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Tutorial 2 - Definition and existence of stochastic processes

Exercise 1 (1+2+1=4 Points).

Let Ω = {1,2,3,4,5}.

(a) Find the smallest σ- algebra F1 containing

F2 := {{1,2,3},{3,4,5}}.

(b) Is the random variable X : Ω → R defined by

X(1) = X(2) = 0, X(3) = 10, X(4) = X(5) = 1

measurable with respect to F1?

(c) Find the σ-algebra F3 generated by Y : Ω → R and defined by

Y (1) = 0, Y (2) = Y (3) = Y (4) = Y (5) = 1.

Exercise 2 (2+2 points).

1. Given an example of two stochastic processes X and Y which are versions of each
other, but no modifications of each other.

2. Give an example of a real-valued stochastic process X , such that V[Xt] > 0 for all t
and X = (Xt)t∈I and X 2 := (X2

t )t∈I are indistinguishable.

Exercise 3 (4 Points).

Let I be some index set, (E,r) be Polish and (Pi)i∈I a family of probability measures on
B(E). Show that there exists an E-valued stochastic process (Xt)t∈I such that (Xt1 ,...,Xtn) ∼
⊗n

i=1Pti for any t1,...,tn ∈ I. In other words, (Xt)t∈I is an independent family with
Xt ∼ Pt.

Exercise 4 (1+1+2= 4 Points).

Let (Xk)k∈N0 be a symmetric simple random walk, i.e. Xk =
∑k−1

i=0 Zi where Z1,Z2,...
are iid with P(Z1 = ±1) = 1

2
1. For n ∈ N define

Sn =

n∑
k=1

Xk.

1Recall the convention that
∑−1

i=0 ai = 0
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(a) Show whether or not (Sn)n∈N0 is a simple random walk (not necessarily symmetric).

(b) Compute the covariance COV[Xk,Xl] for k ≤ l ∈ N.

(c) Compute the variance of Sn for n ∈ N.

Note: You may need to recall that

n∑
k=1

k =
n(n+ 1)

2
and

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
, for n ∈ N.
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