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Tutorial 5 - Martingales I

Exercise 1 (2+2=4 Points).

(a) Let X ∼ N(µ,σ2) with µ ̸= 0 and σ2 > 0. Prove that there is a unique θ ̸= 0 such
that E[eθX ] = 1.

(b) Let (Xi)i=1,2,... be iid with X0 ∼ N(µ,σ2) with µ ̸= 0 and σ2 > 0. Show that

Z = (Zn)n=0,1,2,... with Zn = eθ
∑n

j=1 Xj is a martingale with θ defined in (a).

Exercise 2 (4 points).

Let X = (Xn)n≥0 be a supermartingale with respect to a filtration F = (Fn)n≥0. Show

the following: X is a martingale iff there exists a sequence (nm)m≥1 with nm
m→∞−−−−→ ∞

and E[Xnm ] ≥ E[X0].

Exercise 3 (2+2=4 Points).

Let X = (Xt)t≥0 and Y = (Yt)t≥0 be square integrable stochastic processes, adapted to a
filtration (Ft)t≥0. They are said to be conditionally uncorrelated, if

E[(Xt −Xs)(Yt − Ys)|Fs] = 0, 0 ≤ s ≤ t < ∞.

(a) Give an example of non-conditionally uncorrelated X and Y.

(b) Show that (XtYt)t≥0 is a martingale iff X and Y are conditionally uncorrelated.

Exercise 4 (2+2=4 points).

Let B = (Bt)t≥0 be a Brownian Motion, started in B0 = 0. For a constant a > 0 define
T := inf{t ≥ 0 : Bt /∈ (−a,a)}.

(a) Why is T a stopping time with respect to F = {FB
t }t≥0.

(b) Show that, for all c,

Xt := exp

(
−c2

2
t

)
cosh(cBt)

defines a martingale (Xt)t≥0 with respect to {FB
t }t≥0.

1

https://pfaffelh.github.io/hp/2024ws_stochproc.html
https://www.stochastik.uni-freiburg.de/

