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Example: Binomial ⇒ Poisson

I Let p1, p2, ... ∈ [0, 1] such that npn → λ ≥ 0.

Then, B(n, pn)
n→∞−−−→ Poi(λ).

Indeed:

ψB(n,pn)(t) =
(

1− pn
(
1− e it

))n
=
(

1− n · pn
n

(
1− e it

))n
n→∞−−−→ exp

(
− λ(1− e it)

)
= ψPoi(λ)(t).



The generating function

I Let X be rv with values in Z+. Then,

z 7→ ϕX (z) := P[zX ] =
∞∑
k=0

zkP(X = k)

is called generation function (of the distribution) of X . With

z = e−t ,

LX (t) = P[e−tX ] = P[zX ] = ϕX (z).

I Generating function is distribution-determining;

Weak convergence ⇐⇒ Convergence of the gener. fcts.;

I Note that

ϕ′X (1) =
∞∑
k=0

kzk−1P(X = k)
∣∣∣
z=1

=
∞∑
k=0

kP(X = k) = P[X ].



Asymptotic negligibility

I Definition 10.4: A family (Xnj)n=1,2,...,n,j=1,...,mn with

m1,m2, · · · ∈ N is asymptotically negligible if Xn1, . . . ,Xn,mn is

independent, n = 1, 2, ... and for all ε > 0

sup
j=1,...,mn

P(|Xnj | > ε)
n→∞−−−→ 0.

If Xij ≥ 0 for all i , j , then mn =∞ is also allowed.

I For Z-valued rvs this is equivalent to

inf j=1,...,mn P(|Xnj | = 0)

inf j=1,...,mn E[|Xnj | ∧ 1]

inf j=1,...,mn ϕXnj
(0)


n→∞−−−→ 1.



A lemma

I Lemma 10.6: (λnj)n=1,2,...,j=1,...,mn non-negative, λ ≥ 0. Then

mn∏
j=1

(1− λnj)
n→∞−−−→ e−λ ⇐⇒

mn∑
j=1

λnj
n→∞−−−→ λ.

Proof: log(1− x) = −x + o(x). LHS equivalent to

−λ = lim
n→∞

mn∑
j=1

log(1− λnj) = − lim
n→∞

mn∑
j=1

λnj
(
1− ε(λnj )

λnj

)
= − lim

n→∞

mn∑
j=1

λnj .



Poisson convergence

I Theorem 10.5: (Xnj)n=1,2,...,n,j=1,...,mn asymptotically

negligible, Z+-valued, X ∼ Poi(λ). Then

mn∑
j=1

Xnj
n→∞
===⇒ X ⇐⇒

 ∑mn
j=1 P(Xnj > 1)

n→∞−−−→ 0,∑mn
j=1 P(Xnj = 1)

n→∞−−−→ λ.


⇐: ϕn,j := ϕXn,j

, to show
∏mn

j=1 ϕnj(z)
n→∞−−−→ e−λ(1−z) or

An(z) :=
mn∑
j=1

(1− ϕnj(z))
n→∞−−−→ λ(1− z),

We write

An(z) =
mn∑
j=1

1− P(Xnj = 0)− zP(Xnj = 1) + o(1)

=
mn∑
j=1

(1− z)P(Xnj = 1)
n→∞−−−→ λ(1− z).



Poisson convergence of geometrically distributed rv

I Ynj + 1 ∼ geo(pn), j = 1, . . . , n, n = 1, 2, . . . We set

Yn :=
∑n

j=1 Ynj ,

Number of failures before the nth success.

If Y ∼ Poi(λ) and (1− pn) · n n→∞−−−→ λ, then Yn
n→∞−−−→ Y .

Indeed:
n∑

j=1

P(Ynj = 1) = n(1− pn)pn
n→∞−−−→ λ,

n∑
j=1

P(Ynj > 1) = n(1− pn)2
n→∞−−−→ 0


