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The Poisson process

> Remark 3.9: We want to model a count process with the
following propertiers:
1. Independent increments: If 0 = ty < t; < ... < t,,, then
(Xt, — Xi,_, : i =1,...,n) is an independent family.
2. lIdentically distributed increments: If 0 < t; < tp, then
Xe, — Xe, £ Xy, — Xo.
3. No double-points: limsup,_,q 1P(X. — X > 1) = 0.
» Definition 13.10: X' = (X;)¢c[0,00) is @ Poisson (point) process
with intensity A (PPP(X)) iff:
1. For 0=ty < ... < ty, the family (X, — X, , :i=1,...,n)is
independent.

2. For0<t;<tis th — th ~ POi()\(tQ — tl)).
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The Poisson process
» Proposition 13.11: Let A > 0. There is exactly one PPP(\).
» Proof: Uniqueness follows from uniqueness of fdds.
> Existence using a Projective Limit: Let
J={ti <..<ty} Crl,

S™(X1 — X0y ey Xn — Xn—1) := (X1, ..., Xn), and
P,:=S5] ® Poi(A(tj — ti—1)).
i=1
Then, (P, : J Cr 1) is projective since
Poi(A(ti+1 — ti)) * Poi(A(ti — ti—1)) = Poi(A(ti+1 — ti—1))-

Existence now follows with Throrem 5.24.
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Characterization of Poisson processes
» Proposition 13.12: X = (X;)te; non-decreasing with Xo = 0,
values in Zy is PPP(X) iff A = E[X; — Xp] < o0 and 1.-3.
from Remark 13.9 hold.

» Proof: '=": 1. and 2. v'. For 3.
1—e (14 Xe) 1129+ Ae) eo

IP(X. > 1) = 0.
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Characterization of Poisson processes

» Proposition 13.12: X = (X;)te; non-decreasing with Xo = 0,
values in Zy is PPP(X) iff A = E[X; — Xp] < o0 and 1.-3.
from Remark 13.9 hold.
» Proof: '<": 1. V.
To show: X; ~ Poi(At). Let forne N,k =1,...,n,
Zl? = (th/n - Xt(k—l)/n) A1, th = ZZI? ~ B(n’ P(Xt/n >0
k=1
P(lim X{ # X¢) = I|m P(X{ # Xt)

n—o0
< lim Z P(Xek/n — Xe(k—1)/n > 1)
p

= lim nP(Xy/, > 1) === 720
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Characterization of Poisson processes

» Proposition 13.12: X = (X;)te; non-decreasing with Xo = 0,
values in Zy is PPP(X) iff A = E[X; — Xp] < o0 and 1.-3.
from Remark 13.9 hold.

» Proof: '<=": from 3. Since X/ 1 X;, by monotone
convergence,

At = E[X;] = lim E[X]] = lim np,.
n—o0 n—o0
By a Poisson approximation,
P(X: = k) = Ii_}m P(X{ = k) = Poi(At)(k),

i.e. X¢ ~ Poi(At) and the assertion follows.

universitatfreiburg



Construction by exponential distributions
» Proposition 13.13: 51, Sy, ... ~ exp(\) be iid, X = (Xt)tes
given by
Xe:=max{i:S1+ ..+ S <t}
with max( = 0. Then X is a PPP()).

» Proof, special case. We write, with Uy, ..., Ux ~ U([0, 1]) iid

P(Xt)

:// / )\k —Atle Atr—t1) | e A(tk—tk_l)e—A(t—tk)dtkmdtl
(51
— 7)\tAk // / dtk

1
= e_)‘t/\ktkP[Ul << U= e ANk 0= Poi(At)(k).
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The right- and left-continuous PPP

» In the setting above, set
Xe:=max{i:S1+..+5 <t}
Ye =max{i: S+ ..+ S <t}

Then, X and Y are modifications.
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