes sinx by a large amount relative to its small
value.

Remark 1.9 (interpretation of the relative condition number). κrel(x) is a worst-case amplification
factor. If the input is known only up to a relative error ε—and a relative error of up to u arises
already when an input that is not itself a floating-point number is stored in F (Theorem 1.4)—
then the output can deviate from the exact value by a relative error of about κrel(x) ε, and no
algorithm that receives only the perturbed input can detect or compensate for this deviation.
A particular perturbation may of course be harmless, and for some inputs the actual error is
much smaller than the bound.

0 2 4 6 8 10 12
x

10 1

100

101

102

103

104

re
l(x

)

relative condition numbers
sqrt(x)
x-1
sin(x)
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1 Introduction, floating-point arithmetic, conditioning and norms

1.3.2 Stability of an algorithm

An algorithm for the problem f is a finite sequence of elementary operations that maps the
input x to a computed result f̃(x); in floating-point arithmetic each operation is subject to the
standard model (1.2).

Definition 1.10 (forward and backward stability). An algorithm f̃ for the problem f is called

(i) forward stable if there is a constant C of moderate size (independent of x and of u, but
possibly depending on the dimensions n and m) such that

∥f̃(x)− f(x)∥
∥f(x)∥

≤ C
(
1 + κrel(x)

)
u

for all admissible inputs x, that is, if the computed result is as accurate as the conditioning
of the problem permits (the term 1 accounts for the rounding of the result itself, which is
unavoidable because the result has to be stored in F);

(ii) backward stable if there is a constant C of moderate size (again independent of x and
of u, but possibly depending on n and m) such that for every admissible input x there is
x̃ with

f̃(x) = f(x̃) and
∥x̃− x∥
∥x∥

≤ C u,

that is, if the computed result is the exact result for a slightly perturbed input.

Remark 1.11. Backward stability is the stronger property. Fix an input x with κrel(x) <∞. If
f̃(x) = f(x̃) with ∥x̃− x∥/∥x∥ ≤ Cu, then by the definition of the relative condition number,

∥f̃(x)− f(x)∥
∥f(x)∥

=
∥f(x̃)− f(x)∥
∥f(x)∥

≤
(
κrel(x) + o(1)

)∥x̃− x∥
∥x∥

≤
(
κrel(x) + o(1)

)
C u

as u → 0; a backward stable algorithm therefore satisfies the forward error bound of Defini-
tion 1.10(i) at every fixed input up to terms of higher order in u (the o(1) term depends on x,
so this argument alone does not provide a constant that is uniform in x). The rule to keep in
mind is

error of the result ≲ conditioning of the problem︸ ︷︷ ︸
cannot be influenced

×backward error of the algorithm︸ ︷︷ ︸
choose a good algorithm

.

Example 1.12. The problem “compute f(x) = 1/x− 1/(x+ 1) = 1/(x(x+ 1)) for x > 0” is
well-conditioned: by Lemma 1.7, with f ′(x) = −(2x+ 1)/(x(x+ 1))2,

κrel(x) =
|x f ′(x)|
|f(x)|

=
2x+ 1

x+ 1
≤ 2.

The algorithm “evaluate 1/x, evaluate 1/(x+ 1), subtract” is unstable for large x: by (1.3), the
subtraction amplifies the relative errors of the two intermediate results by the factor 2x+ 1,
so the relative error of the result can be of the order xu, whereas the condition number is at
most 2; Example 1.1 shows that errors of this order do occur. The algorithm “evaluate x+ 1,
multiply by x, take the reciprocal” consists of three operations, each with a relative error of
at most u by (1.2), and none of them amplifies the relative errors of its operands, since no
subtraction of nearly equal numbers occurs: with |δ1|, |δ2|, |δ3| ≤ u the computed result is

g̃(x) =
1 + δ3

x (x+ 1) (1 + δ1)(1 + δ2)
= g(x)

(
1 + δ3 − δ1 − δ2 +O(u2)

)
,

so its relative error is at most 3u+O(u2) (provided that x(x+ 1) does not overflow), and this
algorithm is forward stable. This is precisely what Example 1.1 shows.
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1 Introduction, floating-point arithmetic, conditioning and norms

The recurring lesson of this course is that the error of a computation is governed by the
product of the conditioning of the problem and the backward error of the algorithm. We will
compute condition numbers for linear systems (Chapter 2), least squares problems (Chapter 3),
eigenvalues (Chapter 5) and root finding (Chapter 7), and we will design algorithms that are
backward stable.

1.3.3 Cost of an algorithm

The second quality criterion is cost. We count floating-point operations (flops)—additions,
subtractions, multiplications, divisions—as a function of the problem size n, and we are interested
in the asymptotic behaviour for large n.

Definition 1.13 (Landau symbols). For sequences (an)n∈N, (bn)n∈N of positive numbers we
write an = O(bn) if there are C > 0 and n0 ∈ N with an ≤ C bn for all n ≥ n0, and an = o(bn)
if an/bn → 0 as n→∞.

For example, the scalar product of two vectors in Rn costs n multiplications and n − 1
additions, that is, 2n − 1 = O(n) flops; computed in the standard way, entry by entry, a
matrix–vector product Ax with A ∈ Rn×n costs n(2n− 1) = O(n2) flops and a matrix–matrix
product AB with A,B ∈ Rn×n costs n2(2n − 1) = 2n3 − n2 = O(n3) flops (algorithms with
fewer flops exist for the matrix product, but they are not used in this course). In Chapter 2
we will see that solving a linear system Ax = b with A ∈ Rn×n by Gaussian elimination costs
2
3n

3 +O(n2) flops.

1.4 Vector and matrix norms

To measure errors of vectors and matrices, and to define condition numbers for matrix problems,
we need norms.

1.4.1 Vector norms

Definition 1.14 (norm). A norm on Rn is a map ∥ · ∥ : Rn → [0,∞) with the following three
properties:

(i) ∥x∥ = 0 if and only if x = 0 (definiteness);

(ii) ∥αx∥ = |α| ∥x∥ for all α ∈ R, x ∈ Rn (homogeneity);

(iii) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for all x, y ∈ Rn (triangle inequality).

The most important examples are the p-norms

∥x∥p =
( n∑

j=1

|xj |p
)1/p

(1 ≤ p <∞), ∥x∥∞ = max
1≤j≤n

|xj |,

in particular the Euclidean norm ∥x∥2 =
√
x⊤x, the 1-norm (the sum of the absolute values of

the components) and the maximum norm ∥x∥∞. That ∥ · ∥p satisfies the triangle inequality for
general p ∈ (1,∞) is Minkowski’s inequality, which we do not need in this generality; for the
three norms we use, the norm properties are elementary.

Proposition 1.15. ∥ · ∥1, ∥ · ∥2 and ∥ · ∥∞ are norms on Rn.
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Proof. Definiteness and homogeneity are immediate from the definitions. For the triangle
inequality we use |xj + yj | ≤ |xj | + |yj |: summing over j gives ∥x + y∥1 ≤ ∥x∥1 + ∥y∥1, and
taking the maximum over j gives ∥x+ y∥∞ ≤ maxj |xj |+maxj |yj | = ∥x∥∞ + ∥y∥∞. For the
2-norm we recall the Cauchy–Schwarz inequality |x⊤y| ≤ ∥x∥2∥y∥2 from linear algebra; it gives

∥x+ y∥22 = ∥x∥22 + 2x⊤y + ∥y∥22 ≤ ∥x∥22 + 2∥x∥2∥y∥2 + ∥y∥22 =
(
∥x∥2 + ∥y∥2

)2
.

Theorem 1.16 (equivalence of the 1-, 2- and ∞-norm). For all x ∈ Rn,

∥x∥∞ ≤ ∥x∥2 ≤
√
n ∥x∥∞, ∥x∥∞ ≤ ∥x∥1 ≤ n ∥x∥∞, ∥x∥2 ≤ ∥x∥1 ≤

√
n ∥x∥2.

All six inequalities are sharp: equality holds in the left-hand inequalities for x = e1 and in the
right-hand inequalities for x = (1, . . . , 1)⊤.

Proof. Let x ∈ Rn and let j∗ be an index with |xj∗ | = ∥x∥∞. Then

∥x∥2∞ = |xj∗ |2 ≤
n∑

j=1

|xj |2 = ∥x∥22 ≤ nmax
j
|xj |2 = n∥x∥2∞,

which gives the first pair of inequalities after taking square roots. Similarly,

∥x∥∞ = |xj∗ | ≤
n∑

j=1

|xj | = ∥x∥1 ≤ nmax
j
|xj | = n∥x∥∞,

which is the second pair. For the third pair, all terms in the expansion of (
∑

j |xj |)2 =∑
j |xj |2 +

∑
j ̸=k |xj ||xk| are nonnegative, hence ∥x∥22 =

∑
j |xj |2 ≤ (

∑
j |xj |)2 = ∥x∥21; and the

Cauchy–Schwarz inequality applied to the vectors (1, . . . , 1)⊤ and (|x1|, . . . , |xn|)⊤ gives

∥x∥1 =
n∑

j=1

1 · |xj | ≤
√
n
( n∑

j=1

|xj |2
)1/2

=
√
n ∥x∥2.

The equality cases are verified by inserting x = e1 and x = (1, . . . , 1)⊤.

Theorem 1.17 (equivalence of norms). Let ∥ · ∥a and ∥ · ∥b be norms on Rn. Then there are
constants 0 < c ≤ C such that

c ∥x∥a ≤ ∥x∥b ≤ C ∥x∥a for all x ∈ Rn.

Proof ∗. It suffices to prove the statement for ∥ · ∥a = ∥ · ∥∞ and an arbitrary norm ∥ · ∥b = ∥ · ∥:
if c1∥x∥∞ ≤ ∥x∥a ≤ C1∥x∥∞ and c2∥x∥∞ ≤ ∥x∥b ≤ C2∥x∥∞, then (c2/C1)∥x∥a ≤ ∥x∥b ≤
(C2/c1)∥x∥a.

Let ∥ · ∥ be a norm on Rn. Writing x =
∑

j xjej and using the triangle inequality and
homogeneity, we obtain for all x, y ∈ Rn

∣∣∥x∥ − ∥y∥∣∣ ≤ ∥x− y∥ ≤
n∑

j=1

|xj − yj | ∥ej∥ ≤M∥x− y∥∞, M :=
n∑

j=1

∥ej∥,

where the first inequality is the reverse triangle inequality, ∥x∥ = ∥(x− y) + y∥ ≤ ∥x− y∥+ ∥y∥
and the same with x and y exchanged. Hence ∥ · ∥ is continuous with respect to ∥ · ∥∞, and
the choice y = 0 gives ∥x∥ ≤ M∥x∥∞ for all x. The unit sphere S = {x ∈ Rn : ∥x∥∞ = 1} is
closed and bounded, hence compact, so the continuous function ∥ · ∥ attains its minimum on S
at some point x0 ∈ S; since x0 ̸= 0, the minimum c := ∥x0∥ is positive. For x ̸= 0 the vector
x/∥x∥∞ lies in S, so ∥x∥/∥x∥∞ = ∥x/∥x∥∞∥ ≥ c, that is, c∥x∥∞ ≤ ∥x∥; for x = 0 this is trivial.
Together with ∥x∥ ≤M∥x∥∞ this proves the claim with C = M .
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1 Introduction, floating-point arithmetic, conditioning and norms

Remark 1.18. By Theorem 1.17, whether a sequence of vectors converges does not depend on
the norm used, and neither does the limit. The constants in error estimates do depend on
the norm, however, and they may depend on the dimension n, as the factors

√
n and n in

Theorem 1.16 show. The figure below shows the unit balls {x ∈ R2 : ∥x∥p = 1} for p = 1, 2,∞.

1.0 0.5 0.0 0.5 1.0
1.0

0.5

0.0

0.5

1.0
unit balls {x : x p = 1} in 2

p = 1
p = 2
p = inf

1.4.2 Matrix norms

A matrix A ∈ Rm×n can be regarded as a vector in Rmn, which gives for instance the Frobenius

norm ∥A∥F =
(∑m

i=1

∑n
j=1 a

2
ij

)1/2
. More useful in the analysis of algorithms are norms that

measure how much a matrix can stretch a vector.

Definition 1.19 (induced matrix norm). Let ∥ · ∥ denote a vector norm on Rn and a vector
norm on Rm. The induced (or operator) norm of A ∈ Rm×n is

∥A∥ = sup
x∈Rn\{0}

∥Ax∥
∥x∥

= max
∥x∥=1

∥Ax∥.

The two expressions in the definition agree by homogeneity, ∥Ax∥/∥x∥ = ∥A(x/∥x∥)∥, and
the supremum over the unit sphere {x : ∥x∥ = 1} is attained because the unit sphere is compact
(it is closed and, by Theorem 1.17, bounded with respect to ∥ · ∥∞) and the map x 7→ ∥Ax∥
is continuous (indeed |∥Ax∥ − ∥Ay∥| ≤ ∥A(x − y)∥ ≤

∑
j |xj − yj |∥Aej∥). Directly from the

definition,
∥Ax∥ ≤ ∥A∥ ∥x∥ for all x ∈ Rn, (1.4)

and ∥A∥ is the smallest constant with this property.

Proposition 1.20 (properties of induced norms). Let ∥ · ∥ denote vector norms on Rn, Rm

and Rl and the induced matrix norms.

(i) The induced norm is a norm on Rm×n.

(ii) ∥I∥ = 1 for the identity matrix I ∈ Rn×n.

(iii) Induced norms are submultiplicative: ∥AB∥ ≤ ∥A∥ ∥B∥ for all A ∈ Rl×m, B ∈ Rm×n.

Proof. (i) If ∥A∥ = 0, then ∥Ax∥ ≤ ∥A∥∥x∥ = 0 for all x, so Ax = 0 for all x and A = 0;
conversely ∥0∥ = 0. Homogeneity follows from ∥(αA)x∥ = |α|∥Ax∥. For the triangle inequality,
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∥(A+B)x∥ ≤ ∥Ax∥+ ∥Bx∥ ≤ (∥A∥+ ∥B∥)∥x∥ for all x, so the smallest constant ∥A+B∥ in
(1.4) satisfies ∥A + B∥ ≤ ∥A∥ + ∥B∥. (ii) ∥Ix∥ = ∥x∥ for all x. (iii) By (1.4), applied twice,
∥ABx∥ ≤ ∥A∥ ∥Bx∥ ≤ ∥A∥ ∥B∥ ∥x∥ for all x ∈ Rn, hence ∥AB∥ ≤ ∥A∥∥B∥.

Remark 1.21. The Frobenius norm is submultiplicative as well: by the Cauchy–Schwarz in-
equality, |(AB)ij |2 = |

∑
k aikbkj |2 ≤

(∑
k a

2
ik

)(∑
k b

2
kj

)
, and summing over i and j gives

∥AB∥2F ≤ ∥A∥2F ∥B∥2F . It is not induced by any vector norm, because ∥I∥F =
√
n ̸= 1 for n ≥ 2.

Theorem 1.22 (explicit formulas for induced norms). For A ∈ Rm×n the norms induced by
the vector norms ∥ · ∥1, ∥ · ∥∞ and ∥ · ∥2 (on Rn and Rm) are

∥A∥1 = max
k=1,...,n

m∑
i=1

|aik| (maximal absolute column sum),

∥A∥∞ = max
i=1,...,m

n∑
k=1

|aik| (maximal absolute row sum),

∥A∥2 =
√

λmax(A⊤A),

where λmax(A
⊤A) denotes the largest eigenvalue of the symmetric positive semidefinite matrix

A⊤A.

Proof. ∞-norm. Let ∥x∥∞ = 1. For every row i,

|(Ax)i| =
∣∣∣ n∑
k=1

aikxk

∣∣∣ ≤ n∑
k=1

|aik| |xk| ≤
n∑

k=1

|aik|,

so ∥Ax∥∞ ≤ maxi
∑

k |aik| and hence ∥A∥∞ ≤ maxi
∑

k |aik|. For the reverse inequality let i∗ be
a row with maximal absolute row sum and define x by xk = sign(ai∗k) (with sign(0) = 1). Then
∥x∥∞ = 1 and (Ax)i∗ =

∑
k ai∗k sign(ai∗k) =

∑
k |ai∗k|, so ∥Ax∥∞ ≥

∑
k |ai∗k|, and equality

holds.

1-norm. Let ∥x∥1 = 1. Then

∥Ax∥1 =
m∑
i=1

∣∣∣ n∑
k=1

aikxk

∣∣∣ ≤ m∑
i=1

n∑
k=1

|aik||xk| =
n∑

k=1

|xk|
m∑
i=1

|aik|

≤
(
max
k

m∑
i=1

|aik|
) n∑

k=1

|xk| = max
k

m∑
i=1

|aik|.

For x = ek∗ , the unit vector of a column k∗ with maximal absolute column sum, we have
∥x∥1 = 1 and ∥Ax∥1 =

∑
i |aik∗ |, so equality holds.

2-norm. The matrix A⊤A ∈ Rn×n is symmetric, and x⊤A⊤Ax = ∥Ax∥22 ≥ 0 for all x, so it
is positive semidefinite. By the spectral theorem it has an orthonormal basis of eigenvectors
v1, . . . , vn with eigenvalues λ1 ≥ · · · ≥ λn ≥ 0 (the eigenvalues are nonnegative because
λj = v⊤j A

⊤Avj = ∥Avj∥22). For x =
∑

j cjvj with ∥x∥22 =
∑

j c
2
j = 1 we obtain

∥Ax∥22 = x⊤A⊤Ax =
n∑

j=1

λjc
2
j ≤ λ1

n∑
j=1

c2j = λ1,

with equality for x = v1. Hence ∥A∥2 =
√
λ1 =

√
λmax(A⊤A).
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The norms ∥A∥1 and ∥A∥∞ cost O(mn) flops and are used for cheap estimates; the computa-
tion of ∥A∥2 requires an eigenvalue computation (Chapter 5) or the singular value decomposition
(Chapter 4).

For a square matrix B ∈ Rn×n the quantity

ρ(B) = max{|λ| : λ ∈ C is an eigenvalue of B}

is called the spectral radius of B. A matrix Q ∈ Rn×n is called orthogonal if Q⊤Q = I (see
Chapter 3). The following properties of the 2-norm are used repeatedly.

Proposition 1.23 (properties of the 2-norm). Let A ∈ Rm×n.

(i) ∥A⊤∥2 = ∥A∥2.
(ii) ∥QA∥2 = ∥A∥2 = ∥AP∥2 for all orthogonal Q ∈ Rm×m and P ∈ Rn×n.

(iii) If m = n and A is symmetric, then ∥A∥2 = ρ(A). In particular, ∥A∥2 =
√
ρ(A⊤A) for

every A ∈ Rm×n.

Proof ∗. (i) By Theorem 1.22, ∥A∥22 = λmax(A
⊤A) and ∥A⊤∥22 = λmax(AA

⊤). If A⊤Av = λv
with v ̸= 0 and λ ̸= 0, then Av ≠ 0 and AA⊤(Av) = A(A⊤Av) = λAv, so λ is an eigenvalue of
AA⊤ as well; by symmetry of the argument, A⊤A and AA⊤ have the same nonzero eigenvalues.
If one of them has only the eigenvalue 0, it is the zero matrix (being symmetric), and then
A = 0 (since ∥Ax∥22 = x⊤A⊤Ax, respectively ∥A⊤y∥22 = y⊤AA⊤y); in this case both norms
vanish. Otherwise both largest eigenvalues are positive and coincide. (ii) For y ∈ Rm we
have ∥Qy∥22 = y⊤Q⊤Qy = ∥y∥22, hence ∥QAx∥2 = ∥Ax∥2 for all x and ∥QA∥2 = ∥A∥2.
Moreover ∥AP∥2 = ∥(AP )⊤∥2 = ∥P⊤A⊤∥2 = ∥A⊤∥2 = ∥A∥2 by (i) and the first part, since
P⊤ is orthogonal as well (PP⊤ = P (P⊤P )P−1 = I). (iii) Let A = A⊤ with orthonormal
eigenbasis v1, . . . , vn and eigenvalues µ1, . . . , µn ∈ R. Then A⊤Avj = A2vj = µ2

jvj , so the

eigenvalues of A⊤A are µ2
1, . . . , µ

2
n and ∥A∥2 =

√
maxj µ2

j = maxj |µj | = ρ(A). The last claim

follows by applying this to the symmetric matrix A⊤A, whose eigenvalues are nonnegative:
∥A∥22 = λmax(A

⊤A) = ρ(A⊤A).

Proposition 1.24. For every induced norm ∥ · ∥ on Rn×n and every A ∈ Rn×n we have
ρ(A) ≤ ∥A∥.

Proof ∗. Let λ ∈ C be an eigenvalue of A with eigenvector v ∈ Cn\{0}. If λ = 0 there is nothing
to prove, so let λ = |λ|eiφ ̸= 0. Write v = p + iq with p, q ∈ Rn and define the real vectors
wθ := Re(eiθv) = cos θ p− sin θ q for θ ∈ R. Since A is real, Awθ = Re(eiθAv) = Re(eiθλv) =
|λ| Re(ei(θ+φ)v) = |λ|wθ+φ. The function θ 7→ ∥wθ∥ is continuous and 2π-periodic, so it attains
its maximum M at some θ0; moreover M > 0 because w0 = p and w−π/2 = q do not both
vanish. Put w := wθ0−φ. Then Aw = |λ|wθ0 , so ∥Aw∥ = |λ|M > 0, in particular w ̸= 0, and
∥w∥ ≤M . Hence

∥A∥ ≥ ∥Aw∥
∥w∥

≥ |λ|M
M

= |λ|.

Since λ was an arbitrary eigenvalue, ρ(A) ≤ ∥A∥.

Example 1.25. For A =

(
1 2
−3 1

)
the column sums of absolute values are 4 and 3 and

the row sums are 3 and 4, so ∥A∥1 = ∥A∥∞ = 4 by Theorem 1.22. Furthermore A⊤A =(
10 −1
−1 5

)
has the eigenvalues (15±

√
29)/2, so ∥A∥2 =

√
(15 +

√
29)/2 ≈ 3.1926, and ∥A∥F =

√
1 + 4 + 9 + 1 =

√
15 ≈ 3.8730. The eigenvalues of A are 1 ± i

√
6, so ρ(A) =

√
7 ≈ 2.6458,
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1 Introduction, floating-point arithmetic, conditioning and norms

which is smaller than each of the three induced norms, in accordance with Proposition 1.24.
The output below confirms these values.

||A||_1 = 4.0 (max column sum)

||A||_inf = 4.0 (max row sum)

||A||_2 = 3.192582403567252 = sqrt(lambda_max(A^T A)) = 3.192582403567252

||A||_F = 3.872983346207417

spectral radius rho(A) = 2.6457513110645907 <= every induced norm

1.5 Summary

• Floating-point numbers form a finite, non-uniformly spaced set. Under rounding to nearest
and in the absence of underflow and overflow, every basic operation is accurate to a relative
error of at most u = 2−53 ≈ 1.1 · 10−16 (standard model), but the subtraction of nearly
equal numbers amplifies the relative errors already present in the operands by up to the
factor (|a|+ |b|)/|a− b| (cancellation), even when the subtraction itself is exact, and can
destroy all accuracy.

• The condition number measures the worst-case sensitivity of a problem to perturbations
of its data; for an ill-conditioned problem no algorithm can guarantee an accurate result
from uncertain data. Stability is a property of an algorithm: a backward stable algorithm
returns the exact result for slightly perturbed data and therefore does not introduce an
error amplification beyond the conditioning of the problem.

• The cost of an algorithm is measured in flops; the asymptotic order O(np) determines
which problem sizes are feasible, although constants and memory traffic also matter in
practice.

• Norms measure the size of vectors and matrices; all norms on Rn are equivalent, but
the constants may depend on n. Induced matrix norms satisfy ∥Ax∥ ≤ ∥A∥ ∥x∥, ∥AB∥ ≤
∥A∥ ∥B∥ and ρ(A) ≤ ∥A∥. The formulas ∥A∥1 = maximal absolute column sum, ∥A∥∞ =
maximal absolute row sum and ∥A∥2 =

√
λmax(A⊤A) are used throughout the course.
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2 Linear systems: condition number,
Gaussian elimination, LU and
Cholesky

Learning goals. After this chapter you can

(i) bound the effect of data errors on the solution of Ax = b by the condition number
cond(A),

(ii) describe Gaussian elimination as the factorisation A = LU and derive its cost of
about 2

3n
3 flops,

(iii) explain why pivoting may be necessary,

(iv) use the Cholesky factorisation for symmetric positive definite matrices,

(v) exploit band structure.

2.1 The problem

Given A ∈ Rn×n and b ∈ Rn, find x ∈ Rn with Ax = b. Linear systems are the workhorse of
scientific computing: discretised differential equations, least squares fits, Newton’s method for
nonlinear systems (Chapter 7) and implicit time stepping for differential equations (Chapter 10)
all lead to linear systems, often with large n.

We recall from linear algebra that for A ∈ Rn×n the following statements are equivalent:

(i) Ax = b has a unique solution for every b ∈ Rn;

(ii) kerA = {0};
(iii) rankA = n, that is, the columns of A are linearly independent;

(iv) detA ̸= 0;

(v) 0 is not an eigenvalue of A.

A matrix with these properties is called regular (also: nonsingular or invertible).

2.2 Conditioning of linear systems

2.2.1 Perturbation of the right-hand side

Suppose the data b are perturbed to b + ∆b (by measurement errors or by rounding). The
solution changes from x to x+∆x, where A∆x = ∆b. We ask how large ∆x is relative to x.
Throughout this section ∥ · ∥ denotes a vector norm on Rn and the matrix norm it induces.



2 Linear systems: condition number, Gaussian elimination, LU and Cholesky

Definition 2.1 (condition number of a matrix). For a regular matrix A ∈ Rn×n and an induced
matrix norm ∥ · ∥ the condition number of A is

cond(A) = ∥A∥ ∥A−1∥.

We write condp(A) when the norm induced by the p-norm is used.

Theorem 2.2 (perturbation of the right-hand side). Let A ∈ Rn×n be regular, let Ax = b ̸= 0
and A(x+∆x) = b+∆b. Then

∥∆x∥
∥x∥

≤ cond(A)
∥∆b∥
∥b∥

.

The bound is sharp: for every regular A there are b ̸= 0 and ∆b ̸= 0 for which equality holds.

Proof. From ∆x = A−1∆b and (1.4) we get ∥∆x∥ ≤ ∥A−1∥ ∥∆b∥, and from b = Ax we get
∥b∥ ≤ ∥A∥ ∥x∥, that is, 1/∥x∥ ≤ ∥A∥/∥b∥ (note that x ≠ 0 because b ̸= 0). Multiplying the two
inequalities gives

∥∆x∥
∥x∥

≤ ∥A−1∥ ∥∆b∥ ∥A∥
∥b∥

= cond(A)
∥∆b∥
∥b∥

.

For the sharpness recall from Definition 1.19 that the maximum in the definition of an induced
norm is attained. Choose x ̸= 0 with ∥Ax∥ = ∥A∥ ∥x∥ and ∆b ≠ 0 with ∥A−1∆b∥ = ∥A−1∥ ∥∆b∥,
and set b := Ax and ∆x := A−1∆b. Then b ̸= 0 since A is regular, and

∥∆x∥
∥x∥

=
∥A−1∥ ∥∆b∥
∥x∥

=
∥A−1∥ ∥∆b∥ ∥A∥

∥b∥
= cond(A)

∥∆b∥
∥b∥

.

Remark 2.3.

(i) For fixed A consider the problem f(b) = A−1b in the sense of Definition 1.6. Since f is
linear, ∥f(b+∆b)− f(b)∥ = ∥A−1∆b∥, and the relative condition number at b is

κrel(b) = sup
∆b ̸=0

∥A−1∆b∥
∥∆b∥

· ∥b∥
∥A−1b∥

= ∥A−1∥ ∥b∥
∥A−1b∥

≤ ∥A−1∥ ∥A∥ = cond(A),

with equality for the right-hand side b = Ax constructed in the proof of Theorem 2.2.
Thus cond(A) is the worst case over all right-hand sides of the relative condition number
of the problem b 7→ A−1b.

(ii) By Proposition 1.20, cond(A) = ∥A∥ ∥A−1∥ ≥ ∥AA−1∥ = ∥I∥ = 1, and cond(αA) =
cond(A) for all α ̸= 0. The condition number is therefore not related to the size of
the determinant: A = αI has detA = αn, which can be arbitrarily small or large, but
cond(A) = 1.

2.2.2 Perturbation of the matrix

Lemma 2.4 (perturbation lemma). Let B ∈ Rn×n with ∥B∥ < 1 for an induced matrix norm.
Then I +B is regular and

∥(I +B)−1∥ ≤ 1

1− ∥B∥
.

Proof. If (I + B)v = 0, then v = −Bv and ∥v∥ ≤ ∥B∥ ∥v∥, so (1 − ∥B∥)∥v∥ ≤ 0 and v = 0;
hence ker(I + B) = {0} and I + B is regular. For w ∈ Rn let v := (I + B)−1w. Then
v = w − Bv, hence ∥v∥ ≤ ∥w∥ + ∥B∥ ∥v∥ and ∥v∥ ≤ ∥w∥/(1 − ∥B∥). Since w was arbitrary,
∥(I +B)−1∥ ≤ 1/(1− ∥B∥).
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2 Linear systems: condition number, Gaussian elimination, LU and Cholesky

Theorem 2.5 (perturbation of matrix and right-hand side). Let A ∈ Rn×n be regular, let
∆A ∈ Rn×n satisfy ∥A−1∥ ∥∆A∥ < 1, and let Ax = b ̸= 0. Then A+∆A is regular, and for
every ∆b ∈ Rn the solution x+∆x of (A+∆A)(x+∆x) = b+∆b satisfies

∥∆x∥
∥x∥

≤ cond(A)

1− cond(A)
∥∆A∥
∥A∥

(∥∆A∥
∥A∥

+
∥∆b∥
∥b∥

)
.

Proof. Let B := A−1∆A. Then ∥B∥ ≤ ∥A−1∥ ∥∆A∥ < 1, so by Lemma 2.4 the matrix I +B is
regular with ∥(I +B)−1∥ ≤ 1/(1− ∥B∥), and A+∆A = A(I +B) is regular as a product of
regular matrices. Subtracting Ax = b from (A+∆A)(x+∆x) = b+∆b gives

(A+∆A)∆x = ∆b−∆Ax, that is, ∆x = (I +B)−1A−1
(
∆b−∆Ax

)
.

Taking norms and using ∥B∥ ≤ ∥A−1∥∥∆A∥,

∥∆x∥ ≤ ∥A−1∥
1− ∥A−1∥ ∥∆A∥

(
∥∆b∥+ ∥∆A∥ ∥x∥

)
.

We divide by ∥x∥ and use 1/∥x∥ ≤ ∥A∥/∥b∥ (from b = Ax) in the first term:

∥∆x∥
∥x∥

≤ ∥A−1∥
1− ∥A−1∥ ∥∆A∥

(
∥A∥∥∆b∥

∥b∥
+ ∥∆A∥

)
=

∥A−1∥ ∥A∥
1− ∥A−1∥ ∥A∥ ∥∆A∥

∥A∥

(∥∆b∥
∥b∥

+
∥∆A∥
∥A∥

)
,

which is the claim since ∥A−1∥ ∥A∥ = cond(A).

If the relative errors ∥∆A∥/∥A∥ and ∥∆b∥/∥b∥ are at most ε with cond(A)ε≪ 1, the theorem
gives a relative error of at most about 2 cond(A)ε in x. In particular, since storing A and b
in floating-point arithmetic already produces relative errors of the order u, no algorithm can
guarantee a relative error smaller than about cond(A)u for the solution of Ax = b.

2.2.3 Properties and examples

Proposition 2.6 (properties of the condition number).

(i) If A is symmetric and regular with eigenvalues λ1, . . . , λn, then cond2(A) =
maxi |λi|
mini |λi|

.

(ii) If Q is orthogonal, then cond2(Q) = 1.

(iii) (Residual and error.) Let A be regular, Ax = b ̸= 0, and let x̃ ∈ Rn be arbitrary with
residual r := b−Ax̃. Then

1

cond(A)

∥r∥
∥b∥
≤ ∥x− x̃∥

∥x∥
≤ cond(A)

∥r∥
∥b∥

.

Proof. (i) By Proposition 1.23(iii), ∥A∥2 = ρ(A) = maxi |λi|. The matrix A−1 is symmetric
with eigenvalues 1/λi (from Avi = λivi we get A−1vi = λ−1

i vi), so ∥A−1∥2 = maxi |λi|−1 =
1/mini |λi|. (ii) ∥Qx∥2 = ∥x∥2 for all x gives ∥Q∥2 = 1, and Q−1 = Q⊤ is orthogonal as
well, so ∥Q−1∥2 = 1. (iii) We have r = b − Ax̃ = A(x − x̃), hence x − x̃ = A−1r and
∥x − x̃∥ ≤ ∥A−1∥ ∥r∥; together with 1/∥x∥ ≤ ∥A∥/∥b∥ this gives the upper bound. For
the lower bound, ∥r∥ = ∥A(x − x̃)∥ ≤ ∥A∥ ∥x − x̃∥ and ∥x∥ = ∥A−1b∥ ≤ ∥A−1∥ ∥b∥, so
∥r∥/∥b∥ ≤ ∥A∥ ∥A−1∥ ∥x− x̃∥/∥x∥.
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2 Linear systems: condition number, Gaussian elimination, LU and Cholesky

Part (iii) is important in practice: for a computed approximation x̃ the residual r = b−Ax̃
can be computed from the data (in floating-point arithmetic up to rounding errors of the order
u (∥A∥ ∥x̃∥ + ∥b∥)), whereas the error x − x̃ cannot be evaluated without knowing the exact
solution. A small relative residual guarantees a small relative error only if cond(A) is small.
Part (ii) is the reason why orthogonal transformations are used wherever possible (Chapter 3).
For every regular matrix A, cond2(A) = σmax(A)/σmin(A) is the ratio of the largest and the
smallest singular value of A (Chapter 4).

Example 2.7∗ (Hilbert matrix). The Hilbert matrix Hn =
(
1/(i+ j − 1)

)n
i,j=1

has the entries∫ 1
0 ti−1tj−1 dt = 1/(i + j − 1); it is the matrix of the normal equations (Chapter 3) for the
least squares approximation of a function in L2(0, 1) by polynomials in the monomial basis

1, t, . . . , tn−1. It is symmetric positive definite, because x⊤Hnx =
∫ 1
0

(∑n
i=1 xit

i−1
)2

dt > 0
for x ̸= 0 (a nonzero polynomial has only finitely many roots), but extremely ill-conditioned:
cond2(Hn) grows exponentially in n, like (1 +

√
2)4n/

√
n with (1 +

√
2)4 ≈ 34 up to a constant

factor (J. Todd, 1954; see N. J. Higham, Accuracy and Stability of Numerical Algorithms,
2nd edition, Section 28.1); for instance cond2(H10) ≈ 1.6 · 1013, cond2(H12) ≈ 1.7 · 1016 and
cond2(H14) ≈ 1.9 · 1019. The output below lists the condition number computed in double
precision and the relative error of the solution of Hnx = Hn1 computed by Gaussian elimination
with partial pivoting (numpy.linalg.solve); the exact solution of the mathematical system
is x = 1 = (1, . . . , 1)⊤. In the experiment the entries of Hn and the right-hand side Hn1 are
rounded to doubles, so the measured error contains the effect of these data perturbations—which
is what Theorem 2.5 bounds—together with the rounding errors of the elimination. The error
grows roughly like cond2(Hn)u, in accordance with the bound of Theorem 2.5; for n ≥ 12
the hypothesis of that theorem fails for perturbations of size u, because cond2(Hn)u ≳ 1, and
indeed the relative error is 13% for n = 12 and exceeds 100% for n = 14, so the computed
solution no longer carries information. (The exact numbers depend on the hardware and the
LAPACK version. For n = 14 the condition number computed in double precision, 3.2 · 1017, is
itself far too small, since the smallest singular value lies below the rounding level of the matrix
entries; the value 1.9 · 1019 above was computed in 80-digit arithmetic.)

n cond_2(H_n) rel. error of numpy’s solve for H_n x = H_n * ones

4 1.55e+04 3.37e-14

6 1.50e+07 4.08e-11

8 1.53e+10 3.71e-08

10 1.60e+13 2.27e-05

12 1.64e+16 1.29e-01

14 3.22e+17 3.02e+00

2.3 Triangular systems

A matrix U = (uij) ∈ Rn×n is called upper triangular if uij = 0 for i > j, and L = (lij) is
called lower triangular if lij = 0 for i < j; a lower (upper) triangular matrix with all diagonal
entries equal to 1 is called unit lower (upper) triangular.

Lemma 2.8 (triangular matrices). Let L,M ∈ Rn×n be lower triangular.

(i) detL =
∏n

i=1 lii; in particular L is regular if and only if all diagonal entries are nonzero.

(ii) LM is lower triangular with diagonal entries liimii.

(iii) If L is regular, then L−1 is lower triangular with diagonal entries 1/lii.

In particular, products and inverses of unit lower triangular matrices are unit lower triangular.
The same statements hold for upper triangular matrices (apply the lemma to the transposed
matrices).
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2 Linear systems: condition number, Gaussian elimination, LU and Cholesky

Proof ∗. (i) Expanding detL along the first row, in which only l11 can be nonzero, gives
detL = l11 detL

′ with the lower triangular matrix L′ obtained by deleting the first row and
column; the claim follows by induction on n. (ii) We have (LM)ij =

∑n
k=1 likmkj . A term

can be nonzero only if k ≤ i and j ≤ k, hence only if j ≤ i. For i < j all terms vanish,
and for i = j only the term k = i remains, which gives (LM)ii = liimii. (iii) Let x be the
j-th column of L−1, that is, Lx = ej . The i-th row of this system reads

∑
k≤i likxk = δij .

For i < j we obtain by induction on i that xi =
1
lii

(
0 −

∑
k<i likxk

)
= 0, and for i = j that

xj = 1
ljj

(
1 −

∑
k<j ljkxk

)
= 1

ljj
. Thus the entries of L−1 above the diagonal vanish and the

diagonal entries are 1/ljj .

Triangular systems are solved by substitution: the i-th equation of Ux = b reads∑
j≥i uijxj = bi and contains only the unknowns xi, . . . , xn, so the unknowns can be com-

puted in the order xn, xn−1, . . . , x1; similarly for Ly = b in the order y1, . . . , yn.

Algorithm 2.9 (backward and forward substitution). Let U be upper triangular and L lower
triangular, both regular.

Ux = b : xi =
1

uii

(
bi −

n∑
j=i+1

uijxj

)
, i = n, n− 1, . . . , 1 (backward substitution),

Ly = b : yi =
1

lii

(
bi −

i−1∑
j=1

lijyj

)
, i = 1, 2, . . . , n (forward substitution).

Computing xi requires n− i multiplications, n− i subtractions and one division, so the total
cost of a substitution is

∑n
i=1

(
2(n− i) + 1

)
= n(n− 1) + n = n2 flops.

2.4 Gaussian elimination and the LU decomposition

2.4.1 The algorithm

The idea of Gaussian elimination is to transform Ax = b into an equivalent triangular system
by subtracting multiples of one equation from the others.

Algorithm 2.10 (Gaussian elimination without pivoting). Set A(1) := A and b(1) := b. For

k = 1, . . . , n− 1: if the pivot a
(k)
kk vanishes, stop; otherwise compute the multipliers

lik :=
a
(k)
ik

a
(k)
kk

, i = k + 1, . . . , n,

and subtract lik times row k from row i for i = k + 1, . . . , n:

a
(k+1)
ij := a

(k)
ij − lik a

(k)
kj (j = 1, . . . , n), b

(k+1)
i := b

(k)
i − lik b

(k)
k , (2.1)

while the rows 1, . . . , k remain unchanged. After n− 1 steps, U := A(n) is upper triangular. If
unn ̸= 0, the system Ux = b(n) is solved by backward substitution; if unn = 0, then A is singular
(detA = detU = 0 by Lemma 2.11 and Lemma 2.8(i)) and Ax = b has no unique solution.

In step k the entries in column k below the diagonal become zero, a
(k+1)
ik = a

(k)
ik − lika

(k)
kk = 0

for i > k, and the entries in the columns j < k, which are already zero in the rows i > k,
remain zero; apart from the entries below the pivot in column k, which become zero, the update
(2.1) therefore only changes the trailing block i, j > k. Each step consists of elementary row
operations, which do not change the solution set, so Ux = b(n) has the same solution as Ax = b.
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2 Linear systems: condition number, Gaussian elimination, LU and Cholesky

Lemma 2.11 (elimination steps as matrix multiplications). Suppose that Algorithm 2.10 does

not break down, that is, the pivots a
(k)
kk , k = 1, . . . , n− 1, are nonzero, and let

ℓk := (0, . . . , 0, lk+1,k, . . . , lnk)
⊤ ∈ Rn, Ek := I − ℓke

⊤
k , k = 1, . . . , n− 1.

(i) A(k+1) = EkA
(k) and b(k+1) = Ekb

(k) for k = 1, . . . , n− 1; hence U = En−1 · · ·E1A.

(ii) E−1
k = I + ℓke

⊤
k .

(iii) E−1
1 E−1

2 · · ·E
−1
n−1 = I +

∑n−1
k=1 ℓke

⊤
k =: L, where

L =


1
l21 1
...

. . .
. . .

ln1 · · · ln,n−1 1


is the unit lower triangular matrix whose entry (i, k) below the diagonal is the multiplier
lik (the matrices Ek are called elimination matrices).

Consequently A = LU .

Proof ∗. (i) The matrix ℓke
⊤
k has the rows lik e

⊤
k for i > k and zero rows for i ≤ k, so

the i-th row of ℓke
⊤
k A

(k) is lik times the k-th row of A(k) for i > k and zero for i ≤ k.
Hence EkA

(k) = A(k) − ℓke
⊤
k A

(k) is exactly the result of the row operations (2.1); the same
argument applies to b(k). (ii) Since the k-th component of ℓk is zero, e⊤k ℓk = 0, and therefore
(I − ℓke

⊤
k )(I + ℓke

⊤
k ) = I − ℓk(e

⊤
k ℓk)e

⊤
k = I. (iii) We show by induction on j that E−1

1 · · ·E
−1
j =

I +
∑

k≤j ℓke
⊤
k . For j = 1 this is (ii). If it holds for j − 1, then(

I +
∑
k<j

ℓke
⊤
k

)(
I + ℓje

⊤
j

)
= I +

∑
k<j

ℓke
⊤
k + ℓje

⊤
j +

∑
k<j

ℓk (e
⊤
k ℓj) e

⊤
j = I +

∑
k≤j

ℓke
⊤
k ,

because the k-th component of ℓj vanishes for k ≤ j, so e⊤k ℓj = 0 for k < j. The entry
(i, k) of ℓke

⊤
k is lik for i > k and zero otherwise, which gives the stated form of L. Finally,

A = (En−1 · · ·E1)
−1U = E−1

1 · · ·E
−1
n−1U = LU by (i).

Definition 2.12 (LU decomposition). A factorisation A = LU with a unit lower triangular
matrix L and an upper triangular matrix U is called an LU decomposition of A.

Theorem 2.13 (existence and uniqueness of the LU decomposition). A regular matrix A ∈ Rn×n

has an LU decomposition if and only if all leading principal submatrices Ak := (aij)
k
i,j=1,

k = 1, . . . , n− 1, are regular. In this case the LU decomposition is unique, U is regular, and L
and U are the matrices produced by Algorithm 2.10, which does not break down.

Proof ∗. For a matrix M ∈ Rn×n we write Mk for its leading principal k × k submatrix. We
first note that for a lower triangular M and arbitrary B ∈ Rn×n

(MB)k = MkBk, (2.2)

because (MB)ij =
∑

l≤imilblj involves for i, j ≤ k only entries of Mk and Bk.

Necessity. Let A = LU be an LU decomposition. By (2.2) and the analogous identity for
upper triangular factors, Ak = LkUk for all k, hence detAk = detLk detUk = u11 · · ·ukk by
Lemma 2.8(i). Since detA = u11 · · ·unn ≠ 0, all ukk are nonzero, so detAk ≠ 0 for all k; in
particular U is regular.
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Sufficiency. Let A1, . . . , An−1 be regular and set detA0 := 1. We show by induction on k
that the first k − 1 steps of Algorithm 2.10 can be carried out and that the k-th pivot satisfies

a
(k)
kk =

detAk

detAk−1
, k = 1, . . . , n. (2.3)

For k = 1 this is the statement a11 = detA1. Let k ≥ 2 and assume that (2.3) holds

for 1, . . . , k − 1; then the pivots a
(1)
11 , . . . , a

(k−1)
k−1,k−1 are nonzero and A(k) = Ek−1 · · ·E1A is well

defined by Lemma 2.11(i). The matrix M := Ek−1 · · ·E1 is unit lower triangular (Lemma 2.8), so
by (2.2) the leading block of A(k) is (A(k))k = MkAk with detMk = 1, hence det(A(k))k = detAk.
On the other hand, after the steps 1, . . . , k − 1 the entries of A(k) below the diagonal in the
columns 1, . . . , k − 1 are zero, so (A(k))k is upper triangular, and its diagonal entries are

a
(k)
jj = a

(j)
jj for j ≤ k (row j is not changed after step j − 1). By Lemma 2.8(i),

detAk = det(A(k))k = a
(1)
11 · · · a

(k−1)
k−1,k−1 a

(k)
kk = detAk−1 a

(k)
kk ,

where the last equality follows by multiplying the identities (2.3) for 1, . . . , k − 1, whose right-
hand sides telescope to detAk−1/detA0 = detAk−1. This proves (2.3) for k. Since A1, . . . , An−1

and An = A are regular, all pivots are nonzero, the algorithm does not break down, and A = LU
by Lemma 2.11.

Uniqueness. Let A = L̃Ũ = L̂Û be two LU decompositions. By the necessity part, Ũ and Û
are regular, so L̂−1L̃ = Û Ũ−1. By Lemma 2.8 the left-hand side is unit lower triangular and
the right-hand side is upper triangular, so both are equal to the identity, that is, L̃ = L̂ and
Ũ = Û . In particular, the unique LU decomposition is the one produced by Algorithm 2.10.

2.4.2 Solving Ax = b with the LU decomposition

Once A = LU is known, the system Ax = b is equivalent to L(Ux) = b and is solved by

(1) Ly = b (forward substitution), (2) Ux = y (backward substitution).

Cost. Step k of the elimination requires n − k divisions for the multipliers and (n − k)2

multiplications and subtractions each for the update of the trailing block, in total

n−1∑
k=1

(
2(n− k)2 + (n− k)

)
= 2

n−1∑
m=1

m2 +

n−1∑
m=1

m =
(n− 1)n(2n− 1)

3
+

n(n− 1)

2
=

2

3
n3 +O(n2)

flops. The two substitutions cost 2n2 − n flops (the forward substitution with L needs no
divisions, since L has a unit diagonal), that is, about 2n2 flops. Consequently:

• The decomposition (23n
3 flops) is the expensive part and is computed once.

• Each additional right-hand side—for instance the columns of A−1, or a sequence of time
steps with the same matrix (Chapter 10)—costs only about 2n2 flops.

• Computing A−1 explicitly (an LU decomposition plus n pairs of substitutions, about 2n3

flops when the zeros in the right-hand sides ej are exploited) and then forming A−1b costs
about three times as much as solving Ax = b directly, and the result is in general less
accurate: unlike the solution by substitution, the vector A−1b formed with the computed
inverse need not have a small residual (Higham, Accuracy and Stability of Numerical
Algorithms, 2nd edition, Section 14.1). A matrix is therefore not inverted in order to solve
a linear system; one factorises it and substitutes.
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• detA =
∏n

k=1 ukk (times ±1 when rows are exchanged, see Section 2.4.3); this is how de-
terminants are computed in practice. Since the product easily overflows or underflows, one
accumulates the sign and log | detA| =

∑
k log |ukk| separately (numpy.linalg.slogdet).

Example 2.14 (LU decomposition by hand). Let A =

 2 1 1
4 −6 0
−2 7 2

 and b = (5,−2, 9)⊤.

Step 1: the pivot is a11 = 2, the multipliers are l21 = 4/2 = 2 and l31 = −2/2 = −1, and
subtracting 2 times row 1 from row 2 and (−1) times row 1 from row 3 gives

A(2) =

2 1 1
0 −8 −2
0 8 3

 .

Step 2: the pivot is a
(2)
22 = −8, the multiplier is l32 = 8/(−8) = −1, and subtracting (−1) times

row 2 from row 3 gives

U = A(3) =

2 1 1
0 −8 −2
0 0 1

 , L =

 1 0 0
2 1 0
−1 −1 1

 .

One checks directly that LU = A. Forward substitution for Ly = b gives y1 = 5, y2 = −2−2·5 =
−12, y3 = 9 − (−1) · 5 − (−1) · (−12) = 2; backward substitution for Ux = y gives x3 = 2,
x2 = (−12 + 2 · 2)/(−8) = 1, x1 = (5 − 1 − 2)/2 = 1, so x = (1, 1, 2)⊤. The output below
reproduces this computation.

L =

[[ 1. 0. 0.]

[ 2. 1. 0.]

[-1. -1. 1.]]

U =

[[ 2. 1. 1.]

[ 0. -8. -2.]

[ 0. 0. 1.]]

L@U - A =

[[0. 0. 0.]

[0. 0. 0.]

[0. 0. 0.]]

x = [1. 1. 2.] residual: [0. 0. 0.]

2.4.3 Pivoting

Gaussian elimination without pivoting fails for the regular matrix A =

(
0 1
1 1

)
, because a11 = 0

(the leading principal submatrix A1 is singular, in accordance with Theorem 2.13). It is also
unstable when a pivot is small compared to the entries below it.

Example 2.15 (small pivot). Let A =

(
ε 1
1 1

)
with 0 < ε≪ 1. Elimination without pivoting

gives the multiplier l21 = 1/ε and u22 = 1− 1/ε. In floating-point arithmetic with ε = 10−17

the value 1− 1017 is rounded to −1017, so the computed factors are

L̃ =

(
1 0

1017 1

)
, Ũ =

(
10−17 1
0 −1017

)
, L̃Ũ =

(
ε 1
1 0

)
.

The entry a22 = 1 has been lost completely, although the matrix is well-conditioned: cond2(A) ≈
2.6 for small ε. The large multiplier amplified the rounding error committed in u22.
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The remedy is to exchange rows so that the pivot is the entry of largest modulus in its

column: this is partial pivoting. In step k one chooses p ≥ k with |a(k)pk | = maxi≥k |a
(k)
ik |,

exchanges the rows k and p (of the matrix and of the right-hand side), and then eliminates
as before. All multipliers then satisfy |lik| ≤ 1. A row exchange is the multiplication from
the left with a permutation matrix, that is, a matrix obtained from I by permuting its rows;
permutation matrices are orthogonal, and products of permutation matrices are permutation
matrices.

Theorem 2.16 (LU decomposition with partial pivoting). For every regular matrix A ∈ Rn×n

there are a permutation matrix P , a unit lower triangular matrix L with |lij | ≤ 1 for all i, j,
and a regular upper triangular matrix U such that

PA = LU.

The system Ax = b is then solved via LUx = Pb by two substitutions.

Proof ∗. We argue by induction on n. For n = 1 take P = L = (1) and U = A. Let n ≥ 2 and
assume the statement for regular matrices of size n − 1. Since A is regular, its first column
is not zero; choose p with |ap1| = maxi |ai1| > 0 and let P1 be the permutation matrix that
exchanges the rows 1 and p. Write

P1A =

(
α w⊤

v B

)
, α = ap1 ̸= 0, v ∈ Rn−1, w ∈ Rn−1, B ∈ R(n−1)×(n−1),

where |vi| ≤ |α| for all i by the choice of p. Then

P1A =

(
1 0

v/α I

)(
α w⊤

0 S

)
, S := B − vw⊤

α
∈ R(n−1)×(n−1), (2.4)

as one verifies by multiplying out. Taking determinants, ±detA = det(P1A) = α detS, so S is
regular. By the induction hypothesis there are a permutation matrix P ′, a unit lower triangular
L′ with entries of modulus at most 1 and a regular upper triangular U ′ with P ′S = L′U ′. Define

P :=

(
1 0
0 P ′

)
P1, L :=

(
1 0

P ′v/α L′

)
, U :=

(
α w⊤

0 U ′

)
.

P is a permutation matrix, L is unit lower triangular with all entries of modulus at most 1
(the entries of P ′v/α are the numbers vi/α in a different order), and U is upper triangular and
regular (detU = α detU ′ ̸= 0). Finally, using (2.4),

PA =

(
1 0
0 P ′

)(
α w⊤

v B

)
=

(
α w⊤

P ′v P ′B

)
and LU =

 α w⊤

P ′v
P ′vw⊤

α
+ L′U ′

 ,

and these agree because L′U ′ = P ′S = P ′B − P ′vw⊤/α. This completes the induction. The
elimination with partial pivoting described above produces exactly this factorisation.

Remark 2.17∗ (growth factor and backward stability). Let A be regular and let a
(k)
ij denote the

entries produced by Gaussian elimination with partial pivoting in exact arithmetic. The growth
factor is

ρn :=
maxi,j,k |a

(k)
ij |

maxi,j |aij |
.

Since |lik| ≤ 1, the update (2.1) gives |a(k+1)
ij | ≤ |a(k)ij | + |a

(k)
kj | ≤ 2maxi,j |a(k)ij |, so the largest

modulus at most doubles in every step and ρn ≤ 2n−1. This bound is attained, for instance for
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the matrix with aii = 1, aij = −1 for i > j, ain = 1 for all i, and aij = 0 otherwise, when ties
in the pivot search are resolved in favour of the current row. The rounding error analysis of
Gaussian elimination (J. H. Wilkinson; see N. J. Higham, Accuracy and Stability of Numerical
Algorithms, 2nd edition, Theorems 9.3 and 9.4) shows that the computed factors L̃, Ũ satisfy

L̃Ũ = PA+∆A, |∆A| ≤ γn|L̃| |Ũ | entrywise, γn :=
nu

1− nu
(nu < 1),

and hence ∥∆A∥∞ ≤ n2γnρ̃n∥A∥∞, where ρ̃n is the growth factor formed with the computed
entries (it differs from ρn by terms of higher order in u); a similar bound with γ3n in place of γn
holds for the backward error of the computed solution of Ax = b. Thus the backward error is of
the order n3ρnu∥A∥∞ in the worst case. Because of the factor ρn ≤ 2n−1, Gaussian elimination
with partial pivoting is not backward stable in the strict sense of Definition 1.10: the constant
in the worst-case bound grows exponentially with n and is not of moderate size. For the vast
majority of matrices arising in applications, however, the growth factor is moderate and the
worst-case bound is pessimistic by a large factor; matrices with exponential growth are rare,
although not purely artificial (S. J. Wright, 1993, gives examples from discretised boundary
value problems; see L. N. Trefethen and D. Bau, Numerical Linear Algebra, Lecture 22, for an
explanation of why large growth is so rare). For these reasons Gaussian elimination with partial
pivoting is the standard method for dense linear systems.

2.5 Symmetric positive definite matrices and the Cholesky
decomposition

Definition 2.18 (symmetric positive definite matrix). A matrix A ∈ Rn×n is called symmetric
positive definite (SPD) if A = A⊤ and x⊤Ax > 0 for all x ∈ Rn \ {0}. It is called symmetric
positive semidefinite if A = A⊤ and x⊤Ax ≥ 0 for all x.

SPD matrices are ubiquitous: the matrices A⊤A of the normal equations for a matrix A
with full column rank (Chapter 3), Hessian matrices at non-degenerate minima (at a general
minimum the Hessian is only positive semidefinite), discretised elliptic differential operators
(Example 2.25), and covariance matrices of random vectors whose centred components are
linearly independent in L2 (in general covariance matrices are only positive semidefinite).

Proposition 2.19 (properties of SPD matrices). Let A ∈ Rn×n be SPD. Then

(i) A is regular;

(ii) all leading principal submatrices Ak, k = 1, . . . , n, are SPD;

(iii) all eigenvalues of A are positive, and detA > 0;

(iv) aii > 0 for all i, and maxi,j |aij | = maxi aii.

Proof. (i) If Ax = 0, then x⊤Ax = 0, hence x = 0. (ii) Ak is symmetric. For y ∈ Rk \ {0}
let x := (y, 0)⊤ ∈ Rn; then y⊤Aky = x⊤Ax > 0. (iii) The eigenvalues of the symmetric
matrix A are real, and Av = λv with v ≠ 0 gives λ∥v∥22 = v⊤Av > 0. The determinant is
the product of the eigenvalues, hence positive. (iv) aii = e⊤i Aei > 0. For i ̸= j we have
0 < (ei ± ej)

⊤A(ei ± ej) = aii + ajj ± 2aij , hence |aij | < 1
2(aii + ajj) ≤ maxi aii.

By (ii) and Theorem 2.13, an SPD matrix has an LU decomposition, and Gaussian elimination
without pivoting does not break down. The symmetry allows us to halve the work.
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Theorem 2.20 (Cholesky decomposition). A matrix A ∈ Rn×n is SPD if and only if there is a
lower triangular matrix L with positive diagonal entries such that

A = LL⊤.

In this case L is unique.

Proof ∗. “⇐”: A = LL⊤ is symmetric, and L⊤ is regular by Lemma 2.8(i) because its diagonal
entries are positive. For x ̸= 0 we therefore have L⊤x ̸= 0 and x⊤LL⊤x = ∥L⊤x∥22 > 0.

“⇒”: We argue by induction on n. For n = 1 the matrix is A = (a11) with a11 > 0, and
L = (

√
a11) is the unique lower triangular matrix with positive diagonal and LL⊤ = A. Let

n ≥ 2 and write

A =

(
An−1 a
a⊤ α

)
, a ∈ Rn−1, α ∈ R.

By Proposition 2.19(ii), An−1 is SPD, so by the induction hypothesis there is a unique lower
triangular Ln−1 with positive diagonal and An−1 = Ln−1L

⊤
n−1. We look for L of the form

L =

(
Ln−1 0
ℓ⊤ λ

)
, ℓ ∈ Rn−1, λ > 0.

Multiplying out, LL⊤ =

(
Ln−1L

⊤
n−1 Ln−1ℓ

ℓ⊤L⊤
n−1 ℓ⊤ℓ+ λ2

)
, so A = LL⊤ holds if and only if Ln−1ℓ = a

and ℓ⊤ℓ+ λ2 = α. The first equation has the unique solution ℓ = L−1
n−1a (forward substitution).

For the second we need α − ℓ⊤ℓ > 0. With z := A−1
n−1a we have ℓ⊤ℓ = a⊤L−⊤

n−1L
−1
n−1a =

a⊤(Ln−1L
⊤
n−1)

−1a = a⊤A−1
n−1a = a⊤z, and for the vector x := (−z, 1)⊤ ∈ Rn \ {0},

0 < x⊤Ax = z⊤An−1z − 2a⊤z + α = a⊤z − 2a⊤z + α = α− a⊤z = α− ℓ⊤ℓ.

Hence λ :=
√
α− ℓ⊤ℓ > 0 is well defined and is the unique positive number with ℓ⊤ℓ+ λ2 = α.

This proves existence; uniqueness follows from the same argument, since Ln−1, ℓ and λ were
determined uniquely.

Algorithm 2.21 (Cholesky decomposition, column by column). Comparing the entries of

A = LL⊤, that is, aij =
∑min(i,j)

k=1 likljk, column by column gives for j = 1, . . . , n

ljj =
(
ajj −

j−1∑
k=1

l2jk

)1/2
, lij =

1

ljj

(
aij −

j−1∑
k=1

likljk

)
(i = j + 1, . . . , n).

Remark 2.22 (properties of the Cholesky decomposition).

(i) Cost and storage. The computation of column j requires about (n− j)j multiplications
and as many additions, so the total cost is

∑n
j=1 2(n− j)j +O(n2) = 1

3n
3 +O(n2) flops,

half the cost of the LU decomposition, and n square roots. Only the lower triangle of A
has to be stored and accessed.

(ii) No pivoting, boundedness. From aii =
∑

k≤i l
2
ik we get |lik| ≤

√
aii for all k ≤ i: the factor

L cannot have large entries, so no pivoting is needed. The algorithm is backward stable:
the computed factor L̃ satisfies L̃L̃⊤ = A + ∆A with |∆A| ≤ γn+1|L̃| |L̃⊤| entrywise
(Higham, Accuracy and Stability of Numerical Algorithms, Theorem 10.3).

(iii) Test for positive definiteness. In exact arithmetic, Algorithm 2.21 encounters a radicand
ajj −

∑
k<j l

2
jk ≤ 0 if and only if A is not positive definite. Indeed, if A is SPD, the

radicands are the numbers λ2 > 0 of the proof of Theorem 2.20 (applied to the leading
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submatrices); conversely, if all radicands are positive, the algorithm produces a lower
triangular L with positive diagonal and LL⊤ = A, so A is SPD by Theorem 2.20. For
a general dense symmetric matrix, attempting the Cholesky decomposition is therefore
the standard efficient test for positive definiteness. In floating-point arithmetic the
algorithm may stop although A is positive definite, but only if A is nearly singular: a
symmetric perturbation with ∥∆A∥2 < λmin(A) preserves positive definiteness, because
x⊤(A +∆A)x ≥

(
λmin(A) − ∥∆A∥2

)
∥x∥22 > 0 for x ̸= 0, so that relative perturbations

of size η = ∥∆A∥2/∥A∥2 are harmless as long as η cond2(A) < 1; the rounding error
analysis shows that the algorithm runs to completion whenever 20n3/2 cond2(A)u ≤ 1
(J. H. Wilkinson, 1968; Higham, Accuracy and Stability of Numerical Algorithms, 2nd
edition, Theorem 10.7).

Example 2.23 (Cholesky decomposition by hand). For A =

 4 2 −2
2 10 2
−2 2 5

 Algorithm 2.21

gives

l11 =
√
4 = 2, l21 = 2/2 = 1, l31 = −2/2 = −1,

l22 =
√

10− 12 = 3, l32 =
(
2− (−1) · 1

)
/3 = 1, l33 =

√
5− (−1)2 − 12 =

√
3,

so L =

 2 0 0
1 3 0

−1 1
√
3

, and all radicands are positive; hence A is SPD. For the symmetric

matrix

(
1 2
2 1

)
we get l11 = 1, l21 = 2 and the radicand 1− 22 = −3 < 0 in the second step:

the matrix is not positive definite (its eigenvalues are 3 and −1). The output below reproduces
both computations; the residual LL⊤ −A vanishes to the displayed precision.

L =

[[ 2. 0. 0. ]

[ 1. 3. 0. ]

[-1. 1. 1.7321]]

L L^T - A =

[[0. 0. 0.]

[0. 0. 0.]

[0. 0. 0.]]

indefinite matrix: nonpositive radicand in column 1: not positive definite

2.6 Exploiting structure: banded and sparse matrices*

Matrices arising from discretised differential equations are sparse—most of their entries are
zero—and often banded: A has bandwidth w (more precisely, half-bandwidth w) if aij = 0 for
|i− j| > w, so that at most 2w+1 diagonals of A are nonzero; such a matrix is stored in O(nw)
memory.

Proposition 2.24 (Gaussian elimination preserves the band). Let A ∈ Rn×n have bandwidth w
and suppose that Gaussian elimination without pivoting does not break down. Then every A(k)

has bandwidth w, lik = 0 for i− k > w and ukj = 0 for j − k > w. The decomposition costs at
most 2nw2 +O(nw) flops and each substitution at most 2nw +O(n) flops.

Proof. We show by induction on k that A(k) has bandwidth w; for k = 1 this is the assumption.

If A(k) has bandwidth w, then lik = a
(k)
ik /a

(k)
kk = 0 for i− k > w and a

(k)
kj = 0 for j − k > w. In

the update a
(k+1)
ij = a

(k)
ij − lika

(k)
kj the subtracted term is nonzero only if k < i ≤ k + w and
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k < j ≤ k +w, which implies |i− j| < w; all entries with |i− j| > w therefore remain zero, and
A(k+1) has bandwidth w. The statements about L and U follow, since U = A(n) and the lik
are the multipliers. In step k at most w multipliers and a block of at most w × w entries are
updated, which costs at most 2w2+w flops; summing over k gives the cost of the decomposition,
and in a substitution each of the n rows involves at most w off-diagonal entries.

For a banded matrix the LU decomposition therefore costs O(nw2) instead of 2
3n

3 flops, and
the substitutions cost O(nw). For tridiagonal matrices (w = 1) this is the Thomas algorithm,
with O(n) cost in total. With partial pivoting the band is not preserved exactly, but the fill-in
remains controlled: U has at most 2w+1 nonzero diagonals and every column of L has at most
w + 1 nonzero entries (G. H. Golub and C. F. Van Loan, Matrix Computations, Section 4.3), so
the cost remains O(nw2); for SPD matrices (Cholesky) and for strictly diagonally dominant
matrices (Chapter 5) no pivoting is needed at all. For general sparse matrices, direct solvers
reorder the unknowns so as to limit the fill-in, that is, the creation of nonzero entries in L and
U at positions where A has zeros; when the fill-in makes a direct solver too expensive, one
resorts to the iterative methods of Chapter 6.

Example 2.25 (one-dimensional Poisson problem). The boundary value problem −u′′(t) = f(t)
on (0, 1) with u(0) = u(1) = 0 is discretised on the grid ti = ih, i = 0, . . . , n+ 1, h = 1/(n+ 1),
by replacing −u′′(ti) with the central difference quotient

(
− ui−1 + 2ui − ui+1

)
/h2, where

ui ≈ u(ti) and u0 = un+1 = 0. This gives the tridiagonal system

Ahu = F, Ah =
1

h2


2 −1
−1 2 −1

. . .
. . .

. . .

−1 2

 ∈ Rn×n, u =

u1
...
un

 , F =

f(t1)
...

f(tn)

 .

The eigenvalues and eigenvectors of Ah are known explicitly: for k = 1, . . . , n let v(k) :=(
sin(kπjh)

)n
j=1

. Using sin(α − β) + sin(α + β) = 2 sinα cosβ and 1 − cosβ = 2 sin2(β/2) we
obtain for j = 1, . . . , n(

Ahv
(k)

)
j
=

1

h2
(
− sin(kπ(j − 1)h) + 2 sin(kπjh)− sin(kπ(j + 1)h)

)
=

2− 2 cos(kπh)

h2
sin(kπjh) =

4

h2
sin2

kπh

2
sin(kπjh),

where for j = 1 and j = n the missing neighbours are accounted for by sin(0) = 0 and
sin(kπ(n+ 1)h) = sin(kπ) = 0. Hence

λk =
4

h2
sin2

kπh

2
, k = 1, . . . , n,

are the eigenvalues of Ah with eigenvectors v(k); they are positive, so Ah is SPD by Proposi-
tion 2.19(iii) and the spectral theorem (a symmetric matrix with positive eigenvalues is positive
definite). By Proposition 2.6(i) and sin nπh

2 = sin
(
π
2 −

πh
2

)
= cos πh

2 ,

cond2(Ah) =
λn

λ1
=

cos2(πh/2)

sin2(πh/2)
= cot2

πh

2
≈ 4

π2h2
= O(n2) :

finer grids give worse conditioning. This matrix will accompany us in Chapters 5, 6 and 10.
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2.7 Summary

• cond(A) = ∥A∥ ∥A−1∥ ≥ 1 bounds the amplification of relative data errors in Ax = b; a
small residual implies a small error only if cond(A) is small.

• Gaussian elimination with partial pivoting computes PA = LU in 2
3n

3 + O(n2) flops;
each right-hand side then costs about 2n2 flops. Partial pivoting keeps |lij | ≤ 1; the
backward error contains the growth factor ρn ≤ 2n−1, which is moderate for most matrices
in practice.

• SPD matrices admit the Cholesky decomposition A = LL⊤ (13n
3 flops, no pivoting); the

algorithm is also a test for positive definiteness.

• Banded and sparse structure reduces the cost dramatically (for bandwidth w: O(nw2)); di-
rect solvers exploit it, and when the fill-in becomes too large, iterative methods (Chapter 6)
are the alternative.
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3 Least squares problems and the QR
decomposition

Learning goals. After this chapter you can

(i) formulate data fitting as a linear least squares problem and characterise its solutions
by the normal equations,

(ii) explain the geometry of least squares (orthogonal projection),

(iii) explain why solving the normal equations squares the condition number,

(iv) construct a QR decomposition by Householder reflections, use it to solve least
squares problems with full column rank, and explain why this method is numerically
reliable (Gram–Schmidt orthogonalisation as the alternative construction is optional,
Section 3.4).

The conditioning of the least squares problem itself, Gram–Schmidt orthogonalisation,
Givens rotations and the polynomial regression experiment are not lectured; they are
included for self-study and marked with an asterisk (∗).

3.1 Overdetermined systems and data fitting

Suppose a quantity y is measured at times t1, . . . , tm and is assumed to satisfy y(t) = x1ϕ1(t) +
· · · + xnϕn(t) for known functions ϕ1, . . . , ϕn (for instance 1, t, t2) and unknown parameters
x1, . . . , xn. Each measurement gives one linear equation,

n∑
j=1

ϕj(ti)xj = yi, i = 1, . . . ,m, that is, Ax = b with A =
(
ϕj(ti)

)
i,j
∈ Rm×n,

where b = (y1, . . . , ym)⊤ ∈ Rm and the unknown vector is x = (x1, . . . , xn)
⊤. Typically m≫ n

(many measurements, few parameters). Because of measurement errors, and because the model
is only an approximation of reality, the system has no solution in general—b /∈ ImA—and one
looks instead for the parameter vector x that fits the data best.

Definition 3.1 (linear least squares problem). Let A ∈ Rm×n and b ∈ Rm. The (linear) least
squares problem is to find x∗ ∈ Rn with

∥Ax∗ − b∥2 = min
x∈Rn

∥Ax− b∥2.

Every such x∗ is called a least squares solution of Ax = b, and r := b−Ax∗ is the residual.

Remark 3.2. The Euclidean norm is used for certain reasons: it leads to a linear characterisation
of the solutions (Theorem 3.4) and it has a clear geometric meaning (orthogonal projection).

Example 3.3 (projectile). A body launched at time 0 from the origin with vertical velocity vy
under the constant gravitational acceleration g (air resistance neglected) is at height y(t) =



3 Least squares problems and the QR decomposition

vyt− 1
2gt

2. From measured heights yi at times ti we want to determine vy and g. This is a linear
least squares problem—linear in the unknown parameters, although y depends quadratically
on t—with ϕ1(t) = t, ϕ2(t) = −t2/2 and unknowns x = (vy, g)

⊤. For the seven measurements
t = (0.1, 0.2, 0.6, 0.9, 1.1, 1.2, 2.0) (in seconds) and y = (0.96, 1.81, 4.23, 5.05, 5.15, 4.81, 0.55) (in
metres), the least squares solution and the norm of the residual are given below; the fitted
parabola is shown in the figure.

v_y = 9.918 m/s, g = 9.652 m/s^2, ||r||_2 = 0.170

0.0 0.5 1.0 1.5 2.0
t [s]

0

1

2

3

4

5

y 
[m

]

measurements
least squares parabola

3.2 The normal equations and the geometry of least squares

We recall from linear algebra: for A ∈ Rm×n the image (column space) is ImA = {Ax : x ∈
Rn} ⊂ Rm, the kernel is kerA = {x ∈ Rn : Ax = 0}, and rankA = dim ImA = rankA⊤,
dimkerA = n− rankA. Moreover (ImA)⊥ = kerA⊤, because y ⊥ Ax for all x is equivalent to
x⊤(A⊤y) = 0 for all x, that is, to A⊤y = 0. Hence Rm is the orthogonal direct sum

Rm = ImA⊕ kerA⊤, (3.1)

that is, every b ∈ Rm can be written uniquely as b = p + q with p ∈ ImA, q ∈ kerA⊤, and
p ⊥ q.

Theorem 3.4 (normal equations). Let A ∈ Rm×n and b ∈ Rm. A vector x∗ ∈ Rn is a least
squares solution of Ax = b if and only if it satisfies the normal equations

A⊤Ax∗ = A⊤b.

A least squares solution always exists. It is unique if and only if rankA = n (full column rank,
kerA = {0}), and in this case A⊤A is SPD and x∗ = (A⊤A)−1A⊤b.

Proof. Decompose b = p+ q according to (3.1). For every x ∈ Rn the vector Ax− p lies in ImA
and is therefore orthogonal to q, so by Pythagoras’ theorem

∥Ax− b∥22 = ∥(Ax− p)− q∥22 = ∥Ax− p∥22 + ∥q∥22 ≥ ∥q∥22,

with equality if and only if Ax = p. Since p ∈ ImA, there is x with Ax = p; this proves
existence, and it shows that x∗ is a least squares solution if and only if Ax∗ = p. Now Ax∗ = p
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3 Least squares problems and the QR decomposition

holds if and only if b−Ax∗ = q ∈ kerA⊤ (by uniqueness of the decomposition), that is, if and
only if A⊤(b−Ax∗) = 0, which are the normal equations.

Two least squares solutions x∗, x̂ satisfy Ax∗ = Ax̂ = p, so they differ by an element of
kerA; conversely, if x∗ is a solution, so is x∗ + z for every z ∈ kerA. Hence the solution
is unique if and only if kerA = {0}. Finally, if kerA = {0}, then A⊤A is symmetric and
x⊤A⊤Ax = ∥Ax∥22 > 0 for x ̸= 0, so A⊤A is SPD, in particular regular, and the normal
equations give x∗ = (A⊤A)−1A⊤b.

Geometrically, Ax∗ = p is the orthogonal projection of b onto ImA, and the residual
r = b − Ax∗ = q is orthogonal to all columns of A, that is, A⊤r = 0 (the residual is normal
to ImA, whence the name). Note that the projection p and the residual r are always unique,
even when the least squares solution x∗ is not. If A has full column rank, the projection is
given by the matrix P := A(A⊤A)−1A⊤, which satisfies P 2 = P and P⊤ = P (as one checks
by multiplying out), and Ax∗ = Pb. The formulas x∗ = (A⊤A)−1A⊤b and P = A(A⊤A)−1A⊤

describe the solution and the projection; in computations the inverse is not formed, as for
square systems: the normal equations are solved by a Cholesky decomposition (Section 3.2.1) or,
better, the problem is solved via a QR decomposition, which also gives P = Q1Q

⊤
1 (Section 3.3).

Example 3.5 (orthogonal projection in R3). Let A =

1 0
1 1
0 1

 and b = (1, 2, 3)⊤. The columns

of A span a plane in R3. The normal equations A⊤Ax = A⊤b read

(
2 1
1 2

)
x =

(
3
5

)
and

have the solution x∗ = (13 ,
7
3)

⊤. The projection is p = Ax∗ = (13 ,
8
3 ,

7
3)

⊤ and the residual is
r = b − p = 2

3(1,−1, 1)
⊤, which is orthogonal to both columns of A: A⊤r = 0; the minimal

value of ∥Ax− b∥2 is ∥r∥2 = 2/
√
3. The figure shows b, p and r.

x* = [0.3333 2.3333] projection p = [0.3333 2.6667 2.3333] residual r = [ 0.6667 -0.6667 0.6667]

A^T r = [-0. -0.] (orthogonality of the residual)

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0
0.5

1.0
1.5

2.0
2.5

3.0
0.0
0.5
1.0
1.5
2.0
2.5
3.0

least squares = orthogonal projection onto Im A

b
p = A x*
r = b - p

3.2.1 Solving the normal equations, and why one should be careful

If A has full column rank, A⊤A is SPD, so the normal equations can be solved by the Cholesky
decomposition of Section 2.5. Forming A⊤A costs about mn2 flops (by symmetry only half of
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3 Least squares problems and the QR decomposition

the n2 entries, each an inner product of length m, are needed) and the Cholesky decomposition
1
3n

3 flops; this is cheap. The price is accuracy.

Definition 3.6 (condition number of a rectangular matrix). Let A ∈ Rm×n have full column
rank n. Since A⊤A is SPD, its eigenvalues are positive, and we set

σmax(A) :=
√

λmax(A⊤A), σmin(A) :=
√
λmin(A⊤A), cond2(A) :=

σmax(A)

σmin(A)
.

By Theorem 1.22, σmax(A) = ∥A∥2. Moreover, the matrix A+ := (A⊤A)−1A⊤, which maps
b to the least squares solution, satisfies ∥A+∥2 = 1/σmin(A), hence cond2(A) = ∥A∥2 ∥A+∥2, in
analogy with Definition 2.1. For a square regular matrix, A+ = A−1 and the definition coincides
with the earlier one.

Proof ∗ of ∥A+∥2 = 1/σmin(A). We have A+(A+)⊤ = (A⊤A)−1A⊤A(A⊤A)−1 = (A⊤A)−1, so
by Proposition 1.23(i) and Theorem 1.22 (applied to (A+)⊤)

∥A+∥2 = ∥(A+)⊤∥2 =
√
λmax

(
A+(A+)⊤

)
=

√
λmax

(
(A⊤A)−1

)
=

1√
λmin(A⊤A)

=
1

σmin(A)
.

Proposition 3.7. If A ∈ Rm×n has full column rank, then cond2(A
⊤A) = cond2(A)2.

Proof. A⊤A is SPD with eigenvalues in [σmin(A)
2, σmax(A)

2], the extreme values being at-
tained. By Proposition 2.6(i), cond2(A

⊤A) = λmax(A
⊤A)/λmin(A

⊤A) = σmax(A)2/σmin(A)2 =
cond2(A)2.

Remark 3.8∗ (conditioning of the least squares problem itself). Let A ∈ Rm×n have full column
rank, let b ∈ Rm with least squares solution x∗ ̸= 0, and let θ ∈ [0, π/2) be the angle between b
and ImA, that is, cos θ = ∥Ax∗∥2/∥b∥2; put η := ∥A∥2∥x∗∥2/∥Ax∗∥2 ∈ [1, cond2(A)]. Then the
relative condition numbers (Definition 1.6, with the 2-norms on Rm, Rn and Rm×n) of the map
b 7→ x∗ and of the map A 7→ x∗ satisfy

κb→x∗ =
cond2(A)

η cos θ
≤ cond2(A)

cos θ
,

κA→x∗ ≤ cond2(A) +
cond2(A)2 tan θ

η
≤ cond2(A) + cond2(A)

2 tan θ,

see L. N. Trefethen and D. Bau, Numerical Linear Algebra, Theorem 18.1. The first formula
is an equality, the second one only an upper bound: for A = (1, 0)⊤ and b = (1, 1)⊤ one
computes κA→x∗ =

√
2, whereas the bound gives 2. Hence for perturbations of b the problem is

conditioned like cond2(A), up to the factor 1/ cos θ. For perturbations of A the bound contains
the additional term cond2(A)

2 tan θ/η, whose ratio to the first term is cond2(A) tan θ/η; it is
negligible only if tan θ ≪ η/ cond2(A). Whether a residual counts as small must therefore be
judged on the scale 1/ cond2(A): for an ill-conditioned matrix a residual that looks small can
still make the term with cond2(A)2 dominant.

Sketch of proof*. If f is differentiable at x, its relative condition number there is
∥Df(x)∥ ∥x∥/∥f(x)∥, with the operator norm of the derivative (this is the multivariate
form of Lemma 1.7). The map b 7→ x∗ = A+b is linear, so κb→x∗ = ∥A+∥2∥b∥2/∥x∗∥2 =
∥b∥2/

(
σmin(A)∥x∗∥2

)
, and ∥b∥2 = ∥Ax∗∥2/ cos θ turns this into cond2(A)/(η cos θ). The map

A 7→ x∗ = (A⊤A)−1A⊤b is differentiable on the open set of matrices with full column
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3 Least squares problems and the QR decomposition

rank; differentiating the normal equations A⊤Ax∗ = A⊤b in the direction E ∈ Rm×n gives
(E⊤A+A⊤E)x∗ +A⊤ADx∗[E] = E⊤b, that is,

Dx∗[E] = (A⊤A)−1E⊤r −A+Ex∗, r = b−Ax∗.

Hence ∥Dx∗[E]∥2 ≤ ∥E∥2∥r∥2/σmin(A)2 + ∥E∥2∥x∗∥2/σmin(A), and since ∥r∥2 = ∥Ax∗∥2 tan θ,
multiplying by ∥A∥2/(∥E∥2∥x∗∥2) gives the bound for κA→x∗ .

Example 3.9 (Läuchli). Let A =

1 1
ε 0
0 ε

 with 0 < ε ≪ 1. Then A⊤A =

(
1 + ε2 1

1 1 + ε2

)
has the eigenvalues 2 + ε2 and ε2, so cond2(A) =

√
(2 + ε2)/ε2 ≈

√
2/ε. For ε = 10−8 we have

cond2(A) ≈ 1.4 · 108, which is far from 1/u, but fl(1 + ε2) = 1 because ε2 = 10−16 < u, so the

computed matrix A⊤A is the singular matrix

(
1 1
1 1

)
. With the right-hand side b = (2, ε, ε)⊤

the least squares solution is x∗ = (1, 1)⊤, which even solves Ax = b exactly. The Cholesky
decomposition of the computed normal equations fails, whereas the QR approach of the next
section returns x∗ to working precision. (The output reports a finite value of about 6 · 1016 for
the condition number of the computed matrix A⊤A, although this matrix is exactly singular:
its smallest singular value is computed as a number of the order u instead of 0.)

cond_2(A) = 141421356.23730955 cond_2(A^T A) computed = 5.961777047638983e+16

normal equations + Cholesky failed: 2-th leading minor of the array is not positive definite

via QR : [1. 1.]

3.3 Orthogonal matrices and the QR decomposition

The way out is to avoid forming A⊤A and to work with orthogonal transformations, which do
not change the Euclidean norm and hence neither the least squares problem nor its conditioning.

Definition 3.10 (orthogonal matrix). A matrix Q ∈ Rm×m is called orthogonal if Q⊤Q = I.
A matrix Q1 ∈ Rm×n with n ≤ m is said to have orthonormal columns if Q⊤

1 Q1 = I ∈ Rn×n.

Lemma 3.11 (properties of orthogonal matrices). Let Q ∈ Rm×m be orthogonal.

(i) Q is regular with Q−1 = Q⊤, and Q⊤ is orthogonal; the columns of Q form an orthonormal
basis of Rm. Conversely, every matrix whose columns form an orthonormal basis of Rm

is orthogonal.

(ii) ∥Qx∥2 = ∥x∥2 for all x ∈ Rm, ∥QA∥2 = ∥A∥2 for all A ∈ Rm×n, and cond2(Q) = 1.

(iii) Products of orthogonal matrices are orthogonal.

(iv) If Q1 ∈ Rm×n has orthonormal columns, then ∥Q1y∥2 = ∥y∥2 for all y ∈ Rn.

Proof. (i) Q⊤Q = I says that Q⊤ is a left inverse of the square matrix Q; hence Q is regular and
Q−1 = Q⊤, so alsoQQ⊤ = I, which is the orthogonality ofQ⊤. The (i, j) entry ofQ⊤Q = I is the
inner product of the columns i and j of Q, so the columns are orthonormal, and m orthonormal
vectors form a basis of Rm; the converse is the same computation read backwards. (ii)
∥Qx∥22 = x⊤Q⊤Qx = x⊤x = ∥x∥22; hence ∥QAx∥2 = ∥Ax∥2 for all x and ∥QA∥2 = ∥A∥2; finally
∥Q∥2 = 1 and ∥Q−1∥2 = ∥Q⊤∥2 = 1 by (i). (iii) (Q1Q2)

⊤(Q1Q2) = Q⊤
2 Q

⊤
1 Q1Q2 = Q⊤

2 Q2 = I.
(iv) ∥Q1y∥22 = y⊤Q⊤

1 Q1y = ∥y∥22.
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3 Least squares problems and the QR decomposition

Theorem 3.12 (QR decomposition). Let A ∈ Rm×n with m ≥ n. There exist an orthogonal
matrix Q ∈ Rm×m and an upper triangular matrix R1 ∈ Rn×n such that

A = Q

(
R1

0

)
=

(
Q1 Q2

)(R1

0

)
= Q1R1,

where Q1 ∈ Rm×n consists of the first n columns of Q (and therefore has orthonormal columns)
and Q2 ∈ Rm×(m−n) of the remaining ones. If rankA = n, then R1 is regular, and Q1 and R1

are uniquely determined by the additional requirement that the diagonal entries of R1 be positive.

The factorisation A = Q1R1 is called the reduced (or economy-size) QR decomposition.
If rankA = n, the columns of Q1 form an orthonormal basis of ImA (as R1 is regular,
ImA = ImQ1) and those of Q2 one of (ImA)⊥ = kerA⊤, see (3.1); the uniqueness statement
concerns Q1 and R1 only, since any orthonormal basis of kerA⊤ may serve as Q2. Existence is
proved constructively by Householder reflections in Section 3.5 (Proposition 3.23); for rankA = n
it also follows from Gram–Schmidt orthogonalisation (Section 3.4). We prove the remaining
statements here.

Proof of the regularity statement. Let rankA = n and A = Q1R1 with Q1 having orthonormal
columns and R1 upper triangular. Since n = rank(Q1R1) ≤ rankR1 ≤ n, the matrix R1 is
regular.

Proof ∗ of the uniqueness statement. Let rankA = n, and let A = Q1R1 = Q̂1R̂1 be two such
factorisations with positive diagonals (both R1 and R̂1 are regular by the first part). Then
M := R̂1R

−1
1 is upper triangular with positive diagonal entries r̂ii/rii (Lemma 2.8), and

Q1R1 = Q̂1R̂1 gives Q1 = Q̂1M . Hence

I = Q⊤
1 Q1 = M⊤Q̂⊤

1 Q̂1M = M⊤M,

so M−1 = M⊤ is lower triangular; since M−1 is also upper triangular (Lemma 2.8(iii)), M−1

and therefore M are diagonal. A diagonal matrix with M⊤M = I has diagonal entries ±1, and
since they are positive, M = I. Thus R̂1 = R1 and Q̂1 = Q1.

Theorem 3.13 (least squares via QR). Let A ∈ Rm×n with rankA = n and A = QR = Q1R1

as in Theorem 3.12. Then the least squares solution of Ax = b is the solution of the triangular
system

R1x
∗ = Q⊤

1 b, and min
x∈Rn

∥Ax− b∥2 = ∥Q⊤
2 b∥2.

Proof. Since Q⊤ is orthogonal (Lemma 3.11(i)), it preserves the Euclidean norm, so for every
x ∈ Rn

∥Ax− b∥22 = ∥Q⊤(Ax− b)∥22 =
∥∥∥(R1x

0

)
−
(
Q⊤

1 b
Q⊤

2 b

)∥∥∥2
2
= ∥R1x−Q⊤

1 b∥22 + ∥Q⊤
2 b∥22.

The second term does not depend on x, and the first term is nonnegative and vanishes exactly
for x = R−1

1 Q⊤
1 b (R1 is regular by Theorem 3.12). Hence this x is the unique minimiser, with

minimal value ∥Q⊤
2 b∥2.

Remark 3.14 (no loss of conditioning). With A = Q1R1 and rankA = n we have cond2(R1) =
cond2(A). Indeed, A⊤A = R⊤

1 Q
⊤
1 Q1R1 = R⊤

1 R1, so A and R1 have the same singular values
by Definition 3.6 (the eigenvalues of A⊤A = R⊤

1 R1), hence σmax(A) = σmax(R1), σmin(A) =
σmin(R1) and cond2(R1) = cond2(A). In contrast to the normal equations, the triangular system
of Theorem 3.13 is therefore conditioned exactly like the matrix A itself (this is a statement
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3 Least squares problems and the QR decomposition

about the matrix of the system; the conditioning of the least squares problem as a whole
also depends on the residual, see Remark 3.8). The QR approach is the standard method for
full-rank least squares problems; numpy.linalg.lstsq uses the singular value decomposition
(Chapter 4), which also handles rank-deficient problems.

For the matrix and the right-hand side of Example 3.5, Gram–Schmidt orthogonalisation
of the two columns (Section 3.4; one checks directly that Q⊤

1 Q1 = I and A = Q1R1) gives the
reduced QR decomposition

A = Q1R1, Q1 =

1/
√
2 −1/

√
6

1/
√
2 1/

√
6

0 2/
√
6

 , R1 =

(√
2 1/

√
2

0
√
3/2

)
,

and Q2 = 1√
3
(1,−1, 1)⊤ completes Q1 to an orthogonal matrix Q. Then Q⊤

1 b = (3/
√
2, 7/

√
6)⊤,

and backward substitution for R1x = Q⊤
1 b gives x2 = 7/3 and x1 =

(
3/
√
2−7/(3

√
2)
)
/
√
2 = 1/3,

the solution found from the normal equations in Example 3.5; moreover ∥Q⊤
2 b∥2 = 2/

√
3 = ∥r∥2

is the minimal residual. In the proof of Theorem 3.13 only the first term ∥R1x−Q⊤
1 b∥2 depends

on x, and it has been made zero; the second term is the residual that no choice of x can remove.
In general, Theorem 3.13 gives Ax∗ = Q1R1R

−1
1 Q⊤

1 b = Q1Q
⊤
1 b and r = b−Q1Q

⊤
1 b = Q2Q

⊤
2 b

(because Q1Q
⊤
1 + Q2Q

⊤
2 = QQ⊤ = I): the projection matrix P of Section 3.2 is P = Q1Q

⊤
1 ,

and Q2Q
⊤
2 is the orthogonal projection onto kerA⊤. Here Q1Q

⊤
1 b = (13 ,

8
3 ,

7
3)

⊤ = p and
Q2Q

⊤
2 b =

2
3(1,−1, 1)

⊤ = r, as in Example 3.5.

3.4 Gram–Schmidt orthogonalisation∗

The Gram–Schmidt process of linear algebra orthogonalises the columns of A one after the
other; read column by column, it produces a reduced QR decomposition of a matrix with full
column rank.

Algorithm 3.15∗ (classical Gram–Schmidt orthogonalisation). Let a1, . . . , an ∈ Rm be linearly
independent. For k = 1, . . . , n compute

q̃k := ak −
k−1∑
j=1

(q⊤j ak) qj , qk :=
q̃k
∥q̃k∥2

, rjk := q⊤j ak (j < k), rkk := ∥q̃k∥2.

Lemma 3.16∗ (Gram–Schmidt). In Algorithm 3.15 all q̃k are nonzero, so the algorithm is
well defined. The vectors q1, . . . , qn are orthonormal, span(q1, . . . , qk) = span(a1, . . . , ak) for
k = 1, . . . , n, and with Q1 := (q1 · · · qn) and R1 := (rjk) (with rjk := 0 for j > k) we have
A = Q1R1, where R1 is upper triangular with positive diagonal. In particular, Theorem 3.12
holds for matrices of full column rank (completing q1, . . . , qn to an orthonormal basis q1, . . . , qm
of Rm gives the orthogonal matrix Q = (q1 · · · qm)).

Proof. We show by induction on k that q̃k ̸= 0, that q1, . . . , qk are orthonormal and that
span(q1, . . . , qk) = span(a1, . . . , ak). For k = 1: q̃1 = a1 ̸= 0 by linear independence, q1 =
a1/∥a1∥2 is a unit vector, and the spans agree. Let k ≥ 2 and assume the statements for k − 1.
Then q̃k ∈ ak + span(q1, . . . , qk−1) = ak + span(a1, . . . , ak−1); if q̃k were zero, ak would lie in
span(a1, . . . , ak−1), contradicting linear independence. For i < k, using the orthonormality of
q1, . . . , qk−1,

q⊤i q̃k = q⊤i ak −
k−1∑
j=1

(q⊤j ak) q
⊤
i qj = q⊤i ak − q⊤i ak = 0,
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3 Least squares problems and the QR decomposition

so qk = q̃k/∥q̃k∥2 is a unit vector orthogonal to q1, . . . , qk−1. Finally qk ∈ span(a1, . . . , ak) by
construction, and ak = q̃k +

∑
j<k(q

⊤
j ak)qj ∈ span(q1, . . . , qk); since both spans have dimension

k, they coincide. Rewriting the definition of q̃k as

ak =

k−1∑
j=1

rjk qj + rkk qk, k = 1, . . . , n,

and reading this column by column gives A = Q1R1 with rkk = ∥q̃k∥2 > 0.

Remark 3.17∗ (numerical behaviour). In floating-point arithmetic the classical Gram–Schmidt
process (CGS, Algorithm 3.15) suffers from a loss of orthogonality when the columns of A are
nearly linearly dependent: the computed vectors q̂k are not orthogonal to the earlier ones. The
loss is governed by the conditioning of A. For CGS one has ∥Q̂⊤

1 Q̂1−I∥2 ≤ c u cond2(A)2 as long
as u cond2(A)2 is small (L. Giraud, J. Langou, M. Rozložńık, 2005), and this bound is attained
in examples; for the modified Gram–Schmidt process (MGS) described below (Algorithm 3.18)
one has ∥Q̂⊤

1 Q̂1 − I∥2 ≤ c u cond2(A) as long as u cond2(A) is small (Å. Björck, 1967), where c
denotes constants depending only on m and n. Householder’s method of Section 3.5 produces a
factor Q that is orthogonal to working precision regardless of the conditioning of A and is the
method of choice. The experiment below illustrates the three behaviours for a 30× 10 matrix
with cond2(A) = 108; it measures the loss of orthogonality in the Frobenius norm, which differs
from the 2-norm by a factor of at most

√
n (∥M∥2 ≤ ∥M∥F ≤

√
n ∥M∥2 for M ∈ Rn×n).

Algorithm 3.18∗ (modified Gram–Schmidt orthogonalisation). MGS subtracts the projections
one after the other, each time from the already updated vector: for k = 1, . . . , n,

q̃k ← ak; for j = 1, . . . , k − 1 : rjk := q⊤j q̃k, q̃k ← q̃k − rjk qj ;

rkk := ∥q̃k∥2, qk := q̃k/rkk.

In exact arithmetic MGS produces the same Q1 and R1 as CGS (in floating-point arithmetic
the different order of the operations leads to the different behaviour described in Remark 3.17):
by induction, q⊤j q̃k = q⊤j ak for the partially updated vector, because the subtracted terms rikqi,

i < j, are orthogonal to qj . The cost of both variants is 2mn2 +O(mn) flops.
classical GS : ||Q^T Q - I||_F = 5.21e-01, ||A - QR||_F/||A||_F = 1.01e-16

modified GS : ||Q^T Q - I||_F = 7.07e-09, ||A - QR||_F/||A||_F = 8.81e-17

Householder : ||Q^T Q - I||_F = 1.20e-15, ||A - QR||_F/||A||_F = 5.66e-16

(eps * cond = 2.2e-08, eps * cond^2 = 2.2e+00, eps = 2u = 2.2e-16)

All three methods reproduce A = QR to working precision. The computed Householder
factor is orthogonal to working precision, and the loss of orthogonality of MGS is of the order
u cond2(A) ≈ 10−8, as the bound of Remark 3.17 predicts. For CGS the quantity u cond2(A)2

is of order 1 here, so the CGS bound no longer applies, and the orthogonality is lost completely:
∥Q̂⊤

1 Q̂1−I∥ is of order 1. (The values shown are those of one run; in such a sensitive experiment
the first two numbers vary from platform to platform, their orders of magnitude do not.)

3.5 Householder reflections

A QR decomposition of a matrix with full column rank can be obtained by orthogonalising
its columns (Gram–Schmidt orthogonalisation, the optional Section 3.4). Here we instead
triangularise A by a sequence of orthogonal transformations, in the same spirit as Gaussian
elimination but with reflections in place of the elimination matrices Ek of Lemma 2.11. In
exact arithmetic both constructions give a QR decomposition; in floating-point arithmetic,
however, Gram–Schmidt orthogonalisation loses the orthogonality of the computed Q1 when
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A is ill-conditioned (Remark 3.17), whereas the method of this section produces a factor Q
that is orthogonal to working precision whatever the conditioning of A (Remark 3.24). It is the
method used in practice.

Definition 3.19 (Householder reflection). For v ∈ Rm \ {0} the Householder reflection is

the matrix Hv := I − 2
vv⊤

v⊤v
∈ Rm×m.

Lemma 3.20 (properties of Householder reflections). Let v ∈ Rm \ {0}.
(i) Hv is symmetric and orthogonal, and H2

v = I.

(ii) Hvv = −v, and Hvw = w for all w ⊥ v; thus Hv is the reflection in the hyperplane v⊥.

(iii) For x ∈ Rm the product Hvx = x − 2
v⊤x

v⊤v
v can be computed with O(m) flops; in

computations the matrix Hv is not formed.

Proof. (i) H⊤
v = Hv is clear. Moreover H2

v = I − 4vv⊤

v⊤v
+ 4v(v⊤v)v⊤

(v⊤v)2
= I, hence H⊤

v Hv = H2
v = I.

(ii) Hvv = v − 2v v⊤v
v⊤v

= −v, and for w ⊥ v the term v⊤w vanishes, so Hvw = w. (iii) is
immediate from the definition.

Lemma 3.21 (choice of the reflection). Let x ∈ Rm \ {0}, let sign(x1) ∈ {±1} denote the sign
of x1 with the convention sign(0) = 1, and set α := − sign(x1)∥x∥2 and v := x − αe1. Then
v ̸= 0 and Hvx = αe1 = − sign(x1)∥x∥2 e1.

Proof. The first component of v is v1 = x1 − α = x1 + sign(x1)∥x∥2, so |v1| = |x1|+ ∥x∥2 > 0
and v ̸= 0. Since |α| = ∥x∥2,

v⊤v = ∥x∥22 − 2αx1 + α2 = 2
(
∥x∥22 − αx1

)
, v⊤x = ∥x∥22 − αx1,

hence 2 v⊤x/v⊤v = 1 and Hvx = x− v = αe1 by Lemma 3.20(iii).

The sign of α is chosen so that x1 and −α = sign(x1)∥x∥2 have the same sign: the first
component v1 = x1 + sign(x1)∥x∥2 of v is then computed without cancellation (compare
Example 1.5). For the same reason the denominator v⊤v = 2

(
∥x∥22 + |x1| ∥x∥2

)
is a sum of

nonnegative terms (the first one positive), computed without cancellation as well. (A library
implementation additionally scales x to avoid overflow and underflow in ∥x∥2; the illustrative
code below does not.) For instance, x = (3, 4)⊤ gives ∥x∥2 = 5, α = −5, v = (8, 4)⊤ and

Hv = I − 2

80

(
64 32
32 16

)
=

1

5

(
−3 −4
−4 3

)
, Hvx =

(
−5
0

)
= αe1.

Algorithm 3.22 (Householder QR decomposition). Let A ∈ Rm×n with m ≥ n, and set

A(1) := A. For k = 1, . . . ,min(n,m − 1) let x(k) :=
(
a
(k)
kk , a

(k)
k+1,k, . . . , a

(k)
mk

)⊤ ∈ Rm−k+1 be the

part of column k of A(k) on and below the diagonal. If x(k) = 0, set Hk := I and A(k+1) := A(k).
Otherwise choose vk ∈ Rm−k+1 for x(k) according to Lemma 3.21 and set

Hk :=

(
Ik−1 0
0 Hvk

)
∈ Rm×m, A(k+1) := HkA

(k),

which amounts to applying Hvk to the rows k, . . . ,m of the columns k, . . . , n.
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Proposition 3.23. Let p := min(n,m − 1). In Algorithm 3.22 every Hk is symmetric and
orthogonal, the first k − 1 rows of A(k) are not changed in step k, and A(k+1) has zeros below
the diagonal in the columns 1, . . . , k. Consequently

Hp · · ·H1A =

(
R1

0

)
, Q := H1 · · ·Hp,

with R1 ∈ Rn×n upper triangular and Q orthogonal, so A = Q

(
R1

0

)
. In particular, Theo-

rem 3.12 holds for every A ∈ Rm×n with m ≥ n.

Proof. Hk is symmetric and orthogonal because Ik−1 and Hvk are (Lemma 3.20(i)), or because
Hk = I. Since Hk acts as the identity on the first k − 1 rows, these are not changed. We show
by induction on k that A(k+1) has zeros below the diagonal in the columns 1, . . . , k. For the
columns j < k this holds by the induction hypothesis for the rows 1, . . . , k− 1 (unchanged) and
because the entries in the rows k, . . . ,m of these columns are zero and Hvk maps the zero vector
to itself. For column k, the rows k, . . . ,m of A(k+1) contain Hvkx

(k) = αke1 by Lemma 3.21
(or x(k) = 0 if Hk = I), which has zeros below its first component. After p steps the matrix
Hp · · ·H1A has zeros below the diagonal in the columns 1, . . . , p; if p = n this means that it

has the form

(
R1

0

)
, and if p = m − 1 < n (so m = n) the last column needs no reflection,

since its only entry on or below the diagonal is a
(m)
mm. The matrix Q = H1 · · ·Hp is orthogonal

as a product of orthogonal matrices (Lemma 3.11(iii)), and Q⊤ = Hp · · ·H1 since the Hk are

symmetric; hence Q⊤A =

(
R1

0

)
, that is, A = Q

(
R1

0

)
.

Note the order of the factors: Q = H1 · · ·Hp, but Q
⊤ = Hp · · ·H1, so applying H1 first and

Hp last to a vector y produces Hp · · ·H1y = Q⊤y. For a least squares problem with rankA = n
there is no need to form Q: the reflections H1, . . . ,Hp are applied to b as well (in this order),
which gives Q⊤b, and then the regular triangular system R1x = (Q⊤b)1:n is solved; the norm of
the remaining components (Q⊤b)n+1:m = Q⊤

2 b is the minimal residual (Theorem 3.13). The full
column rank is needed here: if R1 is singular, the system R1x = (Q⊤b)1:n need not be solvable,
and ∥Q⊤

2 b∥2 is then not the minimal residual. The case x(k) = 0 had to be included in the
algorithm because no rank assumption is made; it occurs only for rank-deficient A.

Remark 3.24 (cost and stability). The Householder QR decomposition costs 2mn2− 2
3n

3+O(mn)
flops for R1 (for m = n about 4

3n
3, twice the cost of Gaussian elimination); applying the

reflections to b costs only O(mn) more. Forming Q1 explicitly costs about as much again, and
the full Q about 4(m2n−mn2 + 1

3n
3) flops; neither is needed for solving least squares problems.

The method is backward stable: the computed R̂1 is the exact triangular factor of a slightly

perturbed matrix, A+∆A = Q̃

(
R̂1

0

)
with some exactly orthogonal matrix Q̃ (a theoretical

factor, not the computed Q̂) and ∥∆A∥F ≤ cmnu ∥A∥F+O(u2) for a constant c of moderate size
(Higham, Accuracy and Stability of Numerical Algorithms, Theorem 19.4). If Q is nevertheless
formed from the reflections, the computed Q̂ differs from an exactly orthogonal matrix by at
most c′u in the 2-norm, with c′ depending only on m and n (Higham, loc. cit., Section 19.3),
so that ∥Q̂⊤Q̂ − I∥2 ≤ 2c′u + O(u2) independently of cond2(A); this is the precise meaning
of “orthogonal to working precision” above. This is the method behind numpy.linalg.qr

(LAPACK routine geqrf).

Example 3.25 (Householder QR by hand). Let A =

1 1 1

0 −
√
2
√
2/2

0
√
2 5/

√
2

 and b = (3
√
2,−1, 7)⊤.

BAM Numerics: Preliminary version, comments and corrections welcome 37



3 Least squares problems and the QR decomposition

Step 1. x(1) = (1, 0, 0)⊤, ∥x(1)∥2 = 1, α1 = − sign(1) · 1 = −1, v1 = x(1) − α1e1 = (2, 0, 0)⊤,
so H1 = I − 2e1e

⊤
1 = diag(−1, 1, 1) and

A(2) = H1A =

−1 −1 −1
0 −

√
2
√
2/2

0
√
2 5/

√
2

 , H1b = (−3
√
2,−1, 7)⊤.

Step 2. x(2) = (−
√
2,
√
2)⊤, ∥x(2)∥2 = 2, α2 = − sign(−

√
2) · 2 = 2, v2 = x(2) − 2e1 =

(−
√
2− 2,

√
2)⊤ with v⊤2 v2 = 8 + 4

√
2. By Lemma 3.21, Hv2x

(2) = (2, 0)⊤. For the remaining
column, y = (

√
2/2, 5/

√
2)⊤ gives v⊤2 y = 4−

√
2 and 2 v⊤2 y/v

⊤
2 v2 = (5− 3

√
2)/2, hence

Hv2y = y − 5− 3
√
2

2
v2 =

(
2
3

)
,

and for the right-hand side, z = (−1, 7)⊤ gives v⊤2 z = 2 + 8
√
2, 2 v⊤2 z/v

⊤
2 v2 = (7

√
2− 6)/2 and

Hv2z = (4
√
2, 3
√
2)⊤. (As a check: written out, Hv2 = 1√

2

(
−1 1
1 1

)
, and the two products can

be read off directly.) Therefore

R =

−1 −1 −1
0 2 2
0 0 3

 , Q⊤b =

−3
√
2

4
√
2

3
√
2

 ,

and backward substitution for Rx = Q⊤b gives x3 =
√
2, x2 = (4

√
2 − 2

√
2)/2 =

√
2 and,

from −x1 − x2 − x3 = −3
√
2, x1 = 3

√
2−
√
2−
√
2 =
√
2, that is, x = (

√
2,
√
2,
√
2)⊤ (indeed

A(
√
2,
√
2,
√
2)⊤ = (3

√
2, −2 + 1, 2 + 5)⊤ = b). Since the system is square and regular, the

residual is zero (there is no block Q2); for an overdetermined system the last m−n components
of Q⊤b would remain and give the minimal residual. Note also that r11 = −1 < 0: Householder’s
sign choice does not produce the positive diagonal of Theorem 3.12; multiplying the first row of
R and the first column of Q by −1 does. The output below reproduces R and x and reports
the Frobenius norms of A−QR and of Q⊤Q− I for the computed factors.

R =

[[-1. -1. -1.]

[ 0. 2. 2.]

[ 0. 0. 3.]]

||A - QR||_F = 5.438959822042073e-16 ||Q^T Q - I||_F = 1.434936932798653e-17

solution of Ax = b: [1.4142 1.4142 1.4142] residual: 4.440892098500626e-16

Remark 3.26∗ (Givens rotations). Plane rotations in the coordinates (i, j), called Givens
rotations, zero one entry at a time and are an alternative to reflections. They are useful when
only a few entries have to be eliminated, for instance for updating a QR decomposition when a
row is appended to A, and for some sparse or structured matrices (such as upper Hessenberg
matrices, Chapter 5).

3.6 Application: polynomial regression and the choice of basis∗

Fitting a polynomial p(t) =
∑d

j=0 xjt
j to data (ti, yi), i = 1, . . . ,m, in the least squares sense

leads to the Vandermonde matrix A = (t ji )i,j ∈ Rm×(d+1). It has full column rank as soon
as d + 1 of the nodes are distinct, because a nonzero polynomial of degree at most d has at
most d roots. Its condition number grows exponentially with the degree d (for the square case
see W. Gautschi, 1975); for the 40 equidistant nodes in [−1, 1] of the experiment below it grows
roughly by a factor 2.5 per degree. The experiment fits polynomials of increasing degree to 40
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noisy samples of a smooth function on [−1, 1], once via Householder QR with column pivoting
(LAPACK routine gelsy) and once via the normal equations with Cholesky decomposition, and
reports cond2(A), cond2(A

⊤A) and the relative difference between the two coefficient vectors.

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
0.0

0.5

1.0

1.5

2.0

2.5

3.0

cond_2(A) = 4.0e+01,  cond_2(A^T A) = 1.6e+03
||x_NE - x_QR|| / ||x_QR|| = 1.5e-14

data
QR fit, degree 5
normal equations fit

The figure shows the fits of degree 5, where the two coefficient vectors still agree to about 14
digits. For increasing degree the relative difference between the coefficients obtained from the
normal equations and from QR grows rapidly, at a rate consistent with the squared condition
number of the normal equations (Proposition 3.7 and Theorem 2.5); the table lists the values
of one run (to the precision shown, the condition numbers are reproducible; the differences
and the degree of the first Cholesky failure vary somewhat with the platform). A difference
between two computed solutions is not by itself an error; without a reference solution it does
not tell which of the two is wrong. For the experiment, the exact least squares solution of the
stored floating-point data (computed in rational arithmetic) shows that the QR coefficients
have a relative error below 10−8 for all degrees of the table (about 10−9 at degrees 21 to 23, in
line with u cond2(A)); the differences listed are therefore, to the digits shown, the errors of the
coefficients obtained from the normal equations.

degree d 5 12 18 20 21 22 23

cond2(A) 4 · 101 2 · 104 4 · 106 3 · 107 7 · 107 2 · 108 5 · 108
u cond2(A)2 2 · 10−13 3 · 10−8 2 · 10−3 8 · 10−2 0.6 4 30
∥xNE − xQR∥2/∥xQR∥2 2 · 10−14 3 · 10−9 1 · 10−4 4 · 10−3 8 · 10−2 > 1 Cholesky fails

From about degree 23 on, the Cholesky decomposition of the computed matrix A⊤A breaks
down (a computed pivot is no longer positive), while the QR fit remains a sensible curve. The
breakdown is only the visible symptom: once u cond2(A)

2 > 1, the rounding errors made in
forming A⊤A, of size about u∥A⊤A∥2 (up to a factor depending on m), exceed its smallest
eigenvalue λmin(A

⊤A) = σmin(A)
2, so the computed matrix need not be positive definite at

all. In the table this is the case from degree 22 on, where the Cholesky decomposition can
still run through—and then returns coefficients with relative error > 1. The accuracy of the
computed coefficients must not be confused with the quality of the fit: the fit itself is meaningful
only for moderate d; for larger d the polynomial follows the noise in the data (overfitting, see
the Stochastics part of the course), however accurately its coefficients are computed. The
ill-conditioning of A can be reduced by replacing the monomials by an orthogonal polynomial
basis—Chebyshev polynomials (Chapter 8) or Legendre polynomials (Chapter 9): their sampled
columns are not exactly orthogonal, but for the 40 nodes of the experiment the condition number
stays below 102 up to degree 24 for the Chebyshev basis and up to degree 23 for the Legendre
basis (at degree 23: 45 and 67 instead of 5 · 108 for the monomials). In exact arithmetic this
changes only the representation of the fitted polynomial, not the polynomial itself (the least
squares fit in the space of polynomials of degree at most d is unique, as A has full column rank),
and it does not prevent overfitting.
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3.7 Summary

• Least squares: minimise ∥Ax − b∥2. The solutions are characterised by the normal
equations A⊤Ax = A⊤b; the residual is orthogonal to ImA; the solution is unique if and
only if kerA = {0}.

• If rankA = n, solving the normal equations squares the condition number: cond2(A
⊤A) =

cond2(A)
2.

• If rankA = n, the QR decomposition A = Q1R1 reduces the least squares problem to
the regular triangular system R1x = Q⊤

1 b with cond2(R1) = cond2(A). Householder
reflections Hv = I − 2 vv⊤/(v⊤v) with v = x − αe1, α = − sign(x1)∥x∥2, map x to αe1
without cancellation; applied column by column they compute the decomposition (R1 and
the reflection vectors) in a backward stable way in 2mn2− 2

3n
3 flops, and Q⊤b is obtained

by applying them to b, without forming Q. Neither method changes the conditioning of
the least squares problem itself (Remark 3.8).
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