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Weak convergence and separating function classes
» Proposition 9.27: Let P,P1,Py,--- € P(E) and M C Cu(E)

separating. Then the following are equivalent:

n— oo

2. (Pp)n=1.,... is tight and

P,[f] == P[f] for all f € M.
1. = 2.: Clear; 2. = 1.: Assume 2. but not 1. Then, there is
€ >0, some f € Cp(E) and (ng)k=12,.., such that
[P, [f] — P[f]| > ¢ for all k.

£— 00

There is (nk,)e=12,.. and Q € P(E) with Py, Q.

PI-QIfll 2= Plgl= lim P, ¢] = Qlgl. g € M.
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Tightness and the characteristic function
» Lemma 9.28: P € P(R). Then for all r >0

r 2/r
P((—o0; —r]U[r;00)) < 5 /_2/r(1 — ¢¥p(t))dt

1/r
P([-r;r]) > 2r / [ (1)|dt.

1/r
sin(x)/x <1 for x <2, sinx < x/2 for x > 2. With X ~ P

/_Cc(l — yp(t))dt = P[ _CC(1 ’tX)dt} - P[Z /§< itX

e

—2cP [1 - s'”c(;x)}
> 2cP[ - s'nc(;x),| X| > 2}

> c-P(|cX] > 2) = cP((—o00; —2] U [3; 00)),

and the assertion follows with ¢ = 2/r.
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Uniform continuity
> R . d . . . .
Definition 9.29: /\:sluj%a%%/))_lsf%il;f@mf?{mly continuous if
€

n—oo

» Lemma 9.31: Let f,f,f,--- € C(RY) such that f, =— f.

f continuous in 0 <= (fp)n=1,2,... uniformly continuous in 0.

t—0

Proof: <: |f(t) — f(0)| < limsup,_, |fa(t) — f2(0)] — 0.

= limsup|f,(t) — £,(0)]

n—oo

< limsup |f,(t) — £(¢)] + [f(t) — £(0)] + |£(0) — £(0)

n—oo

= |f(t) — £(0)] =% 0.
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Tightness and uniform continuity
> Proposition 9.32: (P;);c/ family in (R9). If (¢p,)ie; is is
uniformly continuous in 0, then (P;);c/ is tight.

Proof for d = 1:

sup 11— e, (1) =20,
e

SO

2/r
supinf Pi([—r;r]) > 1 — inf sup r/ (1 —p,(t))dt
r>0 i€l r>0 ey -

r 2/r
>1-— inf/ sup |1 — ¢p,(t)|dt = 1.
r>02 J_o/r icl
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Lévy's continuity theorem

» Theorem 9.33: P1,Py,--- € P(RY) and ¢ : R? — C, so that

n—o0

Y, (t) T 9(t) for all t € R.

n— o0

(9 contin 0) = (P, == P for a P € P(RY) with 1p = 1)
Proof: (vp,)n=1,2,.. in 0 is uniformly continuous, so that
(Pn)n:1’27.,. is tight. Let (rlk)kzl,g’m and P € P(Rd), so that

P, K2 P, Since . x el € Cp(R), we have

k—o0

Yp,, (t) —— ¢p(t) forall t € R, In particular,

Pp(t) =limyp,(t) = (1),
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Theorem of deMoivre-Laplace

_On TP e

np(1 — p)

S, =

Z ~ N(0,1).

> Since E[e"™] =, (7)(pe™)*q"* = (q + pe™)"

¢5;(t) = exp ( — it\/qu) . le(n,p) (V;ﬁ)

np

:exp(—it q)(q—l—pexp(\/%))n

R A

_ t2 : t?
:<1—q1t L gL ity [T —poL 4
ng " 2nq np ~2np

t2 1 Cn M hsco £
(=52 ) e
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Theorem 9.35
> Let P1,Py,--- € P(RY) and £ : RY — [0,1], so that
n—oo

Lp, (t) 7= L(t) for all t € RY.

(L cont in 0) = P, === P for a P € P(RY) with Lp = L.
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Example: geometric = exponential

n—oo

> Xi ~ Ugeo(p,) With n- pp —— A. Then

Lx/n(t) = Ple™0/] = 37 (1~ ) ppe= /7
k=1
1
— —t/n
Pn€ 1_ (1 — pn)e_t/”
= A +o(1/n)
- (1= (1=A/n)(1~ t/n))
n—o00 A
A+t
This means % 2 Y~ Hexp(\): Since
Lexp(n)(t) = /OO e Me s = A
exp(}) o N+t
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