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The weak law of large numbers

» From basic probability:
X1, Xo,--- € L2 id, e >0

(ECEL DR N DWARE SATS
k=1 k=1 k=1

_ V[fl] n—o00 0.
gcn

In other words,

1o o0
- D (X — E[Xd]) =50,
k=1
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Weak and strong law

» Definition 8.20: X1, Xy, -+ € L! satisfies the weak law of

large numbers if
1¢ o0
- Z Xy — E[Xi]) =%, 0.
The sequence satisfies the strong law of large numbers if

- Z (Xk — E[Xk]) =25, 0
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The strong law of large numbers

» Theorem 8.21: Xi, X, --- € L1 iid follows the strong law of

large numbers, i.e.
1, oo
- D X s E[X).

Proof for X; € £L* Wilog, let E[X1] =0, S, = X1 + -+ + X,.
Since E[S,/n] = E[X1] and by the Cauchy-Schwartz inequality,

E[SH = Z E[X}] + 6 Z E[X2X?] < (n+ 6n*)E[X}].

k=1 k,Ll#:ll
So €[> (3)] 30 " ey <
n=1 n=1

From > 7%, (ﬁ) < oo we also find = 7% 0.

n
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The Kronecker lemma

> Lemma 8.24: Let x3,x2, -+ € R, y1, )0, -- € R monotone
with y, T 0o and Y07 xn/yn < 00. Then,
2 k=1 %K/ Y = 0.
Proof: Let zg = 0,2, := Y }_; Xk/yk. Then

n—oo

Zp — > Zoo < 00 and Xk—yk(Zk—Zk 1) With yp = 0,

Zk 1%k _ Zy" Zk — Zk_1) = Zn + <ZYka*ZYka 1)
n

1
=Zn— — ( Z)/kzk—l - }/k—lzk—l)

k=1
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The strong law of large numbers
» Theorem 9.21: Xi, X, --- € L1 iid follows the strong law of

large numbers, i.e.
1, oo
- D X s E[X).
k=1

Proof for X; € £2: Consider the sequence X1/1,X2/2, ...
Since - V[X,/n] = V[X1] 32, 1/n% < oo, we can use
Theorem 8.19 that Y} _; Xi/k converges almost surely. With

n—oo

Kronecker we then find S,/n —— .5 0.
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The empirical distribution

» Definition 9.25: Xi, Xo,... rvs. For n=1,2,..., the

(random) probability distribution

1 n
Fin = n Z 6Xk
k=1
is called the empirical distribution of Xq,...,X,. If the

random variables are real-valued, then
1 n
Fa(x) := - E 1x, <x
k=1

is the empirical distribution function of Xy, ..., X,.
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The Glivenko-Cantelli theorem

» Theorem 8.26: X1, X, ... iid, real-valued, distribution
function F. Then

n—oo

lim sup Fp(x) — F(x)] 2225, 0.

n—oo xER

Proof of pointwise convergence: For x € R,

~ 1<
Fo(x) = - lekgx.
k=1

The statement follows because of

E[Fn(x)] = P(X1 < x) = F(x) and the strong law.
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