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A scalar product

» Apparently, (,.,): £2 x £? — R, given by

(f.g) = plfegl,

is bi-linear, symmetric and positive semi-definite.

» Complete normed spaces with a scalar product are called
Hilbert spaces. So, £? is a Hilbert space.

» Write f L g iff u[fg] =0
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Parallelogram identity

» Lemma 4.9: For f,g € £?,
I + gl + IIf — gl> = 2|71 +2lg|*.
» Proof:

I +gll? +IIf gl =(f+g,f+g)+(f—gf—g)
= 2(f,f) +2(g,g) = 2/If||* +2l|g|>
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Decomposition

» Proposition 4.10: M closed, linear subspace of £2 and f € £2.
Then, there is an almost everywhere unique decomposition
f=g+hwithge M h 1l M.

> Proof: For f € L2, define dr := infzem{||f — gl||}. Choose

n—o0

81,82, .- with [|f — gn|| —— df. Then

4d12+ Hgm_gnH2 < |’2f—gm_gn|‘2+ Hgm_gnH2

=2/|f —gml® +2If — &l == 4d}.
Thus ||gm — &nl|? =220, ie. ||gn — g|| === 0 for some

g € M with ||f —g|| =df. For t >0,/ € M,
df <||f — g+l = df +2t(f — g, ) + £[/]|*.

Since this applies to all t, (f — g,/) =0, ie. f—g L M.

Uniqueness: Let f =g+ h=g' + H. Then, g — g’ € M as

wellasg—g'=h—H L M,ie g—g' 1L g—g'. This
universitatfineans ||g — g’'|| = (e —g’,g —g') =0, ie. g=g'



Theorem of Riesz-Fréchet

» Proposition 4.11: F : £2 — R is continuous and linear iff
there exists some h € £2 with

F(f) = (f, h), fer?

Then, he L2 is unique.
» Proof: '« linearity clear. Continuity:

[(If =1, B[ < [If = 1| - |||

For uniqueness, let (f, hy — hp) =0 for all f € £2:in
particular, with f = hy — hy

||h1 — ha|? = (hy — hp, by — h2) =0,

thus h; = hy p-almost everywhere.
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Theorem of Riesz-Fréchet
» Proposition 4.11: F : £2 — R is continuous and linear iff
there exists some h € £2 with
F(f) = (f,h), fe L’
Then, he L2 is unique.
» Proof: '=": For F =0 choose h = 0. For F # 0,
M = F~1{0} is closed and linear, so for f' € £2\ M, write
=g+ Hh with g € Mand ¥ L M and
F(h)=F(f')— F(g') = F(f') #0. Set h" = ( 7. so that
A" L M and F(h") =1 and for f € £?
F(f — F(f)h') = F(f) — F(f)F(h") = 0.
ie. f—F(f)W € M, in particular < (F)N', h")y = (f,h") and
F(f) = ||h1H2 : <F(f)h,/7 h/,> = Hh//HQ <f h/,> = <fa ﬁ)

Now, the assertion follows with h := H:/l/,ll2
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