Probability Theory
8. Sums of independent random variables

Peter Pfaffelhuber

May 22, 2024

«CO» «Fr «E»



Convolution of probability measures
» Definition 6.17: Py,...,P, probability measures on B(R) and
P1 ®--- ® P, their product measure. With
S(x1,...,Xn) :=x1 + -+ + X, the image measure
Prsx-xPp:=5,(P1® - P,

is the convolution of P1,...,P,

» Proposition 8.16: Xi,..., X, independent. Then
(X1 4+ Xn)P = (X1)P % -+ - % (X,)«P

and T/}X1+...+Xn = 1/}X1 .. .wxn and £X1+"'+Xn = ﬁXl . .ﬁXn_

Proof: (Xi,..., Xp)sP = (X0)sP @+ +...(X,).P

E[eit(X1+...+Xn)] _ E[eitxl . eitXn] — E[eitxl] . E[eitXn]
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Convergence of sums
» Prop. 8.17: X1, Xo,... independent, S, := Xy +---+ X,.
P(w : Sp(w) converges as n — o0) € {0,1},
P(w : Sp(w)/n converges as n — o) € {0,1}.

(P(Sn/n converges) = 1) = limit is constant, almost surely.

» Proof: (0(Xj))i=1,,.. independent and

{w : Sp(w) converges}, {w : Sp(w)/n converges} € T.
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Kolmogorov's maximal inequality of

» Prop. 8.18: X1, Xo,--- € £? independent, K > 0. Then .

. 21 V(Xn)
P<i21§’;)<k - E[Xk]‘ > K) < o),

Proof: Wlog E[X,] =0; S, = X1 + -+ + X,,
T :=inf{n:|Sy| > K} = P(sup, |Sn| > K) = P(T < ).

E[X?] = E[S2] > S E[S2, T = K]
n k=1
=S E[S2 + (Sn— Sk +25K)(Sn — Si), T =
k=1

k=1

n
> Y EISE T = K+ 2E[S(Sy — Si). T = 4
k=1

= E[SZ, T =kl = K*P(T < n).
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Convergence criterion for series

» Thm 8.19: X1, Xo, - € £2 independent, >"°°, V[X,] < oco.
Then, >} _; Xk — E[Xk] converges almost surely.
» Proof: Wlog, E[Xc] =0, S, = X1 +---+ X,. Fore >0

applies according to Proposition 8.18

> 1 E[X2
lim P(sup|S, — S| > ¢) < lim Lonmieer EXal _ 0.

k—oo  p>k —»00 g2

Therefore, sup > |Sn — Skl H—°°>p 0. According to

Proposition 7.6, there is a subsequence ki, ko, ... with

i—00 .
SUP,>k, |Sn — Sk;| —# 0. However, since

(supy>k [Sn — Sk|)k=1,2,... is decreasing,
k—o00

SUP,>k |[Sn — Sk| ——£ 0.
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