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The Central Limit Theorem (Lindeberg-Feller)

» Theorem 10.8: (Xpnj)n=1,,. j=1,...,m, Vs, such that
Xnt, -+ Xom, are independent, n=1,2,..., X ~ N(u, c?)
with
n—00

mp mnp
SUEXn] T Y V[Xy] 0
j=1 j=1

Then are equivalent:

1. ZX,U- 22X Xand  sup  V[X,] =0,
j=1

J=1,...,mp

n—oo

2.3 E[(Xnj — E[Xy])% [ Xnj — E[Xyj]| > €] =250 for all £ > 0.
j=1

(Lindeberg condition)
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The Central Limit Theorem (Lindeberg-Feller)
» Corollary 10.9: X1, Xa, ... iid with E[X1] = i, V[X1] = 02 > 0,
Sn:=>7_1 Xk and X ~ N(0,1). Then,

Sn — N p—oo X

no?

Proof: m, = n and X,; = )\;’% fulfills the conditions of the

CLT with ¢ = 0,02 = 1. Furthermore

n

1
D EDE: Xl > €] = SSEI — )% X0 — il > eVio?] 2250
j=1

due to dominated convergence.
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The Lyapunoff condition

mp
(36> 0: 3 E[IXy — EDGIP] "% 0) = Lindeberg
j=1

Indeed: For ¢ > 0,
245 244
2 x| x|
Xpze £ =5 lxpe = 5

With E[X,j] = 0

2 m,

n 1 i
DB Xl > 2] < 5 3 EIXy*F] =5 0.
Jj=1 O
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Preliminaries

» Lemma 10.11: For z1,...,2p,2,...,2, € Cwith || <1

n n n
/ /
‘sz—sz < E |zk — z|-
k=1 k=1 k=1

» Lemma 10.12: Fort € Cand n€ Z,

n n n+1
it (it) ’ < 2’t| A |t
y kz_% CEEN

» We write
ashb <— dC >0:a< Ch.

> Wilog E[X,;] =0, 0y = V[Xy], 0% =1,
¢”j(t) = anj(t) = E[eitxnj]7

Unj(t) = E[e"] for Zyj ~ N(0, 7).
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The Central Limit Theorem (Lindeberg-Feller)

» Theorem 10.8:

mp mp
n—00 2 n—oo
§ E[Xy] 2% 0, Za,,j 2.
j=1 j=1
Then are equivalent:
mp
1. anf =X Xand  sup 0, 250,
j=1,...,m,
j=1 J=4,...,mp

2. > E[XZi | Xn| > €] 7= 0 for all £ > 0.
j=1

2.=1.: Fore >0,
sup o?,j <&+ sup E[X,?j; | Xnj| > €]
.j:]-a“')mn .j:]-"“)mn

mp
<e?+ Z E[X,?j; | Xnj| > €] %% e
j=1
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The Central Limit Theorem (Lindeberg-Feller)

» Theorem 10.8:

mp mp
D EXy] 50, ) Jon 1
j=1

j=1
Then are equivalent:
1. ZX’U =22 X and  sup anj 17200,
Jj=1,....m
2.ZE[Xn2 il > €] 7220 for all € > 0.

‘Hwnj(t H"/Jnj ‘ < Zn|¢nj(t)_"7znj(t)|

J*lm,, Jj=1 mp
SZWJW() 1+ 36202+ [Pni(t) — 1+ 31203
m,,.l 1
<2ZE[ AN X))+ e 2758 1+ 1?02
j=1 j=1
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The Central Limit Theorem (Lindeberg-Feller)

» Theorem 10.8:

mp mp
D EXy] 50, ) Jon 1
j=1

j=1
Then are equivalent:
1. ZX’U 222 X and sup anJ 17200,
Jj=1,.
2.ZE[Xn2 il > €] 7220 for all € > 0.

ZE[ (1A [ X])] <€ZO’,U+ZE[ X% | Xnjl > €] = €
j=1

1
Z|e—§”5ﬁ 1+ 1t%0 \<Zanjga_sup o2 50

yeesMn
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The Central Limit Theorem (Lindeberg-Feller)

» Theorem 10.8:

mp mp
n—o00 2 n—oo
§ E[Xy] 2% 0, Za,,j 2.
j=1 j=1
Then are equivalent:
mp
n—oQ n—oo
1. ZX,,J- —— X and . fup o — 0,
j=1 J=4. mn

2. > E[XZi | Xn| > €] 7= 0 for all £ > 0.
j=1

1.= 2.
Z E[cos(tXpj) — 1] = Rez (¥nj(t) — 1)
j=1 Jj=1
~ Rezn: log () = —
j=1
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The Lindeberg-Feller theorem

» Theorem 10.8:

mp mp
D EXy] 50, ) Jon e L
j=1

Jj=1
Then are equivalent:
mp
LY Xy === Xand sup o0n >0,
=1 j=1,....m,

2. > E[XZi | Xn| > €] 7= 0 for all £ > 0.
j=1

~ 62
Because of cos(f) ~ 1 — %

m, m,

n 2 n
lim sup E E[XZ; | Xy| > €] ~ limsup = g E[1 — cos(tXp;); [ Xnj| > €]

n—oo J:]_ n—oo t _/:1

2 & 2 o 2
< limsup = P[| Xnj| > €] £ = limsu Onj = 5.
= n_>oop t2 JZI [| I’l_]| ] — 52t2 n—)oopjzl njy €2t2
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