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Kinds of convergence

+uniform
integrability
almost sure convergence £P-
Prop. 7. . .
convergence rop- 7.6 in probability Theorem 7.11 convergence
along a subsequence

Prop. 9.5 if X

constant

Weak convergence

(conv. in distribution)
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Uniform integrability
Let U ~ U([0, 1]).
> (Y, 250 Y) A (Y 250 Y)
with Y =0and Y, :=n- 1yep, for B, = [0, %] Here,
P(lim Y, =0)=P(U>0)=1,
e Y, 222500, but is E[Y,] = E[Y, — 0] =1 # 0.

» Definition 7.7: (X;);es is uniformly integrable, if

infsup E[|Xi[; | Xi| > K] =0
K el
» For (Yn)n=12,.. as above is

inf sup E[|Ya|; | Xa| > K] = inf sup E[|Y,|] = 1.
K p=1.2,.. K n>k
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Examples
Let (X;)ic/ be a family of rvs.
> Let Y € L' and |X;| < Y,i € l. Then, (Xi)ie is uniformly

integrable:

K—o00

sup E[|X[; [ Xi| > K] < E[|Y[;|Y[> K] =——0
i€l
» If I is finite and X; € £!, then (X;)e; is uniformly integrable:

S:=> |Xi|eL'= sup E[X[;|Xi| > K] <E[S;S > K] =0
; 1<i<n

» X; € LP for p > 1 and sup;c; E[| X;|P] < co. Then (Xj)ie is

uniformly integrable:

E[|Xi|P] k—oo

sup E[| Xi]; | Xi| > K] < sup — —— 0.
icl el KP
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Characterization of uniform integrability
» Lemma 7.9: For (Xj);c, the following are equivalent:

1. (Xi)ies uniformly integrable.

2. sup;; E[|Xi|]] < 0o and
lime—0 Sup o.p(a)<c SUPic; E[|Xi[; A] = 0,

3. limk o0 supje; E[(|Xi| — K)T] = 0.

4. Thereis f : Ry — R, such that 7% 222 0 and
sup;c; EIF(1X)] < oc.

In any of these cases, f in 4. can be chosen to be

X

monotonically increasing and convex.
1.=2.: 6, K > 0 such that sup;c; E[|Xi]; |Xi| > K] < 4. Then,
E[1Xi[; Al = E[|Xi[; AD{|Xi| > K}+E[|IXi|; An{|Xi| < K}] < 0+K-P(A)
sup E[|X;|]] = supE[|Xi; Q] <0+ K < o0
icl icl
e—0

sup supE[|Xi; Al <+ Ke — 4.
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Characterization of uniform integrability
» Lemma 7.9: For (Xj);c, the following are equivalent:
1. (Xi)ies uniformly integrable.
2. sup;; E[|Xi|]] < 0o and
lime—0 Sup o.p(a)<c SUPic; E[|Xi[; A] = 0,
3. limi oo supiey EI(1X] — K)*] = 0.
4. Thereis f : R, — R, such that (X) X% 50 and
supic) ELF(1Xi])] < oc.
In any of these cases, f in 4. can be chosen to be
monotonically increasing and convex.

2.=3.: (|X,’ — K)+ < ’Xi‘1|X,-\2K- Let P(’X,‘ > Kg) <e€
lim sup E[(|X;| — K)*] = lim sup E[(|X;| — K-)]
K—o0 ¢y e—=0 ;¢

sup supE[|X;|; A] = 0.
e=0 A:p(A)<e icl
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Characterization of uniform integrability

» Lemma 7.9: For (Xj);c, the following are equivalent:

1. (Xi)ies uniformly integrable.

2. sup;; E[|Xi|]] < 0o and
lime—0 Sup o.p(a)<c SUPic; E[|Xi[; A] = 0,

3. limi oo supiey EI(1X] — K)*] = 0.

4. Thereis f : R, — R, such that (X) X% 50 and
supc; E[F(1X])] < oo.

In any of these cases, f in 4. can be chosen to be

monotonically increasing and convex.

3.—4.: Let K, 1 oo with sup;; E[(|Xi| — Kn)*] < 27" and
f(x):= Z(x - K )+ monotonically increasing, convex
n=1

x > 2K, >Z( ,27
E[f\XI]—ZE[\XI +]<Z:2”—
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Characterization of uniform integrability
» Lemma 7.9: For (Xj);c, the following are equivalent:

1. (Xi)ies uniformly integrable.

2. sup;; E[|Xi|]] < 0o and
lime—0 Sup o.p(a)<c SUPic; E[|Xi[; A] = 0,

3. limk o0 supje; E[(|Xi| — K)T] = 0.

4. Thereis f : Ry — R, such that F&) X2 ~ and
sup;c; EIF(1X)] < oc.

In any of these cases, f in 4. can be chosen to be

X

monotonically increasing and convex.

. K
4.—1.: For ax = inf >k f(X), so that also ax ——= 0,

1
sup E[|X[; [ Xi| > K] < — sup E[f(|Xi]); |Xi| > K]
i€l aK el

K—oo
—_—

< — sup EIF(IXI)] X220

K iel
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Sum and uniform integrability
> Let X € LP with p > 1. Then
(|Xi|P)ies is unif. integrable <= |X; 4+ X|°_, unif. integrable.
Indeed:
sup E[1X; + X|PIVP < E[|X|P]MP + S,?IDE[!X;\"]”” < 00
and

sup sup E[|X; + X|P; A]Y/P
AP(A)<e i€l

< sup supE[IX;|P; AP+ sup  E[IX|P; AIYP =% 0
AP(A)<e i€l A:P(A)<e
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Convergence in probability and £P-convergence

» Theorem 7.11: X1, X5, -- € LP. Then, (There is X € LP with

n—o0

Xnp —— 2 X) <= ((|Xa|P)n=1,2,... is uniformly integrable

n—o00

and there is X with X, ——, X.) In any case, the limits
match.

=
< E”Xn - X’p] n—o00

0,

P(1Xn — X| > ¢) -

to show: (|Xi — X|P)jes uniformly interable;

supp—1,2,... E[[Xn — X|P] <00

sup sup(E[| X, — X]|P; A])
A:P(A)<e neEN

< sup  sup (E[|Xy — X[?; A]) + sup (E[| X, — X|7])
A:P(A)<e n=1,...,.N n>N
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Convergence in probability and £P-convergence

» Theorem 7.11: X1, X5, -- € LP. Then, (There is X € LP with

n—oo

Xnp —— 2 X) <= ((|Xa|P)n=1,2,... is uniformly integrable
and there is X with X, 'H—C)o)p X.) In any case, the limits
match.

< E[|X|P] = E[liminfy_ o0 [ Xn, |P] < sup,en E[|Xn|P] < 00

E[1X, — X?]
< E[|Xn — XI7: [Xo — X| > 8] + E[[ X, — X[P A 1]

20 E[1X, — X|P A1) 2% 0
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Expectation and uniform integrability

n—oo

» Corollary 7.12: Let X, ——, X. Equivalent are:
L X, %0 X,
2. [ Xallp = 11X llp,

3. The family (|Xn|P)n=1,2,... is uniformly integrable.

1. & 3. clear from Theorem 7.11
1. = 2.

n—oo

[ Xalp = [IX11p] < 11Xn — X, == 0.
2. = 3.
E[|Xal?: [ Xal > K] < E[|Xa]P — (IXa| A (K = [Xa])T)P]
D22 ENXIP — (1X] A (K = 1X)T)7]
K—o0
SAIAN

0
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