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Definition of an LP-space

> For 0 < p < oo, set
LP:= LP(u) := {f : Q@ — R measurable with ||f]|, < oo}
for
1fllp = (ullFIPDP, 0<p<oo (1)

and
[f]loo == inf{K : u(|f| > K) = 0}.
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Holder's inequality

» Proposition 4.2.1: f, g be measurable, 0 < p, g, r < oo such
that £ + 2 = 7. Then,

Ifell- < lIfllpllglly ~ (Holder inequality)

> Proof: p= oo or [[f|[, =0, ||[f]l, = o0, [|gllqg = 0 or
llg|lqg = oo: ok, so assume any other case and define

Fof  s_ &

fi=—, g = .
1l llell 4

To show ||fg]|, < 1. Convexity of the exponential function:
(xy)" = exp (Lplogx + Lqlogy) < £xP+ Ly9,

and thus

17EI = nl(7E)] < £ulF?] + Sule = 1.
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Minkowski's inequality

» Proposition 4.2.2: For 1 < p < o0,

I +gllp < lIfllp + llgllp-

» Proof: p=1, p= oo clear. Else, let g = p/(p — 1) and
r=1/p+1/q =1, so Holder's inequality gives
If + gl < ullfl-|f +glP~ 1]+ ullgl - |f +glP~"]
<|Ifllp - 1I(F +&)PHlq + llgllo - 1I(F + )P lq
= (IIfllo +llgllo) - IIf + g5,

since

_ _ 1 —1
1(F + &)P M lq = [|(F + g)9P D19 = ||(F + g)P) P/
—||f + g5

universitaﬁrlé)ib\l/}%ng by ||f + g||p ~ gives the result.



p — LP is decreasing

» 4 finite, 1 < r < q <oo. Then L9(u) C L (p).

» Counterexample for p infinite: \ Lebesgue measure,
fix L 1,9, Then f € L2(N), but f ¢ LY(N).

» Proof: g = oo clear; otherwise since ||1||, < oo,

Il = 1L ] < [[2]p - |[F]lg < 00

1 _ 1 1
for5—7—5>0
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LP-convergence

» Definition 4.6: f,f,... in LP(u) converges to f € LP(u) iff
o — Fllp =22 0.

We write f;, 2222, f.

» Proposition 4.7: u be finite, 1 < r < g < oo and
Fof, o, € L9 IF £, Z22% 0o f, then also f, Z—5 0 f.

» Proof: clear since ||f —gl|, < ||f — gl|q-
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Completeness of LP

» Proposition 4.8: p > 1,f1,f,... be a Cauchy sequence in LP.
Then there is f € LP with ||f,, — ||, —— 0.

» Proof: €1,e5,... summable. There is nj for each k with
||fm — fallp < ek for all m,n > ny. In particular,

o0 o0
ZankH - fnka < Zﬁk < 00.
k=1

k=1
Monotone convergence and Minkowski give

H Z ‘fnkJrl - fnk’
k=1

In particular Y07 |fp,,, — fa,| < 0o almost everywhere, i.e.
for almost all w € Q, the sequence fp, (w), fn,(w), ... is
Cauchy in R, hence converges to some f. Fatou gives

o — Fllp < liminf ||fo, — follp < sup ||fm — ful [, —— 0,
k—o0 m>n

o0
‘ SZank+1_fnkHP<oo'
Pok=1

universitat-frieourg n—oo, oo f.



