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Tutorial 1 - Repetition of probability theory

Exercise 1 (242 =4 Points).
Let X > 0 be a nonnegative real-valued random variable.

(a) Assume that E[X] < co. Show that nE [In (1 + £)] — E[X] as n — oo.
(b) Assume that E[X] = co. Show that nE [In (1 + %)] — 00 as n — o0.

Hint: Tt might be helpful to show that n — (14 %)" is increasing.
Exercise 2 (3+1= 4 Points).

(a) Let (X,)nen be an independent family of random variables such that P(X,, = —1) =

P(Xn:—f—l):% andlet S, = X1+ Xo+ ...+ X, for any n € N. Show that

lim sup,,_, o, Sn = oo almost surely.
(b) Suppose that X and Y are random variables in £2? such that
EX|Y]=Y and E[Y|X]=X almost surely.

Show that X =Y almost surely.
Hint: Theorem 11.2
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Exercise 3 (2+2=4 Points).
For every n € N, let X,, be a random variable with probability density

fx(z) = nmfnflll[lpo) (z).
(a) Determine the distribution function of X,, and show that X, =5, 1.

(b) Investigate for which n the expected value of X, exists and, if necessary, specify it.
Does the convergence from (a) also apply in £!7?

Exercise 4 (1+1+1+1= 4 Points).

You roll two six-sided fair dice, where one die has the digits {1,2,3,4,5,6} and the second die
has the digits {3,3,6,6,6,6}. Let X;,i = 1,2 be the result of the ith roll and ¥ = X; + Xo.

(a) Enter the probabilities P(Y = k) for k = 2,3,...,12 in the table.

k 2 3 4 ) 6 7 8 9 10 11 12
P(Y =k)
(b) Determine the expected value of Y.
(c) Enter the conditional probabilities P(Xo = z|Y = k) for x = 3,6 and k = 2,3,...,12
in the table.
k 2 3 4 5) 6 7 8 9 10 11 12

P(Xy=3|Y = k)

P(Xs = 6Y = k)

(d) Determine the conditional expectations E[X;|Y] and E[X5|Y].




