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Theorem of Radon-Nikodym

» Corollary 4.17: p, v be o-finite measures. Then, v has a
density with respect to u if and only if v < pu.

» Theorem 4.16 (Lebesgue decomposition theorem): 1, v be
o-finite measures. Then v can be written uniquely as

V=1U;+Us with Vg < Vs L .

The measure v, has a density with respect to u that is
pu-almost everywhere finite.
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Absolute continuity

» Definition 4.13: v has a density f with respect to p if for all
Ac F,
V(A) = plf: Al
We write f:g—Zand v=f-pu.
» v is absolutely continuous with respect to i if all u-zero sets

are also v-zero sets. We write v < . If both v < v and
u << v, then u and v are called equivalent.

» 1 and v are called singular if there is an A € F with u(A) =0
and v(A°) = 0. We write p1 L v.
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Chain rule

» Lemma 4.14: Let 1 be a measure on F.
1. Let v be a o-finite measure. If gy and g are densities of v
with respect to u, then gy = g», u-almost everywhere.
2. Let f: Q— R, and g : Q — R be measurable. Then,

(f - w)lg] = nlfel,

if one of the two sides exists.

» Proof for finite u: 1. Set A:= {g1 > g»}. Since both g1 and
g» are densities of v with respect to p,

0 =v(A) —v(A) = nler — &2 Al.

Since only g1 > g» is possible on A, g1 = g» is 1apu-almost
everywhere.
2. For g = 15 with A € F, write

(f - p)lgl = (f - w)(A) = plf, Al = plfla] = plfegl.

universitatfréihiggextends up to the general case.



Examples
> For p € R, 02 € Ry
1 (x — p)?
fN(,u,UQ)(X) = W exp ( — 7)
and X is the one-dimensional Lebesgue measure. Then,

fN(u,02) - A is @ normal distribution.
» For v >0, let

fexp('y)(X) = Lo+ ye .

Then, fop(y) - A is called exponential distribution with
parameter vy. From the chain rule,

. R 1
E[X] = ft-exp('y) : )\[|d] = /0 ve T Xxdx = ... = ;

> Let u be the counting measure on Ny and
’Yk
f(k):e’VF, k=0,1,2,....

Then f - i is the Poisson distribution for the parameter ~.
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Theorem 4.16

> Let u,v be o-finite measures. Then v can be written uniquely
as
V=1U;+Us with Vg < Vs L .

The measure v, has a density with respect to u that is
pu-almost everywhere finite.
» Proof for finite u,v. The map

{Ez(u +v) —R)

f — v[f]

is continuous. By Riesz-Frechet, there is h € £?(u + v) with
v[f] = (1 + v)[fh], v[f(1 — h)] = ulfh], feLlL(u+v).
For f = 1(p<0y and f = 1yp>1), we find

0<v{h<0}=(p+v)[hh<0] <O,
0<u[h;{h>1}]=v[l—h{h>1}<0.
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Theorem 4.16

> Let u,v be o-finite measures. Then v can be written uniquely
as

V=1U;+Us with Vg < Whyvs L .

The measure v, has a density with respect to u that is
p-almost everywhere finite.

» Proof: Let E := h_l{l}, and f = 1g. Then,
W(E) = pulh; E] = v[1 — h; E] = 0.
Define v = v, + vs and vs L p using
va(A) =v(A\ E), vs(A) =v(ANE),
To show: v, < p, so choose A € F with u(A) =0, so
V[1— h; A\ E] = u[h; A\ E] = 0.

universitatfidige h < 1 on A\ E, v,(A) =v(A\ E) =0, i.e. v, < p.



Theorem 4.16

» Let u, v be o-finite measures. Then v can be written uniquely
as
V=1U;+ Vs with vy L Vs Lo

The measure v, has a density with respect to u that is
pu-almost everywhere finite.

» Proof: Define v = v, + vs and vs L i using
va(A) =v(A\ E), vs(A) =v(ANE),

To show: g := ﬁlQ\E is the density of v, with respect to u:

nlg: Al = u[%:/\\ E} =v(A\ E) = v,(A).

Uniqueness: let v = v, + vs = V5 + s Choose A,AN € A with
vs(A) = u(A°) = vs(A) = pu(A°) = 0. Then,

Va=1lp gz Va=1lyz V=17 Va="ra
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Corollary 4.17

» Let u, v be o-finite measures. Then, v has a density with
respect to w if and only if v < pu.

» Proof: '=": clear. '<=": Lebesgue decomposition Theorem,
there is a unique decomposition v = v, + vs with
vy < Vs L . Since v < p, vs = 0 must apply and
therefore v = v,. In particular, the density of v exists with
respect to u.
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