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Conditional probability and independence

> Lemma 11.12:
G,H C F independent <= P(G|H)=P(G), Geg.
Proof: =: For Ge G He H
E[P(G), H] = P(G)P(H) = P(GNH) = E[1¢, H] = E[P(G|H), H].
<" With P(G|H) = P(G), it follows for H € H

P(GNH) = E[1¢, H] = E[P(G|H), H] = E[P(G), H] = P(G)-P(H).
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Example for conditional independence
» Let (Xt)t=0,12,.. be a Markov chain. Simple Example:
Y1, Yo,... uivwith P(Y1 =1)=1—-P(Y; =—1)=p for a
p € [0,1]. Further Xy = Y1 +---+ Y;. Then

P, k - Xi’ + ]-7
P(Xer1 = k[ Xo, ..., Xe) = P(Xega = k| X) =

q, k:Xt—].

» For Markov chains:
Given Xi, Xi11 is independent of Xy, ..., Xi_1.

Or in terms of o-algebras:
Given o(X:), o(Xt+1) is independent of o(Xo, ..., Xt—1).
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Conditional independence

» Definition 11.14: Let G C F. A family (C;);e/ is called
independently given G, if
P(NAilg) =T P(Al9)
jeJ jed
applies to all J C¢ I and A; € Cj,j € J.
> Examples:
> If G = F, then (C;);e; is always independent given G.
> For G ={0,Q},

(Ci)ier independently given G <= (C;);es independent.
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Example: Random probability of success
» U~ U([0,1]); given U let Y1,..., Y, ~ B(n, U) be are
independent and X = Y1 +--- 4+ Y, ~ B(n, U). Then for
I < [Oal] andy1+--+yn=k
E[1y1:y17.._’yn:yn, Ue /] = P(Yl =Y1,---, Y, = Yn, Ue /)

= /uk(l —u)"*du=E[UX(1-U)"* U€el],
I

SO

P(Yi=y1,...,Yn=yn|U) = U(1 = U)"¥

and

PYi=y1,..., Ya=yalU) = HP = yi|U).
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Conditional probability and conditional independence

» Proposition 11.17: K,G,H C F. Then,
G, M independently given K <= P(G|o(H,K)) =P(G|K), G €g.
Proof with Ge G HeH, K K: =
E[P(G|K), HN K] = E[P(G|K)P(H|K), K] = E[P(G N H|K), K]
=P(GNHNK)=E[lg,HN K] = E[P(G|o(H,K)), HN K].
The following is a N-stable Dynkin system:
D:={Aco(H,K):E[P(GIK),A]=P(GNA)}
< P(GNHIK) = E(1614|K) = E(E[16|o(H, K)]14|K)
= E(P(Glo(H, K))1u|K) = E[P(G|K), H|K] = P(GIK) - P(H|K)
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Example: Markov chains

» Markov chain (Xt)t=0,1,2,.., i.e.

P(Xt+]_ €A |O'(O'(Xt), O'(X]_, ...,thl))) = P(Xt+]_ €A | U(Xt))
€ =: =: =:

Thus X;11 is independent of Xi,..., X;_1 given X;.
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