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Definition 5.9

(Q, Fi), i = 1,2 measurable spaces.

> r: Q1 X Fp — Ry is a transition kernel from (1, F1) to
(2, F2) if
(i) for all wy € Q4, the map k(wi,.) is a measure on F, and
(ii) for all Ay € F» k(.,A2) is Fi-measurable.

P> A transition kernel is called o-finite if there is a sequence
Qo1,Q22, -+ € F2 with Qo 1 Q2 and sup,,, (w1, Q2n) < 00
foralln=1,2,...

» It is called stochastic kernel or Markov kernel if for all
w1 € Q3 the map k(w1,.) is a probability measure.
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Example: Markov chain

> Q= {wi,...,wy} finite and P = (pjj)i<ij<n with p; € [0,1]
and >, pj = 1. Then,

n
K(wi,.) = Zp,-j O
j=1

is a Markov kernel from (£2,2%) to (Q,29).

» P is the transition matrix of a homogeneous, Q-valued
Markov chain.
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» (Q;,Fi),i = 1,2 be measurable spaces, i a o-finite measure
on Fp, k a o-finite transition kernel from (Q1, F1) to (2, F2)

» Lemma 5.11: Let f: €3 x Q — R, be F1 ® F» measurable.
Then,

w1 — K(wi, . )[f] = /n(wl,dwz)f(wl,cm)

is F1-measurable.

» Theorem 5.12: There is exactly one o-finite measure © ® x on
(Ql X Qo, F1 ® Fz) with

(,u®/<c>(A>< B) :/Au(dw1)</8/<;(w1,dw2)>.

universitatfreiburg



Fubini's Theorem

» Theorem 5.13: (Q;, Fj), i, k and ;1 ® Kk as above. Let
f: Q1 — Q — R, measurable with respect to F1 ® F.
Then,

/fd(u®/~c) = /u(dw1)<//~c(w1,dwz)f(wl,w2)>-

Equality also applies if f: Q1 x Q» — R is measurable with
[1fld(p® k) < co.

» Corollary 5.14: Let Q = Q1 x Q, and H; C 2% be a semi-ring,
and pj : H; — R4 o-finite and, o-additive, i = 1,2. Then
there is exactly one measure p1 ® pp on o(H1) ® o(Hz) with

1 ® p2(Ar x A2) = pa(Ar) - p2(Az).

For f : 2 — R measurable, the value of the integral does
not depend on the order of integration.
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Definition and Example

> \®9 is d-dimensional Lebesgue measure. Let

Xy

o) = Gy

Then, for every x € R
[ M@ty <o,
since f(x,.) € £Y()\) and f(x,y) = —f(x, —y). Therefore,

iterated integrals are 0. However, |f| is not integrable because
f has a non-integrable pole in (0,0).

universitatfreiburg



Convolutions of measures 1

» Definition 5.17: Let 1, o be o-finite measures on B(R) and
(1 ® pp their product measure. Let S(x1, x2) := x1 + x2.
Then S,(p1 ® -+ ® uy) is the convolution of 1, pp and is
denoted by 1 * uo.

> 71,72 = 0, tpoi(yy) and fipoi(+,)- Then,

. Zl ) 2 s
HPoi(y1) * HPoi(72) m+n=k min! k

_ Ze (m+v) 102 g ’72 " P

m!(k — m)
() (1 12)* k\ 1™y
(1 "/2) 1 2 5 < > 1 2
e I — k
PA Z (71 + 72)*

= HPoi(y1+72)-
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Convolutions of measures 2

» Lemma 5.19: A measure on B(R), u=f,-Aand v =f, -\
Then,p* v = f4,, - A with

() = / F(s)E (£ — $)A(d5).

> fN(MLU%) and fN(“27U§). Let M= U1 —+ 2 and 0-2 = O’% + 0‘%.
Then, the density of N(u1,02) * N(u2,03) is

1 / (
x————— [ exp ( —
2my /0203 207 203

Yy - M1)2 (X—y—uz)z)dy

2
1 (y-26-pp 6-n?(5-3)
=— [exp ( - 2 — 2 2 )dy
2no 2072 202
1 _ 2
_ exp < _(x—) >
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