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Separating points, separating
» Definition 9.20: M C C(E)

separates points if
Vx#y If e M f(x) # f(y).
is separating in P(E) if for P,Q € P(E)
Vxe M:P[f]=Q[f] = P=Q.

» Example: M = Cp(E) separates points and is separating.
Indeed: z — r(x,z) A1 € Cp(R) separates points. Let A be
open and f, 1 14. If P[f,] = Q[f,] then

P(A) = lim Pl = lim Q[f,] = Q(A).
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Algebra separating points — separating
» Theorem 9.24: (E, r) complete, separable. If M C Cy(E)
separates points and f,g € M = also fg € M. Then M is
separating.
» Theorem 9.23 (Stone-Weierstrass): Let (E, r) be compact and
M C Cp(E) be an algebra which separates points, i.e. 1 € M
and with f,g € M and o, 8 € R is also af + g € M. Then

M is dense in Cp(E) with respect to the supremum norm.

universitatfreiburg



Algebra separating points — separating

» Theorem 9.24: (E, r) complete, separable. If M C Cy(E)
separates points and f,g € M = also fg € M. Then M is

separating.
Let P,Q € P(E); Let K compact with P(K€) < ¢ and
C = supxe*’(2
) .2 C c
|P[ge 8] — P[ge "8 K]| < %P(K ) < Cye
Approximate g, — g_eg2 on K with g, € M.
[Ple] — Qlgl| = lim [Plge™**'] — Qlge ]|
e—0
< [Plge"®"] — Plge ¢ K]| + - + |Qlge " K] — Qlge ')
<2Climye=0
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Characteristic function

> Proposition 9.25: P € P(RY) (P € P(R%)) is uniquely given
by t — ¥p(t) := P[] (A — Lp()\) := P[e™]).
M = {x s e®™;t € R} C Cp(R?). Furthermore, M is

closed under multiplication and 1 € M.
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independence and characteristic function

» Corollary 9.26: (Xj);e; is independent if and only if if for all
JCrl

E[He"tfxf} HE[e’tX

jed jed

for all (t;)jes € RY.
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