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Vague convergence

n—oo

Py 5%, 1) = Palf] == plf], f € Cc(E)

» Lemma 9.12: Let P1,P>,--- € P(R) and ;& measure on R

n—oo

with Pp[f] —— p[f], f € Cc(R), then 1 € P<1(R).

Proof: Let fi,f, -+ € Cc(R) with fx 1 1. Then with

monotone convergence

w(R) = sup p[fi] = sup limsup Pp[fi] < 1.
keN keN n—oo
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Helly's Theorem

» Theorem 10.13: Let P1,Pa,--- € P(R). Then there is a

subsequence (nk)k=12,.. and a p € P<1(R) with

k—o0
Pnk :>V :u‘

goun

» In other words: The space (P<1,—,) is compact.
Proof: F, distribution function of P,, and (xj)i=12,. a
denumeration of Q. Choose a sequence (ng)k=12,.. and F
right-continuous, non-increasing, so that
(Fn ())ket.2,... “22% F(x) for all x € Q. Set
w((x, y]) := F(y) = F(x).

n—00

To show: P,[f] — u[f] for all f € C.(R). Wlog f > 0.
p[f] :/ wu(f > t)dt < Iiminf/ Po(f > t)dt
0 n—o0 0

= liminf P,[f] < limsup P,[f] = --- = u[f].
n—rco n—00
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Tightness
» Definition 9.14: Let K := {A C E compact}. A family (P;)ies
in P(E) is tight, if
sup inf Pj(K) = 1.
Kek i€l
(Xi)ier is called tight if ((X;)«P)ic/ is tight, i.e.

sup |an(X €eK)=1
Kek i€l

» Equivalent formulation:
Ve > 0 3K compact : inf;c; P(Xi € K) > 1 —¢.
» If E is Polish, then individual P are tight.
» If E is compact, then every family is tight.
> Let (Xj)ics be such that sup;c; P[|Xi|]] < co. Then

mf supP(|Xi| > r) < |nf sup ——— PlIXil] =0.

/ / r
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Vague convergence and tightness

n—oQ

» Lemma 9.17: p,P1,Ps, ... such that P, ==, . Then
(Pn)n:1,2,.“ tight = M(R) =1.
Then P, == 1.

For r > 0 let g, € Cc(R) with 15 (o) < gr < 1g,,,(0)-

(Pn)n=12,.. tight = sup liminf P,[g/] = 1.

r>0 N
<"1 1 =sup,-qplgr] = sup,sgliminf,_o Pplg] < 1.
‘="t 1> p(R) = sup,~q plgr] = sup,sg liminf,o Pylgr] = 1.
to show: P, 2==% y; let f € Cu(R). Then

IPalf] = plf1l < (IPalf — ferll + [Palfe]l — ulfe]l + |ulf — fe]l)
< [If[IPn(Br(0)°) + [Pnlfer]| — plfer]l + nB-(0)],

from which P, Z== 1 follows.
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weak convergence and tightness

» Corollary 9.18: P,P1,Pg,--- € P(R).
If P, 2= P, then (Pp)pen is tight.
Clear, since the vague convergence follows from weak

convergence.

universitatfreiburg



Prohorov's Theorem

» Theorem 9.19: (E, r) complete, separable and (P;);c; a family
in P(E). Equivalent are:
1. (P;)ier is relatively compact with respect to weak convergence.
2. The family (P;);e; is tight.
Proof for | = N and E = R: =: Assume, (Pp)p=1.2,...
relatively compact but not tight. For € > 0 choose TF so that
Pn, (Bk(0)€) > € and P, £2% P Since P tight, choose k
such that
e > P(Bk(0)) = limp, Py, (Bk(0)€) > limpy, Py, (Bm(0)€) > ¢
< Choose a vaguely convergent subsequence. Since this is

tight, the statement follows with Lemma 9.17.
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