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Product spaces

I For an index set I and a family of sets (Ωi )i∈I , define the
product space

Ω :=×
i∈I

Ωi := {(ωi )i∈I : ωi ∈ Ωi}

For H ⊆ J ⊆ I , define projections

πJH :×
i∈J

Ωi →×
i∈H

Ωi ,

and πH := πIH and πi := π{i}, i ∈ I .



Topology on product spaces

I Definition 5.1: Let (Ωi ,Oi )i∈I be a family of topologcal
spaces. Then,

O := O(C), C :=
{
Ai × ×

j∈I ,j 6=i

Ωj ; i ∈ I ,Ai ∈ Oi

}
is called the product topology on Ω.

I All πi , i ∈ I are continuous with respect to the product
topology.
Indeed, for Ai ∈ Oi ,

π−1i (Ai ) = Ai × ×
I3j 6=i

Ωj ∈ C ⊆ O.



The product σ-algebra
I Definition 5.3: Let (Ωi ,Fi )i∈I be a family of measurable

spaces. Then,⊗
i∈I
Fi := σ(E), E :=

{
Ai × ×

j∈I ,j 6=i

Ωj : i ∈ I ,Ai ∈ Fi

}
is the product-σ-algebra on Ω.
We denote the Borel σ-algebra of O by B(Ω).

I Projections are measurable.
I Lemma 5.5: Let Fi = B(Ωi ). For arbitrary I , we have⊗

i∈I B(Ωi ) ⊆ B(Ω). If I is countable and (Ωi ,Oi )i∈I are
separable metric spaces, then B(Ω) =

⊗
i∈I B(Ωi ).

I Proof: Clearly, C ⊆ O(C), C ⊆ E and E ⊆ σ(C). So,⊗
i∈I
B(Ωi ) = σ(E) = σ(C) ⊆ σ(O(C)) = B(Ω).

If I is countable and all spaces are separable, every A ∈ O(C)
is a countable union of sets in C, so O(C) ⊆ σ(C). Hence,

σ(O(C)) ⊆ σ(σ(C)) = σ(C).



Products of generators

I Lemma 5.7: Let (Ωi ,Fi ) be measurable spaces and
Ω =×i∈I Ωi .

1. I finite, Hi semi-ring with σ(Hi ) = Fi . Then

H :=
{×

i∈I

Ai : Ai ∈ Hi , i ∈ I
}

is semi-ring with σ(H) =
⊗

i∈I Fi .
2. I arbitrary, Hi a ∩-stable generator of Fi , i ∈ I . Then

H := {×
i∈J

Ai ××
i∈I\J

Ωi : J ⊆f I ,Ai ∈ Hi , i ∈ J}

is ∩-stable generator of
⊗

i∈I Fi .



σ-algebra on Rd

I Corollary 5.8: Let Ω = Rd . For a, b ∈ Rd , denote

(a, b] = (a1, b1]× · · · × (ad , bd ].

Then,
H := {(a, b] : a, b ∈ Q, a ≤ b}

is a semi-ring with σ(H) = B(Rd).

I Proof: H is a semi-ring that generates
⊗d

i=1 B(R) = B(Rd)


