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Progressive measurability

» Definition 13.31: X is progressively measurable, if, for all
tel,
IN[0,t]xQ — E
(s,w) — Xs(w)
is I N B([0, t]) ® Fs/B(E)-measurable.
> Lemma 13.32: If | is countable or X' has right-continuous
paths, X is progressively measurable.
» Proposition 13.33: Let X = (X;):c/ be progressively
measurable, and T a stopping time. Then X7 : w — X7(,)(w)

is measurable with respect to {T < oo} N Fr.
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Progressive measurability

> Lemma 13.32: If | is countable or X’ has right-continuous
paths, X is progressively measurable.

> Let t € I. We consider the mapping
IN[0,t] xQ — E
(s,w) = Xs(w).

I countable: Y~1(B) = Users<e{s} x X;(B) measurable.

X has right-continuous paths: XJ := Xo-nranspyae: 1 = 1,2, ...

n—o0

and the corresponding Y,,. Then, Y, ——.s Y and

B = | k(K127 x XL, (B)
k:(k+1)2—r<t

measurable.
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Progressive measurability

» Proposition 13.33: Let X = (X;)cs be progressively
measurable, and T a stopping time. Then X7 : w — X7 (,)(w)
is measurable with respect to {T < oo} N Fr.

» Proof: To show: {X7 € B, T <t} e F;for Be B(E), tel.
Wiog T < t.
Write X7 = Y; 09, where ¢(w) := (T (w),w) is measurable
with respect to F/(/ N B([0, t]) ® F¢) and Yi(s,w) = Xs(w)
according to condition / N B([0, t]) ® F¢/B(E)-measurable.
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