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Tutorial 2 - Review of topology and compactness

Exercise 1.
Let X = {a,b,c,d}. Which of the following are topologies for X?

(i) {0,X {a},{b}.{a,c},{a,b,c},{a,b}}
(i) {0, X {a},{b}{a,b},{bd}}
(iii) {0,X {a,c,d},{b,c,d}}
Can you further give an example of two subsets A and B of R such that

ANB=0, ANB#0, ANB#0.

Solution.

(i) Yes. Easy to check!
(ii) No! {a} U{b,d} = {a,b,d} is in fact not included in the set.
(iii) No! {a,c,d} N{b,c,d} = {c,d} is not included in the set.

It holds that Q = R\Q = R. Thus, A = Q and B = R\Q works. Another example is
A=10,1)U[2,3) and B = [1,2).

Exercise 2.

Prove that a subset of a topological space (2,0) is open if and only if its compOlement in
Q is closed.

Solution. Clear! Let O C Q. By definition, Q\O is closed if and only if O = Q\(2\0) is
open.

Exercise 3 (4 Points).

Let A and B be compact subsets of a metric space (X,r). Show that AN B and AU B are
also compact.

Solution.

It is clear that A and B are closed (See Lemma A.8). Furthermore, AN B is closed because
AU B¢ = (AN B)¢ which is open. With Corollary A.10, we are done. (Closed subsets
of compact sets are compact!). On the other hand, suppose AU B C J;c; O;. That is,
O;,i € I is an open cover of AU B. Since A and B are compact, there exists finite J4 C [
and Jg C I such that A C Uz’eJA O; and B C |J O;. Clearly, J4 U Jg C I and
AUBC UiGJAUJB O;.
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Exercise 4 (4 Points).

Consider the cofinite topology O on Z defined as follows: a subset O C Z is an open set
if and only if O = () or O°€ is finite. Show that O is a topology on Z.

Solution. We shall verify the three axioms in Definition A.1(3):
(i) By defintion, () is an open set so ) € O and Z is open since Z° is finite.

(ii) Let 01,02 € O. We consider two cases: if either O; or Oy is empty, then O1NO2 = 0,
which is in O. If both O; and O5 are non-empty, then both are complements of finite
sets. Therefore, we have Of and Of are finite. Thus, (01 N O2)¢ = Of U OF, which
is a union of finite sets and hence is finite

(iii) Let {O;}icr € O be an arbitrary collection of open sets. The union of the O; will
only be empty if all O; are empty. Suppose that there exists some i € I such that O;
is nonempty, ((N;e; 0i) = Uie; O5. If O; = 0 for some i € I, O = ) because of the
intersection. Again, we consider two cases: If any O; is ), then the union J;c; O;
may or may not be (). If all O; are non-empty, then each O; is the complement
of a finite set. The complement of the union is (U;c; 0i)° = Ne; OF; if we take
the union of an infinite number of non-empty open sets, it will still be open in the
cofonite topology. In particular Z\(0O1 UO2 U O3 U...) = (U;e; Oi)".



