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Generated ring/c-algebra

> Let C C 29 Then,
R(C) := ﬂ {R OC: R ring},
(€)= {F SC:F a—field}

are the ring and o-algebra generated from C,

» Example 1.6: Let H := {[a,b),a < b,a,b € Q}. Then,

R(H):{L—ij(ak,bk]:al,...,a,,,bl,...,b,,e@,
k=1

ag < bg,k=1,...,nand ak<bk+1,k:1,...

is the ring generated from 7.
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Generated ring

» Lemma 1.5: H semi-ring. Then,
H) = { H Ak A ..., Ay € H disjoint, n € N}

is the ring generated from H.

» Proof: R(H) is N-stable.
To show: R(H) set-difference-stable. Let A;,..., A, € H and
Bi,...,Bmn € H be disjoint. Then,

(k) (U ) = ()4 & < R0,
i=1 Jj=1 i=1j=1
To show: R(H) is U-stable:

AUB=(ANB)W(A\B)W(B\A) e R(H)
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Definitions from topology

> Q some set. A set system O C 29 is called topology if (i)
0,Q € O; (ii) if O is N-stable; (iii) if / is arbitrary and if
Ai € O,i €|, then J;c; Ai € O. The pair (Q,0) is called
topological space. lts members, i.e. every A € O, is called
open; any set A C Q with A€ € O is called closed.

» (€, r) be a metric space and B.(w) :={w' € Q: r(w,w') < &}
an open ball and

B :={B:(w):e>0,we Q}. (1)
Then,

OB) ={ACQ: YweAdBeB:we BCA}

-{JB:ccs}

BeC

is the topology generated by r.

universitatfreiburg



Definitions from topology

» ris called complete, if every Cauchy-sequence converges.

» If there is some countable Q' such that inf,cq/ r(x,x’) =0
for all x € Q, we call (2, r) separable. In this case,

B ={B,(W):w €, reQ.}

is countable and O(B') = O(B).

» The space (2,0) is called Polish, if it is separable and
completely metrizable.
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Borel's o-field

» Definition 1.7: (2, O) a topological space.
B(Q2) :=0(0)

is the Borel o-algebra on €. Sets in B(Q2) are also called
(Borel-)measurable sets.

» Lemma 1.8: Let (22, O) be a topological space with countable
basis C C O. Then, 0(0O) = o(C).

» Proof: To show O C o(C). Clear, since any A € O can be
represented as a countable union of sets from C.
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Borel o-field generated by interavls

» Lemma 1.9: The set system
Cl = {[—OO, b] b e Q}

generates B(R).

» Proof: Generate (a, b] from [—o0, b] \ [—0o0, a], then
(a,b) = UX (a, b — 1). These sets clearly generate B(R).
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