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The Central Limit Theorem (Lindeberg-Feller)

I Theorem 10.8: (Xnj)n=1,2,...,j=1,...,mn rvs, such that

Xn1, . . . ,Xnmn are independent, n = 1, 2, ..., X ∼ N(µ, σ2)

with
mn∑
j=1

E[Xnj ]
n→∞−−−→ µ,

mn∑
j=1

V[Xnj ]
n→∞−−−→ σ2.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

V[Xnj ]
n→∞−−−→ 0,

2.
mn∑
j=1

E[(Xnj − E[Xnj ])
2; |Xnj − E[Xnj ]| > ε]

n→∞−−−→ 0 for all ε > 0.

(Lindeberg condition)



The Central Limit Theorem (Lindeberg-Feller)

I Corollary 10.9: X1,X2, . . . iid with E[X1] = µ,V[X1] = σ2 > 0,

Sn :=
∑n

k=1 Xk and X ∼ N(0, 1). Then,

Sn − nµ√
nσ2

n→∞
===⇒ X .

Proof: mn = n and Xnj =
Xj−µ√
nσ2

fulfills the conditions of the

CLT with µ = 0, σ2 = 1. Furthermore
n∑

j=1

E[X 2
nj ; |Xnj | > ε] =

1

σ2
E[(X1 − µ)2; |X1 − µ| > ε

√
nσ2]

n→∞−−−→ 0

due to dominated convergence.



The Lyapunoff condition

(
∃δ > 0 :

mn∑
j=1

E
[
|Xnj − E[Xnj ]|2+δ

] n→∞−−−→ 0
)

=⇒ Lindeberg

Indeed: For ε > 0,

x21|x |>ε ≤
|x |2+δ

εδ
1|x |>ε ≤

|x |2+δ

εδ
.

With E[Xnj ] = 0

mn∑
j=1

E[X 2
nj ; |Xnj | > ε] ≤ 1

εδ

mn∑
j=1

E[|Xnj |2+δ]
n→∞−−−→ 0.



Preliminaries

I Lemma 10.11: For z1, . . . , zn, z
′
1, . . . , z

′
n ∈ C with |.| ≤ 1∣∣∣ n∏

k=1

zk −
n∏

k=1

z ′k

∣∣∣ ≤ n∑
k=1

|zk − z ′k |.

I Lemma 10.12: For t ∈ C and n ∈ Z+,∣∣∣e it − n∑
k=0

(it)k

k!

∣∣∣ ≤ 2|t|n

n!
∧ |t|

n+1

(n + 1)!
.

I We write

a > b ⇐⇒ ∃C > 0 : a ≤ Cb.

I Wlog E[Xnj ] = 0, σnj = V[Xnj ], σ
2 = 1,

ψnj(t) := ψXnj
(t) = E[e itXnj ],

ψ̃nj(t) = E[e itZnj ] for Znj ∼ N(0, σ2nj).



The Central Limit Theorem (Lindeberg-Feller)

I Theorem 10.8:
mn∑
j=1

E[Xnj ]
n→∞−−−→ 0,

mn∑
j=1

σ2nj
n→∞−−−→ 1.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

σnj
n→∞−−−→ 0,

2.
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ 0 for all ε > 0.

2.⇒ 1.: For ε > 0,

sup
j=1,...,mn

σ2nj ≤ ε2 + sup
j=1,...,mn

E[X 2
nj ; |Xnj | > ε]

≤ ε2 +
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ ε2,
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I Theorem 10.8:
mn∑
j=1

E[Xnj ]
n→∞−−−→ 0,

mn∑
j=1

σ2nj
n→∞−−−→ 1.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

σnj
n→∞−−−→ 0,

2.
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ 0 for all ε > 0.

∣∣∣ mn∏
j=1

ψnj(t)−
mn∏
j=1

ψ̃nj(t)
∣∣∣ ≤ mn∑

j=1

|ψnj(t)− ψ̃nj(t)|

≤
mn∑
j=1

|ψnj(t)− 1 + 1
2 t

2σ2nj |+
mn∑
j=1

|ψ̃nj(t)− 1 + 1
2 t

2σ2nj |

> 2
mn∑
j=1

E[X 2
nj(1 ∧ |Xnj |) +

mn∑
j=1

|e−
1
2σ

2
nj t

2

− 1 + 1
2 t

2σ2nj |.
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I Theorem 10.8:
mn∑
j=1

E[Xnj ]
n→∞−−−→ 0,

mn∑
j=1

σ2nj
n→∞−−−→ 1.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

σnj
n→∞−−−→ 0,

2.
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ 0 for all ε > 0.

mn∑
j=1

E[X 2
nj(1 ∧ |Xnj |)] ≤ ε

mn∑
j=1

σ2nj +
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ ε

mn∑
j=1

|e−
1
2σ

2
nj t

2

− 1 + 1
2 t

2σ2nj | >
mn∑
j=1

σ4nj ≤ σ2n sup
j=1,...,mn

σ2nj
n→∞−−−→ 0
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I Theorem 10.8:
mn∑
j=1

E[Xnj ]
n→∞−−−→ 0,

mn∑
j=1

σ2nj
n→∞−−−→ 1.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

σnj
n→∞−−−→ 0,

2.
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ 0 for all ε > 0.

1.⇒ 2.:
mn∑
j=1

E[cos(tXnj)− 1] = Re
mn∑
j=1

(ψnj(t)− 1)

≈ Re
mn∑
j=1

logψnj(t)
n→∞−−−→ − t2

2



The Lindeberg-Feller theorem

I Theorem 10.8:
mn∑
j=1

E[Xnj ]
n→∞−−−→ 0,

mn∑
j=1

σ2nj
n→∞−−−→ 1.

Then are equivalent:

1.
mn∑
j=1

Xnj
n→∞
===⇒ X and sup

j=1,...,mn

σnj
n→∞−−−→ 0,

2.
mn∑
j=1

E[X 2
nj ; |Xnj | > ε]

n→∞−−−→ 0 for all ε > 0.

Because of cos(θ) ≈ 1− θ2

2

lim sup
n→∞

mn∑
j=1

E[X 2
nj ; |Xnj | > ε] ≈ lim sup

n→∞

2

t2

mn∑
j=1

E[1− cos(tXnj); |Xnj | > ε]

≤ lim sup
n→∞

2

t2

mn∑
j=1

P[|Xnj | > ε] ≤ 2

ε2t2
lim sup
n→∞

mn∑
j=1

σnj =
2

ε2t2
.


