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Tutorial 4 - Set systems 1

Exercise 1 (4 Points).
Let = {1,...,5}. Determine the generated o-algebra of:

(a) €:=1{{1,2,3,4}},
(b) F:={{1,2,3},{4}},
(c) G:=1{1,2,3,4},
(d) H

Solution.

(a) o(&) = {0,0.{1,2,3,4}.{5}}.
(b) J(.F) = {@;97{17273}a{4}7{475}7{1a27375}7{1727374}7{5}}

(c) G is not a set system. This means that there is no o-algebra A on Q with G C A so
there is no smallest one either. ¢(G) is therefore not defined.

(d) However, an empty set system is not a problem for the definition. The smallest
o-algebra without any constraints is always the trivial o(0) = {0,Q}.

Exercise 2 (2+2=4 Points).
Let f: X — Y be a mapping and let A C P(X), B C P(Y). Decide (with reasons)
whether the following statements are correct:

(a) If A is a o-algebra, then {B C Y | f~1(B) € A} is also a o-algebra.
(b) If B is a o-algebra, then f~1(B) := {f~1(B) | B € B} is also a o-algebra.

Solution.

(a) We claim that the statement is true and check the properties of the o-algebra:
i) fFAY)=X€e A ie. Y B
(i) We obtain the complement stability for B € B from
FUB) =T YA\B) =TI\ fH(B) =X\ [(B) € A,

therefore B¢ € B.
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(iii) We obtain the o-U stability for a sequence By,Bs,--- € B, since

zelJf ' (B <<= FeNizef(By) < xef‘1<UBn>.

neN neN

The union on the left-hand side lies in A, since this is a o-algebra, and therefore
Unen Bn € B.

(b) Again, we claim that this is also a o-algebra.
(i) Since f~'(Y)=X and Y € B, X € f~(B) holds.
(i) Now let A € f~%(B) with A = f~*(B),B € B. Then applies
A =X\A= W\ fH(B)= (Y \B) e [7(B),
since Y \ B = B¢ € B.

(iii) Let Ay = f~1(B1),A2 = f~1(By),--- € f~1(B). Then applies
Ua= U= (U ) e o)
neN neN neN

since | J,,ey Bn € B.

Exercise 3 (4 Points).
Let ©Q be an uncountable set and

A={AC Q| Aor A is countable}.

Show that A is a o-algebra.

Solution.

(i) The set 2 € A. Indeed, by definition, (¢ = Q is uncountable (where ) is countable!).

(ii) Closed under complements: Let A € A. Then either A is countable or A°
is countable. If A is countable, then A° is uncountable, hence A¢ € A. If A€ is
countable, then A is uncountable, hence A € A. In both cases, A° € A.

(iii) Closed under countable unions: Let 41,45 A;3,... € A. If any A,, is countable,
then [ J7; Ay, is countable. If all AS are countable, then | J;~; AS is countable, hence
U,2, 4, is uncountable. In either case, |J,; A, € A. Thus, A is a o-algebra.

Exercise 4 (4 Points).

Find an example of a Dynkin system that is not a semiring.

Solution.
One could consider Q = {a,b,c,d} and

D = {0.{a,b} {a,d}{b,c} {c,d},Q}.

By definition 1.11, D is a Dynkin system! (You can check this!) However, Definition 1.1(2)
is not satisfied in that D is not closed under N. Take for instance: {a,b}N{a,d} = {a} ¢ D.



