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Tutorial 4 - Filtrations and stopping times

In all exercises, we have a probability space (Ω,F ,P) with a filtration (Ft)t≥0.

Exercise 1 (4 points).

Verify that
FT := {A ∈ F : A ∩ {T ≤ t} ∈ Ft,t ∈ I}

is a σ-algebra.

Exercise 2 (4 Points).

Let Ω = [0,1] and F = B([0,1]). Define a stochastic process X = (Xn)n∈N by

Xn(ω) := 2ω1[0,1− 1
n
](ω).

Show that the generated filtration (FX
n )n∈N is given by

FX
n =

{
A ∪B : A ∈ B((0,1− 1

n
]), B ∈ {∅,{0} ∪ (1− 1

n
,1]}

}

Exercise 3 (4 points).

Given an optional time T of the filtration (Ft)t∈I , consider the sequence (Tn)n≥1 of random
times given by

Tn(ω) =


T (ω); on {ω; T (ω) = +∞}

k
2n ; on

{
ω; k−1

2n ≤ T (ω) < k
2n

}
for n ≥ 1,k ≥ 1. Clearly, Tn ≥ Tn+1 ≥ T, for n ≥ 1. Show that each Tn is a stopping time,
and that limn→∞ Tn = T.

Exercise 4 (2+2 Points).

1. Let (Xt)t∈[0,∞) be a stochastic process, such that, for all t ≥ 0,

Yt :

{
I ∩ [0,t]× Ω → E

(s,ω) 7→ Xs(ω)

is measurable with respect to I ∩ B([0,t])⊗Ft/B(E). Show that (Xt)t≥0 is adapted
to (Ft)t≥0.
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We call (Xt)t≥0 measurable if {
I × Ω → E

(s,ω) 7→ Xs(ω)

is measurable with respect to B([0,∞)) ⊗ F/B(E). Show that every progressively
measurable process is measurable, but need not even be adapted if it is only mea-
surable.

2. Let (Xt)t≥0 be a stochastic process, which is progressively measurable with respect to
(Ft)t≥0 and T be an (Ft)t≥0 stopping time. Show that the stopped process (XT∧t)t≥0

is also progressively measurable.
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