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Moments
» Definition 6.8: X, Y real-valued RVs. If it exists, E[X] is
called expected value of X and
VIX] := E[(X — E[X])’]
variance of X and
COV[X, Y] = E[(X — E[X])(Y — E[Y])]

covariance of X and Y.
If COV[X, Y] =0, then X and Y are called uncorrelated. For
p >0, E[XP] is the p-th moment of X and E[(X — E[X])"] is
the centered p-th moment of X.

> LP:= LP(P) :={X : E[XP] exists.}
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Properties of the second moments

» Proposition 6.9: X, Y € £2. Then,
V[X],V[Y],COV[X, Y] < oo and

V[X] = E[X?] - (E[X])?,

COVI[X, Y] = E[XY] — E[X] - E[Y].
The Cauchy-Schwarz inequality is
COV[X, Y]?> < V[X]-V[Y].

If X1,:X, € L2, then the equation of Bienamyé is

n n
V[ZX@ =S v +2 > covix, X.
k=1 k=1 1<k<I<n
universitatfreiburg



Alternative calculation of E[XP]

» Proposition 6.10: X > 0 ZV. Then applies
E[XP] = p/ P(X > t)tP~ldt = p/ P(X > t)tPldt.
0 0
Proof: Fubini:

E[XP] = pE[/OX tp—ldt] - p/ooo E[lx>tt”_1}dt

= p/ P(X > t)tP~1dt.
0

Second equation analogous
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Characteristic functions, Laplace transform

» Definition 6.11: Let X be R%valued RV. The characteristic

function of X is
Ux(t) = ¥x.p(t) == E[e™] := E[cos(tX)] + iE[sin(tX)],

where tx := (t, x) is the scalar product.

The Laplace transform of X is
Lx(t) := Lx.p(t) = E[e"™],

if the right-hand side exists.
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Properties of the characteristic functions

» Proposition 6.12: X, Y ZV with values in RY. Then,
|¢X(t)| < 17 ¢X(O) = ]'a
Y is uniformly continuous, V,x1p(t) = 1x(at)e™:.

Proof of uniform continuity. First of all

‘eihx — 1] = \/| cos(hx) + isin(hx) — 1]2

= \/(cos(hx) — 1)% + sin(hx)?
— /2(1 = cos(hx)) = 2| sin(hx/2)| < |hx| A2,

suprera|x(t + h) — x(t)| = sup |[E[e/ETMX _ itX]|
teRd

= sup |E[e"X(e™ —1)]] < E[le™ —1]] < E[|hX| A 2]
teRd
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Example: binomial distribution, Poisson distribution

» Let X ~ B(n,p) be. Then

n

Uanp(t) = E[] =3 (D p(1—p)"*e™ = (1—p+ pe)".

k=0

» Let X ~ Poi(v). Then is

n ,itn

_ e it_
wPoi('y)( ) = E[eltX] =e Z i e’Y(e 1)'
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Example: Normal distribution, exponential distribution

» Let X ~ N(u,02). Then is

VN (u,02)(t) = elthe /2,

For,u:O 0% =1

¢N(O 1)( r/xe—x /2 ltde

! —x - itx
= \/277/6 *2jteitx gy = —typ(o,1)(1)-
A plausible solution of the IVP is 1y 1)(t) = e /2,
> Let X ~ exp(y). Then is

tX o t v
Lexp()(t) = E[e ]:/o ve e Hdx = s
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Characteristic function and moments

» Proposition 6.14: X real-valued RV.
If X is in £P, then 1x € CP(R) and for k =0,...,p,

W (t) = E[(iX)*e™].

In particular, ¥{’(0) = I*E[X*].
If, specifically, X € £2, then
Ux(t) = 1+ itE[X] — LE[X?] + £(t) 2 with (t) =% 0.
Proof: k = 0 ok; Assume it holds for k < p. Then
d

§é<+1)(t) _ E[a(l-x)keitx] — E[(iX)k+eX].
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Examples: Exponential and normal distribution

> For X ~ exp(7) is Lexp(y)(t) =7/(y+ 1), ie.

dn d" 5
E[X"] = (-1)"——E[e *]|,_, = (-1)"————
(X" = (=1)"ZEle™ ]|, = ( e Sarrd W
_ = _m
Sy

» For X ~ N(u,d?) is Xpsin(u,02)(t) = elth=0"t/2 thys
Un(uory(t) =1+ itp — 0?82 /2 — 212 /2 + ()2
with e(t) 29,0, From this,

EX]=p,  V[X]=E[X?]-u?=05°
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