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Prelude

These are the notes of a lecture which I gave at the University of Freiburg. After some
elementary probability and measure theory, this course introduces some main concepts in
(measure theoretic) probability theory. As a prerequisite, for measure theoretic contents, we
refer to my manuscript Measure theory for probabilists. In particular, references to Chapters 1—-
5 are references to this manuscript.

The following books have guided me as references for the purpose of this manuscript.

e Durrett, Rick. Probability: Theory and Examples, Cambridge Series in Statistical and
Probabilistic Mathematics, 2019

e Kallenberg, Olaf. Foundations of Modern Probability Theory. Springer, third edition,
2021

e Klenke, Achim. Probability theory. A comprehensive course. Springer, 2014

Throughout the manuscript, we will use a probability space (2, F, P) (recall from Defini-
tion 2.1). The integral with respect to P is denoted by E[-] := P[] (recall from Chapter 3).
Further, we abbreviate £P := LP(P) if this does not lead to confusion (recall these spaces
from Chapter 4.

Our aim in the present course is to provide the most important probabilistic statements
available. Fundamental to this is the concept of the random variable, which we will examine
in Chapter 6 (see also Definition 3.3). We will often consider the case of E-valued random
variables, where E is a Polish space (see Appendix A in the lecture notes on measure theory).
The most influential theorems in probability theory are the strong law of large numbers (LLN,
Theorem 8.21) and the central limit theorem (CLT, Theorem10.8). These two theorems are
limit statements for random variables, and it is important to note that the type of convergence
in both theorems is fundamentally different. While the strong LLN describes an almost sure
convergence (refer to Remark 2.14), the CLT is a statement about convergence in distribution
(i.e. about the weak convergence of the distributions of the random variables; see Chapter 9).
Consequently, one of the tasks will be to understand the relationships between different types
of convergence (see Chapter 7 and 9).

The present english version of this manuscript was written based on the German version
with the help of DeepL.


https://www.deepl.com/translator
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6 Random variables

We usually use real-valued random variables X : @ — R (i.e. Borel-measurable functions,
i.e. random variables with values in R, measurable with respect to the Borel o-algebra in R;
recall from Definition 1.7)). We will now recall several concepts from measure theory about
random variables and which we will need directly in the following. We will mainly deal with
connecting the lecture to measure theory on one side, and Basic Probability on the other side.

6.1

Repetition

Recall that we assume throughout that a probability space (2, F,P) is given. In Defini-
tion 3.5, we already gave several notions with a relationship to random variables, which we
recall for completeness.

Remark 6.1 (Random variables and their distribution). Let (', F") be a measurable space.

1.

Every F|F'-measurable function X is called (€ -valued) random variable. If (¥, F') =
(R, B(R)), it is called real-valued. The o-algebra o(X) = {X1(B) : B € F')} is the
o-algebra generated by X (see Definition 3.3).

The probability measure X, P on F' (i.e. the image measure of P under X; see Sec-
tion 2.5) is called distribution of X. Furthermore, if Y is a random wvariable and
X.P=Y,P (ie. P(X € A) =P € A) forall A’ € F'), then X and Y are iden-
tically distributed and we write X Ly, However, this notation should be used with
caution, as the equality X 2 Y cannot be achieved by equivalence transformations to

other statements. (For example X LY does in general not imply X —Y 4 0).

For a family (X;)ier of random variables, their joint distribution is given by ((X;)icr)«P.
(This is the image measure under the mapping (X;)ier : w — (X;(w))ier).

We will use the following notation: If X is a random variable with distribution N (u, 0?).
(This means means that X : Q +— R is a measurable mapping and X, P = BN (11,02)
exzample 2.22.) Then, we write X ~ N(u,c?). Here, read '~ as has distribution.

; see

Let A be another measure on F and f : Q — R with f > 0 almost everywhere and
A f] = 1. Then, X has the density f with respect to p if and only if X, P = f -\ (see
Definition 4.13). Then, for A € F,

P(X € A) = p[f, Al.
In this case, for g : R — R that (see Lemma 4.14),
E[g(X)] = (X.P)[g] = (f - wlg] = ulf9g];
if the right-hand side exists.

Monotonicity and linearity of the integral means for random variables X,Y € L' and
a,beR:

X <Y almost surely = E[X] < E[Y],
E[aX + bY] = aE[X] + bE[Y].



Furthermore, according to Proposition 3.21,

EX]<o0o=P(X < x0) =1.

Although we already have a g-algebra F, in further sections, especially in the introduction of
the conditional expectation in Chapter 11, the o-algebra generated by X will play a special
role. Simply put, a real-valued random variable Y is o(X)-measurable if and only if Y = (X))
for a Borel-measurable mapping . In other words, this means that the value of Y (w) is
known if you know X (w), although you do not know what value w has assumed. See also
Exercise 3.38.

Lemma 6.2 (Measurability with respect to o(X)). Let (', F') be a measurable space and
X a random variable with values in V, and Z : Q — R. The, Z is o(X)-measurable if and
only if there is a F'/B(R)-measurable mapping ¢ : ' — R with po X = Z.

Proof. ’<=": clear

'=—": It suffices to consider the case Z > 0; otherwise, we write Z = ZT — Z~. First, let Z =
14 for A € 0(X). Then there is an A’ € F' with X7 '(A") = A, ie. Z=1x-14y = 1w o X,
i.e. ¢ = 1y fulfills the statement. Due to linearity, the statement is also true for simple
functions, i.e. finite linear combinations of indicator functions. In the general case, there are
simple functions Zi, Zs,--- > 0 with Z,, 1 Z. In addition, there are F’'-measurable functions
©n, With Z,, = ¢, 0 X. Then ¢ = sup,, ¢, is again F'-measurable and, since Z > 0, and

poX = (supy,)o X =sup(ppoX)=supZ, = Z.
n n n

O]

We now briefly repeat the convergence theorems for integrals in the context of of random
variables.

Proposition 6.3 (Integral convergence theorems). Let X, X1, Xs,... be real-valued random
variables.

1. Lemma of Fatou, Theorem 3.27: If X1, Xs,... >0, then

liminf E[X,,] > E[liminf X,,].

n—oo n—oo
2. Monotone convergence, Theorem 3.26: If X1, Xo,--- € L and X, 1 X almost surely,

then
lim E[X,] = E[X],

n—oo
where both sides can take the value co.

n—o0

3. Dominated convergence, Theorem 3.28: Let X,, —— X almost surely, and Y another
real-valued random variable with |X1|,| X2, -+ < Y almost surely, and E[Y] < oo.
Then,

E[X,] == E[X].

We now collect (and re-prove) already known inequalities. They often help to estimate prob-
abilities or expected values. Most of the inequalities are already known from the lecture on
Basic Probability.



Proposition 6.4 (Markov and Chebyshev inequality). 1. Let X be a random variable with
values in Ry and x € Ry. Then the Markov inequality holds, i.e.,

E[X]

T

P(X >z) <

2. If X 1is a real-valued random wvariable and p,x € Ry, then the Chebyshev inequality

holds, i.e.
E||X|P
P(X| > ) < DA
P

Proof. 1. Since X is non-negative, we find z - 1x>, < X. Thus,
z-P(X >z)=E[z-1x>,;] <E[X],
and the inequality follows. The inequality in 2. follows from 1. by

P(1X| > 2) = P(X] > ##) < DA,

The next statement was already given in Proposition 4.2.

Proposition 6.5 (Minkowski and Hoélder inequalities). Let X, Y be real-valued random vari-
ables.

1. If 0 < p,q,r < o0 such that%+%:l. Then,

E[|XY[")V/" <E[|X|P]V? - E[|Y|Y?  (Hélder inequality) (6.1)
Especially, if p=q =2

E[|XY|] <E[|X2Y2-E[Y|2]Y/2.  (Cauchy-Schwartz inequality) (6.2)

2. For1 <p< o0,

E[|X + Y[P]V? <E[|X]P]Y? +E[|Y|P]'Y?, 1<p<oo  (Minkowski inequality{ |
6.3

Proposition 6.6 (Jensen’s inequality). Let I C R be an open interval and X € L' with
values in I and ¢ : I — R convex.! Then,

E[p(X)] = ¢(E[X]).
Proof. Since ¢ is convex, ¢ is continuous and

, eltz+ (1= ty) — o(y)
t(z —y)

'A mapping ¢ : T — R is convex if ¢(tz + (1 — t)y) < to(x) + (1 —t)p(y) for all 0 <t < 1 and z,y € 1.




is monotonically decreasing for y < x. In particular, for y € I there exists

i P8 ) el (- 1)y) — o(y)
Aly) s= lim === = I ) (6.4)

and

T —y = oY) +AW)(z —y) < p(z) (6.5)

for all z € I. (For y > x one argues analogously as above).
Note, since [ is an interval, we have E[X] € I. According to (6.5), for z € I with y = E[X]

p(z) = o(E[X]) + ME[X])(z — E[X])
and thus
E[p(X)] > ¢(E[X]) + AE[X])E[X — E[X]] = ¢(E[X]). O
Jensen’s inequality can be used to show, for example, that £? C LP for p < q. Alternatively,

you can read this property from Proposition 4.3.

Lemma 6.7 (£? and LP). Let ¢ > 0 and X € L7 be a reel-valued random variable. Then, for
P=q
E[|X|"] < E[X|]"/.

In particular, L1 C LP.

Proof. The mapping y — y?/? is concave on R, so with Jensen’s inequality,

E[|X["] = E[(|X|*)/9] < B[ X|7"/". O

6.2 Moments

From the lecture Basic Probability, we know terms such as expected value, variance and
covariance. When we repeat them now, you will see that all calculation rules that you learned
also apply in the measure theoretic sense. The only difference in the formulation is that E[:]
is the integral with respect to a probability measure.

Definition 6.8 (Moments). Let X,Y be real-valued random variables. Then, if it exists,
E[X] is the expected value of X. Furthermore, if it exists, the variance of X is given by

V[X] := E[(X — E[X])}].
If it exists, the covariance of X and Y is given by
COV[X,Y] = E[(X — EX])(Y — E[Y])].

If COVI[X,Y] =0, we say that X and Y are uncorrelated. Furthermore, E[XP] for p > 0 is
the p-th moment of X and E[(X — E[X])P] is the centered p-th moment of X .

We recall a few properties here.



Proposition 6.9 (Properties of the second moments). Let X,Y € £2? be real-valued random
variables. Then, V[X],V[Y],|COV[X,Y]| < co and

V[X] = E[X?] - (E[X])*,
COV[X,Y] = E[XY] - E[X] - E[Y].

The Cauchy-Schwartz inequality holds, i.e.
COV[X,Y]? < V[X]-VY].

If X1,...,X, € L?, the identity of Bienamyé holds, i.e.

V[Zxk} =Y Vix]+2 Y Ccovix, X))
k=1 k=1 1<k<I<n

Proof. For the first statement, since V[X| = COV[X, X]| by definition, it is sufficient to show
the second equation. This equation follows from the linearity of the expected value by means
of

COV[X,Y] = E[(X — E[X])(Y — E[Y])]
= E[XY] — E[E[X]Y] — E[XE[Y]] + E[X]E[Y]
= E[XY] - E[X|E[Y].

The Cauchy-Schwartz inequality follows by applying Proposition 6.5 using the random vari-
ables X —E[X] and Y —E[Y]. In particular, [COV[X,Y]| < co. For the equation of Bienamyé
let wlog E[X;] =0, k=1,...,n (otherwise w use the random variables X — E[X}]). Then,

V[ixk} - E[(ixkﬂ = Zn:zn:E[XkX,] - En:E[X,i} +2 Y E[XX]
k=1 k=1 k=1 1=1 k=1 1<k<I<n

=Y V[Xi+2 )  COV[X.X].
k=1 1<k<i<n

O]

Proposition 6.10 (Moments of non-negative random variables). Let X be a random variable
with values in Ry . Then,

0 0

Proof. Note that both, E[.] and [ -dt are integrals. We use Fubini’s theorem in order to be
able to change the order of integration,

X 0o 0o
E[X7?] :pE[/O tp_ldt} :p/o E[lx>ttp_1}dt :p/o P(X > t)tP~1dt.

The proof of the second equation is analogous. ]



6.3 Characteristic functions and Laplace transforms

We now introduce expected values of certain functions of random variables. This results in the
characteristic function (of the distribution of real-valued random variables) and the Laplace
transform (of the distribution of of non-negative random variables). (Both are covered in some
courses on Basic Probability Theory, but not in all.) These functions are useful since they
allow the calculation of moments (see Proposition 6.14). In addition, later in Proposition 9.25,
we will show that these functions uniquely determine the underlying measure.

Definition 6.11 (Characteristic function and Laplace transform).

1. The characteristic function of an R%-valued random variable X is given by

R? — C,

Vx =Yx,p = {t = E[e"X] := Elcos(tX)] + iE[sin(tX)],

where tx := (t,x) is the scalar product in R

2. The Laplace transform of X is given by

R? SR,

Lx =% =
rm P {t — Ele Y],

provided the integral on the right-hand side exists. (The Laplace transform is used
frequently for probability measures on Ri. )

Proposition 6.12 (Properties of characteristic functions). Let X, Y be random variables with
values in R and characteristic functions ¥x, vy . Then,

1. |wx ()] <1 for each t € R? and ¢x(0) = 1.
2. ¥x is uniformly continuous.
3. Yaxiu(t) = Yx(at)e® for alla € R,b € R

Proof. 1. is clear. For uniform continuity, we have the bound

leth® — 1| = /| cos(hx) + isin(hz) — 1|2 = \/(cos(hz) — 1)2 + sin(hx)2
=/2(1 — cos(hz)) = 2|sin(hz/2)| < |hz| A 2.
From this, 2. follows because of
sup [¢x (t + h) — ¢x(t)] = sup [BleHIY — "X = sup [E[e"X (¢ — 1)

teRd teRd tcRd

< E[e"X — 1)) < E[hX| A 2] 2% 0.

For 3. we calculate using linearity

E[eit(aX—i-b)] _ eith[ei(at)X] _ eitwa(at)' ]



Example 6.13 (Examples of characteristic functions functions). 1. The characteristic
function of X ~ B(n,p) is given by

wB(n,p) (t) = (1 —p+ peit)n‘
Indeed: By definition,

n

E[eitX] — Z <Z>pk(1 _p)n—keitk — (1 _p_’_peit)n'

k=0
2. The characteristic function of X ~ Poi(7) is given by
YPoi(y) = .

Indeed: We calculate

n ,itn

by =7 ST e

3. The characteristic function of X ~ N(u,0?) is given by

YN (o2 (t) = e T 02,

Indeed: We use that X ~ oZ + u for Z ~ N(0,1). According to Proposition 6.12.2,
it is sufficient to compute this assertion for = 0,02 = 1. For this case, using partial
integration,

d —x -, itz
dtw o,)(t r/:z:e @?/2gite g0 — —T e~ 2jteitTdy = —tYn(o,1)(F)-

This differential equation with ¥y 0,1)(0) = 1 has the unique solution 1 ,1)(t) = e—t2/2

4. The Laplace transform of X ~ exp(y) is given by

_ 7
D%XP(V)U:) - ,-Y_'_t

Indeed: A straight-forward calculation reveals

(o @]
E[eftX] = / ve ey = .
0 v+t

Characteristic functions and Laplace transforms are a simple tool to calculate the moments
of random variables.

Proposition 6.14 (Characteristic function and moments). Let X be a real-valued random
variable.

1. If X € LP, then ¥x s p-times continuously differentiable and for k =0, ...

’p!

Y (1) = E[(iX)keiX].

In particular, w%)(O) = i"E[X"].

10



2. In particular, if X € L2, then

Vx(t) =1 +#E[X] — t;E[XQ] + £(t)t?

as (t) =0 0.
Proof. 1. With |X|P also |X|P V 1 is integrable. Thus, since |X|* < |X[P v 1, all |X|* can
be dominated by an integrable random variable and the right-hand side exists. Since the
statement is obviously true for k = 0, we assume assume that it is valid for £ < n. Then

(iX)kei(H'h)X _ (Z-X)keitX

. S‘XkJrl‘

ihX
B

Due to dominated convergence, the derivative and integral can be interchanged and it follows
d , .
g?'*‘l) (t)=E [%(iX)keti} _ E[(iX)k+1€ZtX].

The continuity of the derivative also follows with dominated convergence.
2. For the estimation, we need the Taylor expansion of ¥x with remainder term. We have

) t2X2
X — 1 +itX —

(cos(01tX) + isin(f2t X))

with random numbers 61, 62, so that |0;|, |#2| < 1. Therefore we get

2

t
Vx(t) =1 +itE[X] — EE[XQ] + (t)t?
with 2¢(t) = E[X?(1 — cos(01tX) + isin(62t X))] 2% 0 from dominated convergence. O

Example 6.15 (Moments of the exponential and normal distribution). 1. Let X ~ exp(7).
We know that L) (t) = v/(y+t) from Ezample 6.13.4. From this and the last Propo-

sition,
d'I’L

B[X"] = (~1)" 2 Ble¥]|,_, = (-1)

pdr nly nf‘

dtn v+t =0 - (y )t =0 A7’

2. For X ~ N(p,0?), we already know VN (p,02)(t) = eth=o"/2 " For small t we develop

this with
UN(po2)(t) = 1 +itp — ot /2 — 217 /2 + e(t)t?
with e(t) 1290, From this one reads by means of Proposition 6.14.2 that
EX]=pu,  V[X]=E[X? -p?=0%

11



7 Almost sure, stochastic and £P-convergence

It is already known from lectures on Analysis that there are different types of convergence,
such as uniform and pointwise convergence. We will now discuss the most important types
of convergence with respect to random variables. (For definitions, see below.)

In our course on measure theory, we have already seen almost sure convergence. In
addition, we will discuss convergence in probability and the £P-convergence (see also Section
4). In Section 9, we will learn about convergence in distribution (which is the same as the weak
convergence of the distributions of random variables). The following diagram summarizes all
types of convergence:

+uniform

integrability
almost sure convergence LP_

Prop. 7.6 . o
convergence rop in probability Theorem 7.11 convergence
along a subsequence £y
Prop. 9.5 !
constant

Weak convergence
(conv. in distribution)

7.1 Definition and examples
Let’s start with some definitions.

Definition 7.1 (Almost sure convergence and convergence in probability). Let X, X1, Xo,. ..
be random variables with values in a metric space (E,r).

1. If
P(lim r(X,,X)=0) =1,
n—oo
we say that the sequence X1, Xo, ... converges almost surely to X and write X, B0, s
X.

2. 1If, for alle > 0,
lim P(r(X,,X) >¢) =0,

n—oo
we say that the sequence X1, Xa,... converges to X in probability (or stochastically)
and write X, ’H—C’%p X.

3. If the random variables are real-valued and for some p > 0

lim E[|X, — X|"] =0,

n—oo

we say that the sequence Xy, Xo,... converges in LP (or in the p-th mean) to X and
also write X, TH—OOmp X.

12



Remark 7.2 (Properties of LP convergence). From section 4 we already know a lot about
the LP-convergence. For example, if X, X1, Xs,... is such that X, 2% e X and p < q,
then X, TH—OOmp X according to Proposition 4.7. In addition, the spaces LP are complete

according to Proposition 4.8. So, if for all e > 0, there is an N € N such that for allm,n >n

E[| X, — XnlP] <,
then there is a random variable X € LP with X, s X.
Example 7.3 (Counterexamples). If we look at the diagram at the beginning of the chapter,
we can see that convergence in probability follows from almost sure convergence, but not vice
versa. Furthermore, convergence in probability follows from L' convergence, but not even
almost sure convergence implies L' convergence. We first give two examples for these two
cases.

1. Convergence in probability does not imply almost sure convergence: Let U be a [0,1]
uniformly distributed random variable. Further we set

Al = [Oa %]7 A2 - [%a 1}7
A3:[O’ %]7 A4:[i’%]v A5:[%’%L Aﬁ—[i,l],

and X, := 1yea,. Then it is clear for 0 <e <1

lim P(|X,| >¢) = ILm PWU € A,) =0,

n—oo

r.e. X, H—°°>p 0, but for each n € N there is an m > n with X,, = 1. Therefore,
X1, Xa,... does not converge almost surely to 0.

2. Almost sure convergence does not imply L' convergence: Let U again be a uniformly

distributed random variable on [0,1] random variable. Further, By, = [0,1] and Y, =

n-lyep,. ThenYy, n_)—oo>fs Y =00 1y—g, so Y =0 is almost sure. On the other hand

EY,|]=n-PU€c A, =1
so Y1,Yo, ... does not converge to 0 in L.

Lemma 7.4 (Limit in probability is (almost surely) unique). Let X,Y, X1, Xo,... be random
variables with values in a metric space space (E,r) and X, H—°°>p X, as well as X, ’H—°O>p Y.

Then X =Y almost surely.
Proof. For all € > 0,

P(r(X,Y) > 2) < P(r(X,,X) > ¢ or r(X,,Y) > ¢)

<P (Xn, X) >e)+P(r(X,,Y) >¢e) =2 0.
Therefore,
P(X#Y)zP(U{(XY >1/k}) S P(r(X.Y) > 1/k) =0,
k=1 k=1
and the statement follows. O

13



7.2 Almost sure convergence and convergence in probability
We now show a result that relates almost sure convergence and convergence in probability.

Lemma 7.5 (Characterization of convergence in probability). Let X, X1, Xo,... be random
variables with values in a metric space (E,r). Then,

n—o0

X, 2% X — E[r(X,, X) A 1] 2225 0. (7.1)

n—oo

Proof. 1If X,, ——, X, then for all ¢ > 0,

lim E[r(X,, X)A1] = li_}rn Er(X,, X)AN1,r(Xn, X) <e|+ E[r(X,, X)A1,r(X,,X) > €]

n—oo

< lim (e +P(r(Xn,X) >¢)) =-¢,

n—oo

which shows the right-hand side since € > 0 was arbitrary. However, if the right-hand side
applies, the Chebyshev inequality for 0 < € < 1 implies that

E[r(Xpn, X) A1) nseo
€

P(r(X,, X)>¢) < 0. O

Proposition 7.6 (Convergence in probability and almost sure convergence). Let X, X1, Xo, ...
be random variables with values in a metric space (E,r). Then, the following are equivalent:

n—o0

1. X, 2% X

. . 0—
2. For each sequence (ny)i=12,. there is a subsequence (ny,)¢=12,.. with Xnk,[ = X

In particular,
Xp 2% X — X, 5, X
Proof. 1. — 2.: Because of (7.1), for each sequence (ny)g=12,.., there is a subsequence

(1, )e=1,2,... such that (using monotone convergence in the first equality)

o0 o0
[Z F(Xny,, X) /\1} S E[r (X, X) A1) < co.
/=1 (=1

This means that

o0

1= P(Z(r(Xnke,X) A1) < oo) < P(limsupr(X,,,, X) =0) <1,

-1 {—o0
i.e. Xnk é_)—oo>fs X.
2. — 1.0 Let’s assume that 1. is not valid. (We must show that 2. cannot hold.) Because
of (7.1), there is € > 0 and a subsequence (nj)k=12,.., so that lim,_,o E[r(X,,, X) A 1] > e.

Assuming that there is a subsequence (n,)r=1.2,... such that Xy, H—Oonw X. Then also

lim E[r(X,, ,X)A1l]=E[ lim r(X,, ,X)A1l] =0
{—o00 ‘ —00 ‘

due to dominated convergence, i.e. a contradiction. So we have found a sequence (ny)g=12, .

for which there is no further subsequence (ng,)e=12... with Xnkz H—Oonw X, and we have

shown that 2. does not hold. O

14



7.3 Convergence in probability and L£P-convergence

In Example 7.3 we had already seen that almost sure convergence (as well as convergence
in probability) does not imply £!-convergence. This is not surprising, since the theorem of
dominated convergence states that a sequence X1, Xo, ..., which converges almost surely to
X and has an integrable dominating random variable converges in £' to X. If the almost
sure convergence implies the £! convergence, one would not need to make the requirement
of an integrable dominating random variable. In the following, we want to find conditions
of the integrable dominating random variable in order to suffice for £! convergence. See
theorem 7.11 and Corollary 7.12. The concept of uniform integrability is central to this, see
Definition 7.7.

Definition 7.7 (Uniform integrability). A family (X;)icr is called uniformly integrable if
inf sup E[| X;|; | X;| > K] = 0.
K el

Example 7.8 (Uniform integrability). 1. Let Y € L' and (X;)ie; with sup; | X;| < |Y].

Then (X;)icr is uniformly integrable since

sup B[ Xi|; |X;| > K] < B[Y];|Y]| > K] £2%% 0
el

by dominated convergence. In particular, every Y € L' is uniformly integrable.

2. Bvery finite family (X;)i=1,.. n with X1,..., X, € L' is uniformly integrable, because
SUD<j<p, | Xi| € L and therefore, 1. applies with Y = sup;<;<,, | X|.

3. Let us consider the example 7.3.2 Here, forn > K
EHYn’; ‘Yn| > K] = E[Yn] =1.
In particular, (Y )n=1,2,.. is not uniformly integrable.

4. Letp > 1. Then (X;)ier with X; € LP,i € I is uniformly integrable if sup;cy || Xil|p < oo.
This is because KP~'|X;|1 x>k < |Xi[P, therefore

BX7] Koo
Kr—1

sup E[| X;[; | Xi| > K] < sup 0.
iel iel

Lemma 7.9 (Characterization of uniform integrability). Let (X;)ier be a family of random
variables. Then, the following are equivalent:

1. (X5)ier is uniformly integrable.
2. It holds

supE[|X;|] <oo and lim sup supE[X;];A] =0.
el =20 A:P(A)<e i€l

3. It holds

lim sup E[(|X;] — K)*] =0.
K—o0 41
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4. There exists a function f: Ry — Ry such that f(xx) 7% 50 and

sup;e; E[f (| Xi])] < o0

If one of the four statements is true, the function f in 4. can be chosen to be monotonically
increasing and conver.

Proof. ’1. — 2.: Let § > 0 be given and K = Kj; such that sup,c; E[|X;; | X;| > K] < 6.
Then, for A € F,

B[ Xi|; A = B[ Xi; AN {|Xi] > K}] + B Xil: AN {|Xi| < K} <6+ K - P(A).

In particular,
sup E[|X;|] =supE[|X;; Q] <d+ K < o0
il i€l

and
sup supE[|X;|; A] <0+ Ke =05,
AP(A)<e i€l

Since 6 > 0 was arbitrary,

lim sup supE[X;[;A]=0.

€20 A P(A)<e i€l
'2. = 3.%: First, we note that (|X;| — K)* < [X;|1x,>x. Let ¢ > 0. Choose K = K. large
enough so that — using the Markov inequality —

E|| X;
supP(|X;| > K) < supM <e
iel ier K
This means that 3. follows from
lim sup E[(|X;] — K)"] = hm sup E[(|X;| — K.)T] < hm supEHX\ | X5| > K]
K—0o0 jer =0 4er1

<lim sup supE[|X;];A]=0.
=0 4. p(A)<e i€l

’3. = 4.: There is a sequence K1, Ko, ... with K,, T oo and sup,c; E[(| X;| — K,,)T] < 27"
We set

o0

f(x) = Z(w — K",

n=1

Then f is monotonically increasing and convex as a sum of convex functions. Furthermore,
for x > 2K,,
n
23 (1-5) 23
2’
thus < (xx) 272 50. Because of monotone convergence,

(e}

P = L BIIX - Ko < 3027 =
n=1

4. = 1.7: Set ag :=inf > @, so that ax K_>—Oo> oo. Thus,

1 1 -
sup E[|.X;[; | X;] > K] < —supE[ (1X:); |1 X:| > K] < — sup E[f(|X,])] 22 0. O
’LEI aK aK ZEI
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Example 7.10 (Differences and uniform integrability). For X € L, (X;);es is uniformly
integrable iff (X; — X)ier is uniformly integrable.

To see this, let (X;)icr be uniformly integrable. According to Example 7.8.2, X is uniformly
integrable. Furthermore,

sup E[|X; — X|] < E[|X]] + sup E[| X;|] < o0
icl iel

and

e—0

sup supE[|X; — X[;A] < sup suwpE[X;[;A]+ sup E[X[;A] — 0,
AP(A)<e i€l A:P(A)<e i€l AP(A)<e

i.e. according to Lemma 7.9, (X; — X);er is uniformly integrable. The inverse follows analo-
gously.

Theorem 7.11 (Convergence in probability and convergence in the p-th mean). Let X1, X, ...
be a sequence in LP with 1 < p < co. The following statements are equivalent:

1. There is a measurable function X € LP with X, 270 o X

2. The family (| X;|P)i=12,.. is uniformly integrable and there is a measurable function X
n—oo

with X, ——, X.
If 1. or 2. applies, then the limits coincide almost surely.
Proof. 1.— 2.: First, due to Chebyshev’s inequality for every £ > 0

[1Xn = XP] _ [[Xn = X|lp nooo
ep o ep

E
P(LYH__)(‘>Zﬁ < 07

i.e. convergence in probability applies. For the proof of uniform integrability, we use Lemma 7.9.
Let e > 0 and N = NN, such that || X,,—X||, < ¢ forn > N. Then for A € F, with Minkowski’s
inequality,

sup(E[| X, |P; AP = sup || X, 14]l,
neN neN

< sup [1XuLally + 5up (X0 — X)Tally + 1 X 1all,
n<N n>N

< SER(E[IXn!p; A]) + e + (E[[X]7; A]).

Using A = Q, we find sup,,cn(E[|X,|P]) < co. Moreover, since N is finite, we find

lim sup supE[|X,|";A] <eP.
6=0 A:P(A)<s neN

Because € > 0 was arbitrary, the assertion follows.

2.— 1.: Since X, H—%p X, according to proposition 7.6 there is a subsequence ni,no,...

with X, k2o X almost surely. With Fatou’s Lemma,

E[|X?] = Elliminf | X, |P] <supE[|X,[’] < co
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because of Lemma 7.9. In particular, X € £P. Just like in Example 7.10, {|X,, — X|P : n € N}
is uniformly integrable. For every § > 0, due to convergence in probability,

n—oo

P(|X, - X|>d) —— 0.
From lemma 7.9 now follows with dominated convergence

lim E[|X, — X"] = lim E[X, — X[?;|X, — X| > 6] + B[| X, — X|";|X,, — X| < 6] < "
n—oo n—oo

Since d > 0 was arbitrary, X, 2220 op X follows. O

Corollary 7.12 (£P-convergence and uniform integrability). Let1 < p < oo and X1, Xa,--- €
LP and X be measurable with X, ’H—°°>p X. Then, the following are equivalent:

n—o0

1. X, —pm X,

n—oo

2. || Xnllp —— 11 X1[p,
3. The family (| Xn|P)n=12,.. is uniformly integrable.

Proof. The equivalence 1. < 3. is clear from Theorem 7.11.
1. = 2.: follows from Minkowski’s inequality with

n—o0

1 Xnllp = 11X lp] < [1Xn — X[l = 0.
2. — 3.: For fixed K, we write
E[|X,[P; | Xp| > K] < B[ X, [P — (| Xa| A (K = X)) 7)) 25 B[ XP = (IX|A (K = |[X])T)7).

Convergence follows from E[| X,,|P] “=>% BE[|X|?], and (| X, |A(K—X,[)1)? 2222 01 | XA (K —
X)T)P, since the convergence according to Proposition 7.6 is in probability, and ((| X, | A (K —
| Xn)T)P)n=12... is bounded, in particular uniformly integrable. Since E[|X|P — (|X| A (K —

| X])T)P] K2, 0 after dominated convergence, (|Xp|P)p=12,.. is uniformly integrable. O

goee

8 Independence and the strong law

With our knowledge on probability measures and o-algebras we now shed light on the con-
cept of independence. In particular, in this chapter we will prove the strong law of large
numbers, see Theorem 8.21. On the way, we prove the Borel-Cantelli lemma (Theorem 8.8)
and Kolmogorov’s 0-1 law (Theorem 8.15).

8.1 Definition and simple properties

Already in the lecture Basic Probability, independent random variables were considered. The
intuitive idea of independence is often correct, but should sometimes be treated with caution.

Definition 8.1 (Independence). 1. A family of sets (A;)ier with A; € F is called inde-

pendent if
P(ﬂAj> =[Py (8.1)

jeJ jeJ

for all J Cy 12

?Recall that we write J C; I iff J C I and J is finite.
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2. A family (C;)icr of set systems C; C F is called independent if (8.1) holds for all J Cy I
andAj €Cj,jeJ.

3. A family of random variables (X;)ier is called independent if (0(X;))icr is independent.

We first deal with the question if there are probability spaces with an arbitrary number of
independent random variables. Here we benefit from our knowledge of product measures.

Proposition 8.2 (Independence and product measures). A family (X;)icr of random vari-
ables is independent iff for each J Cy I

(Xi)ics)«P = Q)(X,).P,
e
i.e. the joint distribution of each finite subfamily is the product distribution of the individual
distributions.
Proof. By definition, the family (X;);cr is independent if and only if for each J Cy I and
A, e Fiield,
P(X; € Aii€ J) = [[P(Xi € A).

ieJ
The assertion now follows from the fact that P(X; € A;) = (X;)«P(A4;) (see Definition 2.23)
and P(X; € Ay i € J) = ((Xi)ies)«P (X, s Ai) (see Corollary 5.14). O

Corollary 8.3 (Existence of uncountably many independent random variables). Let E be a
Polish space and I an arbitrary index set. Let (Q;, F;, P;) be probability spaces and X; an
E-valued random variable, i € I. Then there is a probability space (2, F,P) and a family

(Y)ier E-valued, independent random variable with Y; 4 X;.

Proof. 1t should be noted that (((Xi)ies)+ &;c; Pi)sc,r is a projective family of probability
measures on (E,B(F)). Using Theorem 5.24 we find the projective limit P;. This is a
probability measure on (E!, (B(E))!). Furthermore, with 7; : EY — E, the i-th projection,
. d

(71'1‘)*1)] = (Xz)*Pu l.e. m; = Xz ]
Lemma 8.4 (Functions of independent random variables). Let (2, F)),(Q/,F!), i € I,
measurable spaces. Let (X;)ier be a family of independent random variables, X; : Q@ — €,
and p; : Q. — Q- measurable, i € I. Then the family (pi(X;))icr is independent.

Proof. According to Lemma 6.2, the random variable ¢;(X;) is measurable according to o(X;),

i€l,ie o(pi(Xi)) Co(X;). Since (0(X;))ier is an independent family by assumption, the
assertion follows from the definition of independence. O

Proposition 8.5 (Independent and Uncorrelated). Let X,Y € L' be independent, real-valued
random variables. Then XY € L' and

E[XY] = E[X] - E[Y].
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Proof. The assertion is clear if X and Y are indicator functions. Then, note that if the
assertion applies to the pairs (X;,Yj), 4,5 = 1,...,n, then it also for >i' | X; and 377, Vj:
Indeed, due to the linearity of the expected value,

E[ixiyj} :iiE[Xin] - iiE[Xi}E[Yj] :E[ix} E[iyj}

So, since the assertion applies to indicator functions, it is also valid for simple functions, and
thus with monotonic convergence also for non-negative measurable functions. The general
case follows with the decomposition X = XT - X~ and Y =Y - Y. O

Example 8.6 (Uncorrelated, non-independent random variables). Let U be a random variable
uniformly distributed on [0,1], X = cos(2nU) and Y = sin(2xU). Then E[X]| = E[Y] =0
and

1 1
E[XY] = / cos(2mu) sin(27ru)du = %/ sin(4ru)du = 0
0 0
and thus X,Y are are uncorrelated. However, {|X| < &,|Y| < e} = 0 for e > 0 is small

enough and thus P(X " 1(—¢,¢), Y (—¢,¢)) = 0 < P(X " !(—¢,¢)) - P(Y " Y(~¢,¢)). This
means that X and Y are not independent.

If there is a probability space and (countably) many events, you can ask yourself how many
of these events will likely occur. The Borel-Cantelli lemma gives a sharp criterion for the
occurrence of only finitely many events.

Definition 8.7 (Limsup of sets). For Ay, Ay,--- € F,

limsup A4,, := ﬂ U A,

n—oo n>1m>n
is the event infinitely many of the A,, occur.

Theorem 8.8 (Borel-Cantelli lemma). 1. Let Aj, A, ... € F. Then,

n—oo

Z P(A,) < co = P(limsup 4,) = 0.
n=1

2. If A1, Ao, ... are independent,
ZP(An) =00 = P(limsup 4,,) = 1.
ne1 n—00

Proof. We start with 1. Because of the continuity of P from above (see Proposition 2.8),

o
P(limsup A4,) = lim P( U Am> < lim P(A,) =0
N—00 n—00 n—00
m>n m=n
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by assumption. For 2. we use that log(1 —xz) < —x for z € [0,1]. From this and the continuity
of P from below and the independence of (A, )n=12....,

P((limsup A,)° ( U ﬂ AC)

n—o0
n=1m>n

= s P( ) 4)

= i T] (1= P(an)

= nh_)rglo exp ( i log(1 — P(Am)))

< nh_)rglo exp ( — i P(Am))

=0,

and the assertion follows. O

Example 8.9 (Infinite coin toss and geometric distributions).

1. We consider an infinite coin toss. This means that we have a probability space (Q, F,P)

and independent random variables X1, Xo, ... with values in {heads, tails}. The coin
toss is fair, i.e. P(X,, = head) = 1/2. We consider the events A, = {X,, = head}.
Since

o0 (e 9]

2 PA)=) 5=

n=1 n=1

and the family (An)nen is independent, it follows from the Borel-Cantelli lemma that
almost surely infinitely often head occurs.

2. We consider the same situation as in 1, but the events B, = {X1 = Kopf}. It is
clear that the family (Bp)nen is not independent. (For example P(B1NB2) =P (By) =
1/2 # 1 = P(By) - P(Bs).) Just like in 1. > 0%, P(B,) = oo. It is also clear that
P(limsup,_,. B,) = 3. It follows from this, that in the Borel-Cantelli lemma the
condition of independence in 2. does not apply.

3. Let X1, Xo,... be geometrically distributed with the success parameter p. We consider
the events A, := {X,, > n} and ask ourselves whether an infinite number of these events
can occur. Since

ip( ZPX > n) 2(1—p)"*1:%<oo.
n=1

n=1

Therefore, almost surely only a finite number of the events {X,, > n} occur.
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8.2 Kolmogorov’s 0-1 law

The Borel-Cantelli lemma is already a statement about when an event that depends on an
infinite number of events is occur almost surely. We will now examine this situation further.

Proposition 8.10 (Independence of generated o-algebras). Let (C;)ier be a family of inde-
pendent, N-stable set systems. Then, (o(C;))icr is also an independent family.

Proof. Let J = {i1,...,in} Cf I and (wlog) n > 1. Then, (8.1) holds for any A;,,..., A4,
with 4;, € C;.,k=1,...,n. We keep A;,,...,A;, fixed and define

D :={A;, € F:(8.1) holds}.

We will now show that D is a Dynkin system. Namely, if A C B € D, then B\ A € D,
because

P((B\A) HIQQA@ = P(BmkozAik) —P(AQQQAik)
= (P(B) - P(4))- [[ P(4,)
k=2
—P(B\ A)- ﬁP(Aik).

k=2

Furthermore, if Ay, Ao, -- € D with A1 C Ay C A,..., then due to the continuity of P from
below,

n

(G -sr(ae

k=2 jeN k=2

=supP(4;) - [[ P(4:,)
k=2

JEN
—p( U 4;) - [P,
j=1 k=2

Since C;, is N-stable and C;; € D, o(C;;) C D according to theorem 1.13. In particular,
(8.1) applies for A;, € o(Ci,),Ai, € Ciy,...,Ai, € Ci,. lterating the above procedure for
k=2,...,n, you get the statement. O

Corollary 8.11 (Independence of indicator functions). A family of sets (A;)icr is independent
if and only if the family of random variables (14,)icr is independent. In particular,

P< N Bj> - [I»3)
JjeJ JjeJ
for J Qf 1, Bj S {Aj,A?},j e J.
Proof. For i € I let C; = {A;}. Then o(1a,) = {0, 4;, AS,Q} = o(C;). Since C; is trivially

cut-stable, the statement follows from Proposition 8.10. O

22



Corollary 8.12 (Grouping). Let (F;)ier be a family of independent o-algebras. Further, let
T be a partition of I, i.e. T = {Ix,k € K} with \{,cp I = I, so the I}, are disjoint and their
union is I. Then, (o(F; : i € It))ker 18 also an independent system.

Proof. The set system Cy := {ﬂz’eJk A;  Ji Sy Iy, A; € Fi} is Nestable and o(Cy) = o(F;
i € I), k € K. Since, according to the assumption, the family (Cy)rex is independent, the
assertion follows from Proposition 8.10. O

We now come to the main statement of this section, Kolmogorov’s 0-1 law. For this we
introduce a certain o-algebra, the terminal o-algebra.

Definition 8.13 (Terminal and trivial o-algebras). 1. Let Fi, Fa,... C F be a sequence of
o-algebras. Then

TFF) = (Vo U Fn)

n>1 m>n

the o-algebra of terminal events of Fi, Fo, ...
2. A o-algebra F C F is called P-trivial if P(A) €{0,1} for all A € F.

Lemma 8.14 (Trivial o-algebras). 1. A o-algebra F is P-trivial if and only z'f]? is inde-
pendent of itself.

2. Let F be a P-trivial o-algebra and X a F-measurable random variable with values in a
separable metric space E. Then X is constant, almost surely.

Proof. 1. Let F be P-trivial and A, B € F. Then P(AN B) = P(A) AP(B) = P(A) - P(B),
therefore F is independent of itself. If on the other hand, F is independent of itself and
A€ F,then P(4) = P(AN A) = (P(A))?, i.e. P(4) € {0,1}.

2. For n € N, let (By,;)j=1,2,... be a countable covering of E with balls of radius 1/n. Since Fis
a P-trivial o-algebra then P(X € B,;) € {0, 1} applies to all n, j. Forn € Nlet J,, := {j € N:

P(X € B,;) =1} # 0. Thus, due to the continuity from above, P(X € MoziNje, an) =

1. Since Mo N e, Bnj has at most one element, the assertion follows. O

Under independence, the o-algebra of terminal events is particularly simple.

Theorem 8.15 (Kolmogorov’s 0-1 law). Let Fi,Fa,--- C F be a sequence of independent
o-algebras. Then T := T (F1, Fa,...) P-trivial.

Proof. Let T, := U(Um>n ]-"m), n=1,2,.... According to Corollary 8.12, (F1,...,Fn,Tn)

are independent, n = 1,2,... This means that (Fi,...,F,,7T) are also independent, n =
1,2,... and thus also (T, Fi, Fa,...). Again with Corollary 8.12, it follows that (7o, 7) are
independent and, since 7 C Ty it also follows that 7 is independent of itself. Therefore, the
assertion follows from Lemma 8.14. O
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8.3 Sums of independent random variables

Many important theorems in probability theory deal with independent random variables. In
this lecture, these are in particular the Strong Law of Large Numbers (Theorem 8.21) and
the Central Limit Theorem (Theorem 10.8). We present here important tools for analyzing
sums of independent random variables. The first is the connection with the convolution of
probability measures (see section 5.4).

Proposition 8.16 (Convolution is distribution of the independent sum). Let Xi,..., X, be
independent, real-valued random wvariables. Then,

X144+ X,)P=(X1)Px--x(X,).P.
Further, for the characteristic functions

VXt X = Vxy VX,
and, if X1,..., Xy, assume values in R,
$X1+...+Xn = gXl ot an

Proof. First of all, according to Proposition 8.2 ((X1,...,X,)):P = (X1).P® - @ (X,).P.
Thus, the first assertion already follows from Definition 5.17 of the convolution of measures.
The further assertions follow from Proposition 8.5, since for example

Vs, (£) = B[O X0 BN it ]

= E[e"] - E[e"] = yx, (8) - ¥x,, (1). O

Kolmogorov’s 0-1 law provides a very simple statement as to when sums of independent
random variables are almost sure to converge.

Proposition 8.17 (Convergence of sums of independent random variables). Let X, Xs,...
be independent random variables and S, == X1 + -+ + X,,.

1. Then,
P(w: Sp(w) converges for n — oo) € {0,1}

2. Further,
P(w: Sy(w)/n converges for n — oo) € {0,1}.
If P(S,/n converges) =1, the limit value is almost surely constant.
Proof. Set F; := o(X;), i« = 1,2,... This means that the family (F;)i=12,.. is indepen-
dent. The set {w : Sy, (w) converges for n — oo} is measurable with respect to 7 (Fi, Fa,...)

and thus the first statement from Theorem 8.15 follows. In the same way it follows that
P(S,/n converges) € {0,1}. Let S = limy, o0 Sp(n)/n. Thus, for all m =1,2,...,

. X+ 4+ X, L Xyt X,
S=lm —— = lim ————

n—oo n n—o0 n

so S is measurable wrt 0<Uk2m fk>. This means that S is also 7T-measurable and therefore

almost surely constant according to Theorem 8.15 and Lemma 8.14. O
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Proposition 8.18 (Maximum inequality of Kolmogorov). Let X1, Xa,--- € L2 be indepen-
dent random variables. Then, for K > 0,

2 et V(Xn)
P (s 3= % v > K) < 2R
Proof. Wlog, let E[X;] =0,k =1,2,.... We further set S, = X +---+ X,, and T := inf{n :

|Sp| > K}. Then, P(sup,, |S,| > K) = P(T < o). Because of Corollary 8.12, Sy, - 1p—, and
S, — S are independent for £k < n. Therefore

S E(XE] - EIS3 > YBSLT -
k=1 k=1

=Y E[S} + (Sn — Sk + 25¢)(Sn — Sk), T = k]
k=1

> B[S}, T = k] + 2E[Sp(Sn — Si), T = K]

k=1
n

=> E[S{.T =k > K*P(T < n)
k=1

Now follows the assertion with n — oo. O

Theorem 8.19 (Convergence criterion for series). Let X1, Xo,--- € L2 be independent ran-
dom variables with Y- | V[X,] < co. Then, > p_; X — E[X}] converges almost surely.

Proof. Again, let E[X;] = 0,k = 1,2,... and we write S,, = X; + --- + X,,. For ¢ > 0,
according to Proposition 8.18,

> o1 BIX7

lim P(sup|S, — Si| >¢) < hm 5 = 0.
k—oco  p>k k—o0 €
k—o0

Therefore, sup,, >, |Sn —Sk| ——; 0. So, by Proposition 7.6, there is a subsequence k1, k2, . . .
with sup,,>g, [Sn — Sk, H—Oo>fs 0. However, since (sup,,> |Sn — Sk|)k=1,2,... is decreasing,

sup,, > [Sn — Skl —>f5 0 applies. This means, however, that (Sy)n=12,. converges. O

8.4 The Strong Law of Large Numbers

In the lecture Basic Probability, we already proved the weak law of large numbers: if X;, X5, -+ €
L2 are identically distributed and uncorrelated, then, for € > 0

P(L S - E)| > <) < Sv[ ZXk] - Yo vixg - ) o
k=1

g°n

As we now know, this means in other terms,

25



We now want to improve this statement in two directions. On the one hand, we want to
replace convergence in probability by almost sure convergence, and on the other hand only
assume the existence of first moments (but not the existence of second moments). First,
however, we define what exactly what we mean when we say that a sequence of random
variables follows a law of large numbers.

Definition 8.20 (Law of large numbers). Let X1, Xo,--- € L! be a sequence of real-valued
random variables. We say that the sequence follows the weak law of large numbers if

1 n
LS (6~ BN 25, 0
k=1

The sequence satisfies the strong law of large numbers if
1 n
n—oo
- D (Xk — B[Xg]) =, 0.

Theorem 8.21 (Strong law for independent random variables). A sequence X1, Xo,--- € L*
of independent and identically distributed random variables satisfies the strong law of large
numbers, i.e.

*ZXIC "= s B[X).

Remark 8.22 (Weak law of large numbers). Since convergence in probability is implied by
almost sure convergence (see Proposition 7.6), the sequence X1,Xa,... from the theorem
also satisfies the weak law of large numbers. Furthermore, the sequence Xf,X;, ... also
satisfies the strong law and E[X (X" + --- X;I)] = E[X{]. This means that the sequence
(%(Xfr + o+ X;))n=12,.. is uniformly according to Corollary 7.12. In the same way, the
sequence of partial sums of the negative parts is uniformly integrable. It follows from Theorem
7.11 that L(X1 + -+ Xp) 7% 01 E[X].

Remark 8.23 (Finite fourth and second moments). The difficulty in proving the strong law
is that only may be used that X1 € L'. The proof is significantly easier if we use X, € L* or
X1 € L2. We start with these two proofs and write Sy, := X1 + -+ + X,.

1. The case X1 € L*: Here you can get by without further aids: From the linearity of the
expected value, it is clear that E[S, /n] = E[X1]. Wlog, let E[X1] = 0, otherwise you go
to the random variables X1 — E[X1], Xo — E[Xs],--- € L*. First we calculate with the
help of the independence of (Xj)k=12,...

ZE Xp+3 Z [(X2X?] < (n+ 6n?)E[X]]
kkl¢l1
because of the Cauchy-Schwartz inequality. From this,

B35 (%) <5 b <

4
Therefore, Y7, <S—;) < oo applies is almost sure, in partzcular Lﬁcs 0.
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2. The case X1 € L%: Here the convergence criterion for series, theorem 8.19 is of crucial
help. We also need the following result:
Lemma 8.24 (Kronecker Lemma). Let 21,22, -+ € R, y1,y2,- -+ € R be monotone with

n—oo

Yn T oo and Y 07 Ty /yn < 00. Then, > i Tk/yn — 0.

Proof. Let zo = 0, zn, 1= Y _p_; k/yx. Then z, D70 e < o0 and z = Yk (2K — 2k—1)-
We write with yg = 0

Zn - 1 n 1 n—1 n
Agﬁzigf;:A;szzyk(zk——zk_1)=:Zn-%*4*<§£:yk2k—-j£:ykzk—1>
Yn Yn 220 k=1

Un
1 n
=Zn = — ( Zykzkfl - yk712k71>
Yn N

1 n
mzm—zm- lim —Zyk—yk_lz().

O]

Back to the proof of the strong law in the case X1 € L2. Wlog, let E[X1] = 0. Con-
sider the sequence X1/1,X2/2,... Because Y oo | V[X,/n] = V[X1] 322, 1/n? applies
according to Theorem 8.19 that Y, _, Xi/k almost surely converges. With Lemma 8.24

it follows that Sy /n H—Oo>fs 0.
Proof of theorem 8.21 if X1 € £'. Tt is sufficient to consider the case of non-negative random
variables. In the general case, note that X1+,X2+, - e L' and X, Xy, € L' fulfill the
conditions of the theorem, and from (X;" + -+ X;5)/n 2% E[X|] and (X] + -+
n—oo

X, )/n —— s E[ X ] the statement follows due to linearity of the expectation.
For S, = X1 + --- + X,, we will show that

Ellimsup S, /n] < E[X1]. (8.2)

n—o0

If this is true, then firstly
E[linginf Sp/n] > E[lirginf(Xl Nk+---+ X, NE)/n]
=k — Ellimsup((k — X1)" + -+ (k— X,,)7)/n]

n—oo
k—o00

> Elk — (k- X1)"] — E[X1].

Secondly, then E[lim sup,,_, . Sp/n—liminf, . Sp/n] =0, i.e. limsup,,_, o Sp/n = liminf, . S, /n =
0 almost surely, since both liminf,_,~ S,/n as well as limsup,,_,., Sn/n are terminal func-

tions, and thus according to Theorem 8.15 and Lemma 8.14 are almost surely constant.
Furthermore,

linl)inf Sp/n = E[liII_l)iIlf Sp/n] > E[X1] > E[limsup S, /n] = limsup S, /n,

n—o0 n—o0

from which the assertion follows.
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M;>n—-i+1

M;>n—i+1
o (o) [ ) [ ] o o [ ] [ ) . o e (e)
1 N— N — n
Anzahle[? Anzahlejg
(Xpp 4+ XI{M,-JMI?—l)/MI{L >a (Xp+---+ XI;"+MI§1,—1)/MI;" >
Figure 1: Illustration of M;, I7', introduced below (8.3). The size Ly, is the number of con-
tiguous areas of e’s.

It therefore remains to show (8.2). Wlog let E[X;] > 0, otherwise X} = 0 is almost sure,
k=1,2,... and the statement is trivial. For this we will use

0 < a < E[limsup S,,/n] = a < E[X4] (8.3)
n—oo

can be proved. According to the assumption, for : =0,1,2,...

a < Ellimsup S, /n] = limsup Sy, /n = limsup(X;41 + - - Xiyn)/n.
n—o0

n—oo n—o0

Thus,

M; = inf{n e N: (Xz + - +Xi+n_1)/n > Oé}
is finite, almost surely, ¢ = 1,2, ... The M,’s are identically distributed. We define recursively
forn=1,2,... (see also Figure 1) I =0 and for j =0,1,2,... (with My :=0)

Iy ::inf{iEN:iZI}L—l—MFj,Mi§n—i—|—1}

with inf() = oo and L,, := sup{n € Ny : [’ < oo}. This means that for 1 < j < Ly,
IJ” + M[Jn <n, i.e. (XI]n 4+t XI]TL+M,n—1)/MIJ’.l > «. We now use this by means of
J

EXi] = E[(Xy +--- + X,,)/n]
Ln

%E[ZMI; . (XI]" “+ ... —|—XI]TL+MI;1_1)/M[J7_{|
j=1

v

Ly Ly
> B3 Mp|=a-2E[n-3 My
=1 =1
n
> o — %E[Z 1Mi>n—i+1]

i=1
:a( —%ZH:P(MZ- >z)) 2%,
i=1

since (% S P(M; > i))n:m,m as Cesaro-Limes of (P(M; > i));=12,.. because of the iden-

tity of the distributions of the M;’s converges to 0. Thus (8.3) is shown and the assertion is
proven.

O
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We now give a simple application of the strong law. It often happens in statistics that a large
number of independent, identically distributed, real-valued random variables must be studied.
The Glivenko-Cantelli theorem (Theorem 8.26) states that the empirical distribution of the
random variables almost surely converges to the underlying distribution.

Definition 8.25 (Empirical distribution). Let X, Xs,... be random variables. For n =
1,2,... the distribution is called (random) probability distribution

1 n
= Z Sx,
k=1

the empirical distribution of Xi,...,X,,. If the random variables are real-valued, then in
addition

~ 1 <&
Fo(w) =~ > lx<as

the empirical distribution function of X1, ..., X,,.

Theorem 8.26 (Glivenko-Cantelli Theorem). Let Xi, Xo,... be independent, real-valued
random variables with identical distribution with distribution function F. Then,

lim supwidehasF, (x) — F(z)] e,

n—o0 z€R

75 0.

Proof. For x € R and n = 1,2,... let Y, (z) := 1x,<; and Z,(z) := 1x,<z. According to
Theorem 8.21, for each z € R

_ 1 ZYk(x) no,  E[Yi(2)] = P(X) < 2) = F(a),
sz ) 1 Bl Zi(2)] = P(X) < x) = F(z—).

We must show that these limits hold uniformly for all z € R. For N = 1,2,... and j =
0,...,N we set

xév =inf{z e R: F(z) > j/N}

and
Ry = max  ([Fa(e]) = F@)|+ |[Fu(e) =) - Fay-)l).
For N = 1,2,..., therefore, RY ﬂfs 0. Furthermore, for = € (l’é\il, xév)
Fy(z) < Fo(zY) < Fp(@) + RY < P(z) + RY + 4,
Fo(x) = Fo(25-y) 2 F(23°y) = Ry > F(2) = Ry — 5,

thus, for each N =1,2,...

sup widehatFy, (z) — F(z)| < +  + RN H—oo>fs %
z€R

Since the left-hand side does not depend on NN, the assertion follows with N — oco. O
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9 Weak convergence

For measurable spaces, we have often used the Borel o-algebra, i.e. the o-algebra that is
generated by a topology. In this section we will often assume that the topological space is
Polish, i.e. separable and metrizable by a complete metric; recall from Definition A.1 in the
manuscript on measure theory. To save us some work, we will assume throughout that (E,r)
is a metric space and sometimes we will assume that it is complete and separable.

For a measurable mapping f : E — R and a measure p on B(E) (the Borel’s o-algebra of
E) we will use throughout this and the next chapter the notation

L f] :Z/fdu-

9.1 Definition and simple properties

So far, we have dealt with different types of convergence of random variables. The convergence
in distribution of random variables is the same as the weak convergence of the distributions
of random variables. For the motivation behind the following definitions, let us recall a fact:
in a metric space (E,r) we have z,, ——— z if and only if f(z,) —— f(z) for all continuous

functions on E (i.e. f € C(E,R)).
Definition 9.1 (Weak convergence and convergence in distribution).

1. We denote by P(E) the set of probability measures on B(E) and with P<i(E) the set of
finite measures p on B(E) with p(E) < 1. Further, C,(E) is the set of the real-valued,
bounded, continuous functions on E and C.(E) C Cy(E) is the set of the real-valued,
bounded continuous functions on E with compact support.

2. A sequence P1,Pg,--- € P(E) converges weakly to P € P(E), if
P, [f] === PIf] (9.1)
for all f € Cy(E). We then write

P, ==X P.

3. Let py, pa, -+ € P<q and p be a measure on E. If (9.1) only applies to all f € C.(E),
we say that p, converges vagely to u. We then write

n—oQ
M,n :}v M

4. Let X, X1, Xs,... be random variables on probability spaces (2, A, P), (Q1,A1,Pq),
(Qo, A2, P2), ... with values in E. Then, X1, Xs,... converges in distribution to X if

n—oQ

(Xn)«Pn == X, P. We then write

X, =X X.

Remark 9.2. 1. Note that for random variables X, X1, Xo, ... with values in E, we have
n—oo

Xn=—= X if
P[f(X,)] == P[f(X)]
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for all f € Cy(E). Many of the following results can therefore be formulated in two
ways: either by means of probability distributions, or by means of random variables.
The connection here is always that the statement about the probability distributions is
also a statement about the distributions of the random variables.

2. The weak limit of probability measures must again be a probability measure, since 1 €
Co(E). The vague limit of probability measures does not necessarily have to be a proba-
bility measure, since 1 ¢ C.(E) if E is not compact; see also Example 9.3.1. After all,
the vague limit is in P<1(E), as Lemma 9.12 shows.

3. We already know the almost sury convergence, the convergence in probability, and the
convergence in LP of random variables X1, Xo,... to X. The difference to convergence
i distribution is that the latter does not require that the random variables are defined
on the same probability space.

4. By Definition 9.1, the topology of weak convergence on P(E) is the weakest (i.e. the
smallest) topology for which P +— P[f] for all f € Cy,(FE) is continuous.

Example 9.3. 1. Let x, 21,72, € R with z, 2—>5 2 and P = 6,,P; = 0z, P2 =
0zyy--. Then, P, 22X P, since

for all f € Cyp(R).
n—oo

If the sequence x1,xa,... diverges, for example x, = n, then P, ——, 0 (this is the
0-measure on B(R)), since

Py[f] = f(wn) == 0 = 0[]
for all f € C.(R). However, weak convergence does not hold, since P,[1] =1 # 0 = 0[1].

2. Let X, X1, Xo,... be identically distributed. Then X, LU X, but in general the
convergence is neither almost sure, nor in probability nor in LP for any p > 0.

3. As we will see, the Central Limit Theorem (Theorem 10.8), is a result about conver-
gence in distribution. In its simplest form, the theorem of deMoivre-Laplace (see also
Remark 9.8 and Example 9.34), it states: let p € (0,1), X,, ~ B(n,p),n=1,2,... and
X ~ N(0,1). Then,

An P nzx x
np(1 —p)

4. Similarly, the Poisson approximation of the binomial distribution is a statement about
convergence in distribution (see the course in Basic Probability and Theorem 10.5): let
X, ~ B(n,pn),n=1,2,... withn-p, — X and X ~ Poi(\). Then,

n—oo

X, — X.

Lemma 9.4 (Uniqueness of the weak limit). Let P,Q,P, Py, --- € P(E) with P,, === P

n—oQ

and P, == Q. Then P = Q.
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Proof. According to Proposition 2.11 it suffices to show that P(A) = Q(A) for all closed
A C E. (The set of all closed sets is a N-stable generator of B(E).) So let A C E be closed.
We set

r(xz,A) := inf r(x,y)

yeA
and
fm(z) = (1 —m-r(z, A)T.
form=1,2,.... Then f,, 7% 14, since A is is closed. Then, using cominated convergence,
P(A) = lim P[f,] = lim lim P,[f,] = lim lim Q[f,] = Q(A4)
m—00 M—00 N—00 M—00 M—00
and the assertion follows. ]

Recall the initial figure of Chapter 7. A sequence of random variables can converge almost
surely, in probability, in £P or in distribution. Convergence in distribution is the weakest of
these terms in the following sense.

Proposition 9.5 (Convergence in probability and in distribution). Let X, Xi, Xo,... be
n—oo n—oQ

random variables with values in E. If X;, ——, X, then X,, == X. If X is constant, the
inversion also applies.

n—oo

Proof. Let X,, ——, X. Suppose that there is an f € Cy(E) such that lim, .. P[f(X,)] #
P[f(X)]. Then there is a subsequence (ny)r=1,2,.. and a ¢ > 0 with

lim [P[f(X,,)] — P[F(X)]| > <. 92)
Because of X, w—oo>p X and Proposition 7.6 there is a subsequence (ny,)s=12,.. such that

Xnk[ 2%, X almost surely. By dominated convergence, this would imply

Jim Pf(X, )] = Pf(X)
—00
in contradiction to (9.2).

For the inverse, let X = s € E. Note that © — r(z,s) A 1 is a bounded, continuous
function and therefore

n—00

P[r(X,,s) N1] — P[r(X,s) A 1] = 0.

Thus, X,, ——>%, X holds because of (7.1). O
Theorem 9.6 (Portmanteau theorem). Let X, X;, Xo,... be random variables with values

in E. The following conditions are equivalent:

(i) X, ==X

(i) P[f(X,)] == P[f(X)] for all bounded, Lipschitz-continuous functions f.
(i) hnniioI.}fP(X” € G) > P(X € G) for all open G C E.

(iv) limsupP(X,, € F) < P(X € F) for all completed F C E.

n—o0
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(v) lim P(X, € B) =P(X € B) for all B € B(E) with® P(X € 0B) = 0.

Proof. (i) — (ii): clear.

(ii) = (iv): Let F C E be closed and f1, fo,... Lipschitz-continuous such that fj | 1p. (For
example, one chooses ¢ | 0 and fi(z) = (1 — ér(a:,F))J“, where r(z, F') := infycpr(z,y).)
This means that

limsupP(X, € F) < inf limsupP[fx(X,)] = kinP[fk(X)] =P(X eF).

n—roo =12,... n—ooo

(1931) <= (iv): That is clear. For (iii) = (iv), set F' := E \ G and for (iv) = (ii7), set
G:=FE\F.
(7i1) = (i): Let f > 0 be continuous. By Proposition 6.10 and Fatou’s lemma,

P[f(X)]:/OOOP(f(X)>t)dt§/ooolimian(f(Xn)>t)dt

n—o0
<liminf [ P(f(X,) > t)dt = liminf P[f(X,)].
n—oo 0 n—o0

For —c < f < ¢, since —f + ¢ > is0,

limsup P[f(X,,)] = ¢ — liminf P[—f(X,,) 4+ ¢] < ¢ — P[-f(X) + ] = P[f(X)]

n—00 n—00

< liminf P[f(X)],

thus P[f(X,)] — P[f(X)].
(1), (iv) — (v) For B € B(E),

P(X € B°) <liminf P(X, € B°) < limsupP(X,, € B) <P(X € B).

n—o0 n—00

n—oo

Given P(X € dB) = P(X € B) — P(X € B°) = 0, therefore P(X,, € B) —— P(X € B).
(v) — (iv): Assume (v) is true and F' C E is closed. We write F*© :={z € E :r(z,F) < &}
for € > 0. The sets 0F° C {z : r(z, F) = ¢} are disjoint, so

P(X € 0F°) =0 (9.3)
for Lebesgue-almost every €. Let €1,e2,... denote a sequence with £ | 0 such that (9.3)
holds for all €1, &9, .... This means that

limsupP(X, € F) < inf limsupP(X, € F**) = inf P(X € F*")=P(X € F).

n—oo k=12,... n—oo k=12,...
O
Corollary 9.7 (Convergence of distribution functions). Let P,P1,Pg,--- € P(R) with distri-

bution functions F, Fy, Fy, ... ThenP,, 222 P ezactly if F(x) oz, F(x) for all continuity
points x of F.

3For the closure B and the interior B° denote here B := B\ B° the edge of B.
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Proof. '=": If x is a continuity point of F', then P(9(—o0;z]) = P({z}) = 0. This means
that — according to Theorem 9.6 (direction (i) = (v)) — that

n—oo

Fn(2) = Pn((—00;2]) —= P((—00;2]) = F(z).

'<": According to Theorem 9.6 (direction (ii) = (i)), it suffices to show that P, [f] ——= P|[f]
for all bounded, Lipschitz functions f. Wlog, we assume that |f| < 1 and f has Lipschitz
constant 1. For ¢ > 0 choose N € N and continuity points yy < -+ < yny of F, so that

n—oo

F(y) <e, Flyn) >l —cand y; —yi—1 <efori=1,...,N. Then F,(y;) — F(yz) and

N-1

f< 1 —00,%0] +1 (yn,00) T yz,yiﬂ]v
z:1

as well as

N
lim sup Py, [f] < limsup Fyi(yo) + 1 — Fu(yn) + > (f (i) + &) (Fulyi) — Fu(yi-1)

n—00 n—00 ;
i=1

N
< 3¢+ Zf(yi)(F(yi) — F(yi-1)) < 4e + P[f].

With € — 0 and by replacing f with 1 — f, we find P, [f] =2 P[f]. O

Remark 9.8 (The Theorem of deMoivre-Laplace). In Example 9.3 we claimed that deMoivre-
Laplace’s Theorem makes a statement about weak convergence. The Theorem states that for
B(n, p)-distributed random variables X,, n =1,2, ...,

P ) =2 0t

where ® is the distribution function of the standard normal distribution. As Corollary 9.7
shows, this means exactly the convergence in distribution to a standard normal distribution.

Corollary 9.9 (Slutzky’s Theorem ). Let X, X1, Xo,...,Y1,Ya, ... be random variables with

n—oQ 7’1—)00 n—o0 X

values in E. If X, == X and r(X,,,Y,) —, 0, then Y,

Proof. Let f : E — R be bounded and Lipschitz-continuous with Lipschitz constant L. Then,

[f(@) = fW)l < L-r(z,y) A2l f]loo)

for all x,y € E. From this,

limsup E[f(X;) — f(Y,)] <limsupE[L - r(X,,Y,) A (2]|flle)] =0

n—oo n—oo

according to Lemma 7.5. Thus,

lim sup [E[f(Y,)] — E[f(X)]| < limsup [E[f(Ya)] — E[f(X,)]| + [E[f(Xa)] - B[f(X)]| =0,

n—00 n—oo

and the claimed convergence follows with Theorem 9.6. O
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Theorem 9.10 (Continuous mapping theorem). Let E be separable, (E',r") another metric
space and ¢ : E — E' measurable and U, C E the set of discontinuity points of ¢.

n—0oQ

1. If P,P{,Py,--- € P(E) and P(U,) =0 and P, == P, then ¢.P, ==X o, P.

2. If X,X1,Xo,... are random variables with values in E and P(X € U,) = 0 and
X, — nog X, then also p(X,) == p(X).

Proof. First, we note that 2. is an application of 1. if one sets P,, = (X,,),P. The set U, is
Borel-measurable, since

Uy ={x € E: 3y,z € Bs(x),r'(o(y), p(2)) > €}

is Borel-measurable (here the separability of E is included) and

[j ﬁ 1/k, 1/n

Let G C E' be open and z € ¢~ 1(G) N Ug. Since ¢ is continuous in z, there is a § > 0 with
o(y) € G (i.e. y € o 1(G)) for all y with r(z,y) < &. Therefore, o~ (G) NUS C (¢~ 1(G))°.
This follows with Theorem 9.6 (direction (i) = (#4i))

)

p.P(G) =Py~ 1(G)) =P(p ' (G)NUZ) < P((¢™1(G))°)
<liminf P, ((¢~1(@))°) < liminf P, (¢ 1(G)) = liminf ¢, P,(G).

n—oo n—oo n—oo

n—oQ
O

Again due to theorem 9.6 (direction (iii) = (7)), this implies p.P,, —= ¢.P.

Apart from the vague convergence, convergence in distribution is the weakest form of conver-
)

gence. However, there is a connection with almost sure convergence, as the following theorem

shows.

Theorem 9.11 (Weak and almost sure convergence, Skorohod). Let X, X1, Xo,... be random

variables with values in a complete and separable space (E,r). Then, X, g@ X holds if
and only if there is a probability space on which random variables Y,Y1,Ys,... are defined

with Yy, 2% Y and Y £ X, V1 £ X1,V £ X, ...

Proof. ’<’: This is clear, since almost sure convergence implies weak convergence (see Propo-
sition 9.5).

'=": We extend the probability space on which X is defined, and we set ¥ = X. Let
E = {1,...,m} be finite, U be uniformly distributed on [0, 1] and independent of Y, and
Wi, Ws, ... independent with

P(X, =k) — P(X = k) AP(X, = k)

P(W, =k) = 1-S P(X=0)AP(X, =)

We set Y,, = k if either
P(X, =k)
X=ktkandU < ——" 2
MY =PXx =k
o P(X, =)
X:landU>mande:k.
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P(X, = k)
P(X =k)

- B P(X, =I\t+P(X,=k) - P(X =k) AP(X,, = k)
+ZP(X—Z)‘(1_P(X:U) -5 P(X =) AP(X, = 1)

A1

P = _ _P(X, = k)~ P(X = k) AP(X, = k)
+ ;(P(X =) = P(X, =) AP(X = 1)~ S B = I ABCE. = 7]

n—0o0

Thus Y, £ X,. Since according to the condition P(X,, = k) —— P(X = k), the almost
sure convergence follows.
For general E, let p = 1,2,... and choose a partition of F in sets By, Bo,... in F with
P(Y € 0By,) = 0 and diameter at most 277. Choose m large enough, so that P(Y ¢ By) < 277
Wlth By :=FE\ Uk<m By. For k =1,2,..., define random variables Z Zl, ZQ, .. such that

n—oQ

= k exactly when Y € B and Zn =k if Y, € Bg. Then Z 22X 7. Since Z Zl, ... only
takes values in a finite set, we can use random variables Z, Z1, Zo, ... with Z, H—Oo>fs Z.

Furthermore, let W), ;. be random variables with distribution P[X,, € .|X,, € Bx] and Yn,p =
> Whilz, =k, so that Y np = X for all n. It is now clear

{r(f/n,p, Y) > 2*1’} C {Z,# ZYU{Y € By).
Since Z,, ﬂh\—Oo>fs Z and P{Y € By} < 27P, for each p there are numbers n; < ng < ... with

( U {rp Y >2‘p}) <27P

n>np

for all p. With the Borel-Cantelli lemma we get

sup r(?n,p,Y) <27P

n>np

for almost all p. We therefore define Y,, := ?mp for n, < n < npy1 and note that X,

Vo, 2% Y.

O Il

9.2 Prohorov’ Theorem

In this section, we first examine the concept of vague convergence. We will restrict ourselves to
the space F = R. (Most of the statements shown here are still valid in locally compact spaces).
It is already clear that weak convergence of distributions implies vague convergence (since all
continous functions with compact support are bounded), and that the weak convergence is
equivalent to the convergence of the distribution functions (Corollary 9.7). The main result
here is the theorem of Helly (Theorem 9.13), which states that every sequence of probability
measures has a vaguely convergent subsequence.
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We then examine the question when a sequence of probability measures also has weakly
convergent subsequence. This leads us to the notion of tightness of probability measures and
Prohorov’s theorem (Theorem 9.19).

As we have already seen in Remark 9.2.1, it can be that the vague limit measure of probability
measures is not a probability measure. However, the following result shows that the limit
measure has total mass at most 1.

Lemma 9.12 (Mass loss at vague convergence). Let P1,Pa,--- € P(R) and u a measure on
n—oo

B(R) with Py[f] —— p[f], f € Cc(R), then p € P<1(R) applies.

Proof. Let f1, fa, - € Cc(R) with f; 1 1. Then with monotonic convergence

p(R) = sup p[fx] = suplimsup P, [fi] < 1.
keN keN n—oo

O]

Theorem 9.13 (Helly’s theorem). Let P1,Po,--- € P(R). Then there is a subsequence

(ng)k=12,... and a p € P<1(R) with Py, IH:OO>U L.

Proof. Let Fy, Fy,... be the distribution functions of Py, Py, ... Further, let (z1,z2,...) be
a count of Q. Since [0, 1] is compact, for each sequence there is (F},(x;))n=12,.. & convergent
subsequence. By means of a diagonal argument, there is a sequence (ny)r=1,2, . such that
(Fng (24))g=1,2,... for all i against a limit G(x;) converges to Q. We define

F(z):=nf{G(r):r € Q,r > x}.

Since all F,, and therefore G have non-negative increments, the same applies to F. From
the definition of F' and the monotonicity of G, it also follows that F' is right-continuous.
According to Proposition 2.19, there is a measure p on R with u((z,y]) = F(y) — F(z) for
all z,y € R,z < y. It remains to show that P,[f] oo p[f] for all f € C.(R). Wlog we can
assume that f > is0.

It is F,(z) ==>2 F(x) at all continuity points « of F by construction. There is a countable
set D C R such that F is continuous on D€ is continuous. This means that P, (U) == u(U)
for all finite unions U of intervals with vertices in D¢. Now let B C R be open and bounded.
Let Uy,Us, ... and V7, Vs, ... be sequences of finite unions of open intervals with vertices in

C such that such that U, 1 B, Vi, | B. Then,

w(B) = klim w(Uy) = lim liminf P, (Uy) < lirginf P,.(B)
—00 n—oo

k—o0 n—o0

<limsupP,(B) < lim limsupP,(V}) = klir{:o w(Vi) = u(B).

n—00 k—00 n—oo

Since p(f =t) > 0 for at most countably many ¢, and since P,,(f > t) < 1,57, it follows
with dominated convergence

u[f]:/Ooou(f>t)dt§/Ooolimiann(f>t)dt:hminf OOPn(f>t)dt:linrgi£fEn[f]

n—oo n—oo 0

<limsup P, [f] = limsup/ P,(f > t)dt :/ limsup P, (f > t)dt < / u(f >1t)
n—00 n—oo J0 0 n—00 0

= p[f].
O
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We now return to the case of a general metric space (E,r). To show the existence of ac-
cumulation points in the sense of weak convergence, it must be ensured that limit measures
are again limit measures are again probability measures. In particular no mass is lost at the
boundary crossing as in the case of vague convergence (see Lemma 9.12). Here, the concept
of tightness is central.

Definition 9.14 (Tightness). Let KC be the system of all compact sets in E. A family (P;)ier
in P(E) is tight, if

sup inf P;(K) = 1.
Kek el

A family (X;)icr of E-valued random variables is tight if ((X;)«P)icr is tight, i.e.

sup inf P(X; € K) = 1.
Kek el

Remark 9.15 (Equivalent formulations). 1. The definition of the tightness of a family
(Pi)icr in P(E) is equivalent to the following condition: for all € > 0 there exists
K C E compact with inf;e; P;(K) > 1—¢.

2. If E=RY, a family (P;)icr is tight if and only if

supinf P;(B,(0)) =1,
r>0 1€l

where By (0) is the sphere around 0 with radius r.

3. In Lemma 2.9 we have shown that P € P(E) is tight if (E,r) is complete and is
separable. It also follows that every finite family of probability measures on the Borel’s
o-algebra of a Polish space is tight.

4. Further, a countable family (P;)i=12,.. is of probability measures on a Polish space (E,r)

1s tight if and only if

sup liminf P;(K) = 1.

Kek i=1,2,...
Proof. '=’: This is clear, since liminf;—; o  P;(K) > inf;—; o  P;(K) = 1.
<" Let ¢ > 0 and K such that liminf;—; o P;(K) > 1—¢/2. Choose N such that
infini1,n42,.. Pi(K) > 1—¢ and Kjy,..., Ky compact such that P;(K;) > 1 — ¢ for
i=1,...,N. Since K = K UK; U---U Ky is compact and inf;—1o  P;(K)>1—¢
the tightness of (P;);j=1,2,.. follows. O

Example 9.16 (Tight sets of probability measures). 1. If E is compact, every family of
probability measures on B(E) is tight.

2. A family (X;)ier of real-valued random variables with

sup P[|X;|] < oo,

el
1s tight. This is because
Pl X;
inf sup P(|X;| > r) < inf sup PlIX =0.
>0 eg r>04er T
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3. The family (65)n=12,.., where oy, is the Dirac measure on n, is not tight.

Lemma 9.17 (Vague convergence and tightness). Let P1,Pa,--- € P(R) and p € P<i(R)
with

n—oQ

P, —, u.
Then
p(R) =1 = (Pp)n=1,2,.. is tight
. In this case, P, R L
Proof. For r > 0 choose a g, € C.(R), 1g,.(0) < 9r <1p,,,(0)- Then (Py)n=1,2,.. is tight if and

only if
sup liminf P, [g,] = 1.

>0 n—oo
'=’: Since p is continuous from below, we find

1 = sup u(Br(0)) < sup p[gr] = supliminf P, [g,] < 1.
r>0 r>0 r>0 "0

<" Let (Py)n=12,.. be be tight. Then, from Lemma 9.12,

1> u(R) = sup pu(B,(0)) = sup plg,] = supliminf P, [g,] = 1.
r>0 r>0 r>0 N

It remains to show the weak convergence. Assuming that (P,,),—12, . is tight and f € Cy(R).
Then,

lim sup [Py [f] = plf]| < inf lim sup (IPulf = forll + [Pulfarll = ulfgell + lulf = farll)

n—oo
< inf li P,.(B-(0)°) + inf u[B,(0)°] =0,
< |/} inf i sup P (B, (0)°) + inf u[Br(0)] =0
and P,, Z== 1, follows. O

n—oQ

Corollary 9.18 (Weak convergence and tightness). Let P,Py,Py,--- € P(R). If P,, —
P, then (Py)nen is tight.

Proof. Since weak convergence of Py, Po, ... to P implies vague convergence, for P, P, Ps, ...
the conditions of Lemma 9.17 and P(R) = 1 are satisfied. Therefore, (P,,),en is tight. O

To determine the weak convergence of probability measures Theorem 9.6 is helpful. We now
turn to the question whether a sequence of probability measures can have an accumulation
point. This means that there is a subsequence that converges weakly to a probability measure.

Theorem 9.19 (Prohorov’s theorem). Let (E,r) be complete and separable and (P;)icr a
family in P(E). The following are equivalent:

1. The family (P;);cr is relatively compact with respect to the topology of weak convergence,
i.e. every sequence in (P;);cr has a weakly convergent subsequence.

2. For every e >0 there is an N € N and x1,...,xny € E, so that

N
EPi(HBE(azk)) >1-c.
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3. The family (P;);er is tight.
Proof. Let x1,x3,... be a dense subsequence in E (which exists since (E,r) is separable).
1. = 2.: Suppose 2. is not true. Then there is ¢ > 0 and for each N =1,2,... a P;, with
P;, (Ugil B, (xk,)> < 1—¢. By relative compactness, there would then be some subsequence

(P, )a=1,2,.. which is weakly convergent to some P € P(FE). Thus, because of Theorem 9.6
((7) = (zi1)) we find that

N N
1:PE:supP( B x~)§suplimian~ < B a;~)§1—€,
() = sup P(U Bw) < sup tninf P, (U B
thus a contradiction.
2.= 3. Let e > 0. For j =1,2,... we choose z;1,...,2;N; such that

N;
inf Pi(kL_Jl By (xjk)) >1- €279,

We further set
0o Nj
K = ﬂ U B.o—j(xjk).
j=1k=1

Then K C FE is totally bounded by construction, according to Proposition A.9 therefore
relatively compact, so K is compact. Furthermore

o0 N;
sup Py(K°) < sup >_ Py ) (Baps (o0))°) <.
i€l iel o o1

Thus the family (P;);er is tight.

3. = 1.: Let P1,Po,... be a sequence in the family of the family (P;);c;. The aim is to find
a convergent subsequence. For this purpose, we choose compact sets K1 C Ko C --- C E
with inf,—1o . Pp(K;) > 1 —1/j. Further, we choose the system of compact sets

N
K = {kL:JlKjk N B., (z): N,js € N, s € @+}.

Since K is countable, we can use a diagonal argument in order to create a subsequence
P, ,P,,,... from Py, Py, ... sothat P, (A) converges for all A € K. Define the set function

w1 on K by

p(A) = lim Py, (A4), Aek.
k—o0

Our goal is to construct a probability measure P, such that, for all open sets B,

P(B) = K;ggBu(A)- (9.4)

Indeed, if we find such a P, we can write for B open

P(B)= sup lim P, (A) <liminfP,, (B),
K3ACB k—o00 k—o00
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and Py, 2% P follows by Theorem 9.6. In order to find P, we are going to construct an

outer measure 7y, and show that the open sets are y-measurable. Then, P can be defined via
~ on the o-algebra of all measurbale sets; see Lemma 6.2.

We first extend u to all open sets (giving rise to 8 below), and directly construct v by
setting

WC) = _if B(B), B(B)= sup u(K).
B2C open K>KCB

So, B is defined on all open sets, and, by construction, 8 is monotone, additive, sub-additive,
and v = (8 on all open sets.
We claim that

v is an outer measure and all closed sets are y-measurable. (9.5)

(Recall that C is measurable with respect to the outer measure v, if v(S) > v(SNC)+~(SNC°)
for all S C FE; see Definition 2.1.6 and sub-additivity of ). Then, we write for B open
P(B) = v(B) = B(B) = supgsacp 1(A), i.e. (9.4) follows.

In order to show (9.5), we proceed in steps:

Step 1: If F C BN K is closed, with B open and K € K, then there is K' € K with
F CK' CB.

For each x € F, choose ¢(r) € Q such that B.(,)(z) € B. Since (B.(;)(7))zer is an open
cover of FF'N K, which is compact, there must be a finite subcover, i.e. some F' = FN K C
Uf:;l B_(z,)(n) N K € B. We can now read off the required K'.

Step 2: ( is o-sub-additive on the open sets.

For finite sub-additivity, let B, By be open, and K © K C By U Bs. Define

Fy:={x € K:r(z,Bf) >r(z,BS}, Fy:={xeK:r(zx,Bs)>r(z,B})}.

Note that F}; C By: Indeed, if z € F; C K C By U By and « € By \ By, then 0 = r(z, Bf) <
r(z, BS) since B is closed, which is a contradiction. Analogously, F» C Bs.

So, for i = 1,2, we find F; C B; N K, and we find K; € K with F; C K; C B; with Step 1. So,
note that F; U F5 = K, and we can write

p(K) < p(K1 U Ks) < p(Kq) + p(K2) < B(B1) + B(Ba).

Finite sub-additivity follows by taking the supremum over K 5 K C Bj U Bs on the left hand
side. For o-sub-additivity, take K 5 K C |J;2; B,,. Since K is compact, choose ng such that
K CJr°, B, and write

o

p(k) < 8( | Ba) <30 8(B.) <3 (B,
n=1 n=1

n=1

Then, o-sub-additivity by taking the supremum over K 5 K C (77| By, on the left hand side.
Step 3: v is an outer measure.

Since () = 0 and ~ is monotone by construction, it remains to show o-sub-additivity. If
§1,52,... C E, let € > 0 and choose By C Sy, B2 C Sy, ... open with 3(B,,) < v(S,) + &/2™.
Then, using Step 2,

(U5 =o(U) = Sama <+ s
n=1 n=1 n=1 n=1
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The assertion follows by letting € | 0.
Step 4: Closed sets are v-measurable.
It suffices to show
B(B) zy(FNB)+~(F°NB)

for F' closed and B open. Once this is shown, consider an arbitrary S and B 2 S open. Then,
B(B)>~v(FNB)+~(F°NB)>~FNS)+~v(F°NS) by monotonicity og v. From here, the
assertion follows by taking infpcs open On the left hand side.
So, let F' be closed and B be open and € > 0. Choose Ki,Ky € K with K1 C F°N B
and Ko C K{ N B (in particular, K, Ko are disjoint) with u(K;) > B(F°N B) — ¢ and
u(Ks2) > B(K$ N B) —e. Then, since B(K{N B) > ~(FNB)

B(B) > p(K1 U Ks) = p(Kq) + p(K2) > v(F°N B) +v(K{ N B) — 2.

By letting € — 0, this concludes the proof, i.e. (iii)=-(i) is shown. O

9.3 Separating classes of functions

Now we will introduce separating classes of functions. In particular, this will shed some
light on the usefulness of characteristic functions and Laplace transforms of distributions (see
Definition 6.11). These are based on two specific classes of functions that are separating.

Definition 9.20 (Classes of functions separating points and separating function classes).

1. A function class M C C(FE) is said to separate points in E if for all x,y € E with x # y
there exists an f € M with f(x) # f(y).

2. A class of functions M C C(E) is called separating in P(E) if from P,Q € P(E) and

Plf] = Qlf] for all f € M
implies that P = Q.

Example 9.21. 1. The class of functions M := Cy(FE) is both, separating points and
separating. Namely, if © # y, then z — r(z,z) A1 is a bounded, continuous function
that separates x and y. Furthermore, if P,Q € P(E) and P # Q, then there is an
open ball A with P(A) # Q(A). Let fi, fo,... be a sequence in Cp(E) with fp, T 1a. If
P(f.] = Q[fn] for alln=1,2,..., then it would also

P(4) = lim P[f,] = lim Q[fs] = Q(4)
in contradiction to the assumption.

2. The class of functions {x + cx : ¢ € R} of all linear functions separates points, but is
not separating.

The next result requires the Stone-Weierstrass theorem, which we repeat first.

Definition 9.22 (Algebra). A set system M C C(FE) is called an algebra, if 1 € M, and if
o, B € R and it contains f,g it also contains of + Bg, as well as fg.
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Theorem 9.23 (Stone-Weierstrass). Let (E,r) be compact and M C Cy(E) an algebra sep-
arating points. Then, M is dense in Cy(E) with respect to the supremum norm.

Proof. See some lecture on Analysis. O

Theorem 9.24 (Algebras separating points and separating algebras).
Let (E,r) be complete and separable. If M C Cy(E) separates points and is such that f,g € M
implies fg € M. Then M is is separating.

Proof. Let P,Q € P(E). Without restriction, 1 € M, since P[1] = Q1] always holds. Thus
M is wlog an algebra. Let € > 0 and K be compact such that P(K) > 1—¢, Q(K) > 1—¢. For
g € Cp(E), according to the Stone-Weierstrass Theorem 9.23 there is a sequence (gn)n=12....
in M with

n—oo

sup |gn(z) — g(2)] 0. (9.6)

zeK

Now,

2

[Plge=9"] — Qlge*"]| < [P[ge*"] — Plge *9"; K|
+|[Plge™*"; K] — Plgne % K]|
+ [Plgne™*9%; K] — Plgne™9%)|
+ [Pgne™9%] — Q[gne ]|
+]Qlgne "] — Qlgne*; K|
+]Qlgne "] — Qlge™"; K|
+]Qlge™*"; K] — Qlge "]

We restrict the first term by

[Plge9"] — Plge9"; K]| < EP(KC) < Cye
NG
with C' = sup,~ a:e_””Q; analogous to the third, fifth and last terms. The second and penul-
timate terms converge to 0 for n — oo due to (9.6). Since M is an algebra, gne_egf% can be
approximated by functions in M, which means that the fourth term for n — oo converges to
0. This means that

[Plg] - Qlgl| = lim [Plge™*"] ~ Qlge**"]| < 4C lim V= = 0.

Since g was arbitrary and Cy(F) is separating, P = Q follows. O

We now come back to the characteristic function and the Laplace transform. As already
mentioned, the usefulness of the characteristic function and the Laplace transforms is due to
the fact that they are distribution-determining.

Proposition 9.25 (Characteristic function distribution-determining).
A probability measure P € P(R?) (P € P(]Ri)) s uniquely characterized by the characteristic
function Yp (the Laplace transform £p ).
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Proof. We show the statement only for characteristic functions that are proven for Laplace

transforms is proven analogously. We establish that the set M := {z — ¢t € R?} in
R? separates points. Since M C Cy(R?) and is closed under product formation, it is also
separating according to theorem 9.24. This finishes the proof. O

Corollary 9.26 (Independence and characteristic function). 1. A family (X;),ecr of real-
valued random variables is is independent if and only if for all J Cy I

E { I1 e“f‘Xj} = [T Bl (9.7)

jeJ jeJ
for all (t;);es € R is valid.

2. A family (X;)jer of random variables with values in Ry is independent if and only if

forall JCy 1
B[ T[] = T[ i)

jel jed
for all (tj)jes € RY applies.

Proof. We only show the first statement, the second follows analogously. If (X;);er is inde-
pendent, then according to Lemma 8.4, the random variables (ei%i%i);c; for all (¢;)je; € R’
are independent. Thus, (9.7) follows from Proposition 8.5. Conversely, the following applies.
On the one hand, the left-hand side of (9.7) represents the characteristic function of the
distribution ((Xj;);jes)«P. On the other hand, the right side of (9.7) is the characteristic
function of );c;(X;)«P. Since the characteristic function according to Proposition 9.25 is
the joint distribution of (Xj);e, is uniquely determined, ((X;)jes)«P = @,c;(X;)P. The
independence of (X);er thus follows from Proposition 8.2. O

9.4 Lévy’s theorem

We now want to analyze the relationship between weak convergence and the convergence
of the characteristic functions of the underlying distributions. Let P, Py, Py, --- € P(RY).
How to get from Proposition 9.27, the weak convergence follows P, 22 P follows from
the pointwise convergence of the characteristic functions, ¢p, (t) ~——s ¢p(t), t € R?, given
(Pp)nen is tight. The decisive factor is that the tightness of the family (P, ),en can also
be read from the characteristic functions as we will show in Proposition 9.32. This leads to
the statement of Lévy’s continuity theorem (Theorem 9.33), which states when the pointwise

limit of characteristic functions is again a characteristic function of a probability measure.

Proposition 9.27 (Separating class of functions and weak convergence). Let (E,r) be com-
plete and separable and P,P1,Py,--- € P(E). Then the following are equivalent:
n—oQ

1. P, 22X P.

2. (Pp)n=1,2,.. is tight and there is a separating family M C Cy(E) with
P,[f] 2= P[f] for all f € M.
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Proof. 1. = 2. According to Corollary 9.18, we have that (Py),=1,2, . is tight. The second
part of 2. holds because of the definition of weak convergence.

2. = 1. Suppose (Py,)n=1.2,.. is tight and Py, Ps,... does not converge weakly to P. Then
there is € > 0, some f € Cy(F) and a subsequence (ny)g=12,... such that

P, [f] — P[f]| > € for all k. (9.8)

According to theorem 9.19 there is a subsequence (ny,)¢=12.. and a Q € P(E), such that

Py, = Q. Because of (9.8),

[PLf] = QL) = [liminf (PLf] = P, ) + lim inf(Pu, [£] - QIFDI > =,
in particular P # Q. On the other hand, for all g € M we have
Plg] = lim Py, [g] = Q[g].
Since M is separating, this is a contradiction and 1. is shown. O

Let P € P(R) and ¢p be its characteristic function. We first show an estimate, which is
important to relate tightness and ¥p.

Lemma 9.28 (Tightness and the characteristic function function). Let P € P(R). Then for
allT >0

r 2/r
P((~ooi—r]Ufrsoc) < 5 [ (1 um (), 99)

Proof. 1t is sin(z)/x < 1 for x < 2 and sinz < z/2 for x > 2. Let X be a random variable
with distribution P. Therefore, for every ¢ > 0 according to Fubini,

/1(1 — gp(t))dt = P[/Cc(l . eitX)dt] —P [20 - %eﬂ‘c }

t=—c

cX
{ 1 sin(cX)
cX

JeX| > 2}
> ¢ P(|eX] > 2) = cP((—00; —2] U [2;00)),
and the assertion follows with ¢ = 2/r. O

Definition 9.29 (Uniform continuity). We repeat a definition from calculus. A set M C
C(RY) is called uniformly continuous in x € R? if

sup [f(y) — f(z)]

fem

Yy—x

— 0.

Remark 9.30 (Equivalent condition for sequences). If M = {fi, fa,...}, then the condition

limsup | fa(y) — fa(z)] 2250

n—oo

equivalent.
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Lemma 9.31 (Uniform integrability and convergence). Let fi, fa,--- € C(R?), so that
In LA f pointwise for a function f: R* — R. Then f is continuous in 0 iff (fr)n=1,2,.. s
uniformly continuous in 0.

Proof. If (fn)n=12,... is uniformly continuous in 0, then

’ﬂﬂ—ﬂmhﬁﬁgﬁﬂﬂ—%@mSthMh@yJMmyiga

n—o0
Conversely, if f is continuous in 0, then

t—0

limsup | fn (£) = fn(0)| < limsup [ £ ()= f () |41/ ()= f(0)|4]£(0) = fn(0) = [f(£) = £ (0)] — 0.

n—oo n—oo

O

Proposition 9.32 (Tightness and uniformity continuity). Let (P;)ic; be a family in P(R?).
If (Yp,)ier is uniformly continuous in 0, then (P;)icr is tight.

Proof. Tt suffices to show that ((mx).«P;)icr is tight for all projections 71, ..., 74. Apparently,
Vimp).p; (t) = ¥p,(tey), if ep is the k-th unit vector. It is therefore sufficient to prove the
assertion in the case d = 1. Since ¢p,(0) = 1 for all i € I, we conclude from uniform

continuity that
t—0

sup |1 — ¢p,(t)] — 0,
el

thus, see Remark 9.15,

2/r
supinf P;([—-r;7]) > 1 — inf sup T/ (1 —p,(t))dt
r>0 i€l >0 jer 2 J o)y

r 2/r
Zl—inf/ sup |1 — tp. ()] dt
r>02 J o/ iel

>1—2inf sup supl|l—yp,(t) =1.
m>0¢e(0;2/7] i€l

This shows the assertion. O

Theorem 9.33 (Lévy’s continuity theorem). Let Py, Py, --- € P(R?) and ¢ : RY — C, so

that p, (1) —— (t) for all t € R If ¢ is continuous in 0, then P, == P for a
P ¢ P(RY) with ¢p = ).

Proof. Since 1p, converges pointwise to a function ¢ which is continuous in 0, it follows
from Lemma 9.31 that (¢¥p, )n=12,.. is uniformly continuous in 0. With Proposition 9.32 it
follows that (P,)n=1,2,.. is tight. Let (nx)r=12,.. be a subsequence and P € P(R?) such that

P, E2% P Since z > €t is a continuous, bounded function, it follows that ¢p, (t) LmiN

n—o0

Yp(t) for all t € R%. On the other hand, since ¥p, (t) —— 1 (t), and ¢p = 9 follows. This
identifies 1 as a characteristic function of P and since this uniquely determines P, we find
P, == P. O
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Example 9.34 (Theorem of deMoivre-Laplace). Let Sy, ~ B(n,p). The Theorem of deMoivre-
Laplace states that

Sn —np n—00

o) 222 N(0,1). (9.10)

Sk =

n

We now want to show this again with the help of characteristic functions, i.e. gs RLREN

Yn(0,1) pointwise. To do this, we use Proposition 6.12.3 and write with ¢ := 1 —p and
C1,Cy, -+ € C with limsup,,_, |Cn| < 0o

Ysx(t) = exp ( — Ztﬁ) “VB(n,p) (\/:Lipq)
=exp (- it\/?) (a+pexp (\/%))n
= (qexn (- z’t\/g) + pexp (it\/?p»n
= (1- qit\/g— qifq + pit nﬂp —pt;fp + 7%2)”

21 Cp \™ nooo _22
( 55 n3/2> —>_) e 2 :wN(O,l)(t)

The result now follows from Theorem 9.33.

Lévy’s continuity theorem can also be formulated with Laplace transforms. We state the
theorem without proof:

Theorem 9.35 (Lévy’s continuity theorem for Laplace transforms). Let Py, Pg,--- € P(Ri)

n—o0

and £ : R = [0,1], so that Lp,, (1) =—3 ZL(t) for allt € RL. If £ is continuous in 0, then
P, =2 P for a P € P(RY) with Lp = Z.

Example 9.36 (Convergence of the geometric to the exponential distribution). Let X, ~
n—oo

Hgeo(pn) be distributed and n - pp, —— X. Then

Ly al8) = Pl = 3 (1= ) e
k=1
o 1
=pne” 1—(1—pylet/n
A
= nA == =ty oM
nooo A
N+t

n—oQ

Therefore, % —= Y, where Y ~ [y (), since

o0 A
Loy (t) = e et = .
(@)= [ A= 55
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10 Weak limit laws

We will now apply our knowledge of weak convergence and characteristic functions in special
situations. In Section 10.1 we are concerned with statements about when the sum of random
variables converges against a Poisson distributed random variable. In section 10.2 we will ap-
ply the central Lindeberg-Feller’s central limit theorem, which provides a characterization for
the weak convergence against a normal distribution. Section 10.3 finally deals with extensions
for the case of multidimensional random variables.

10.1 Poisson convergence

We already know the statement that B(n,p,) for n - p, LN\ converges weakly against
Poi(A) for large n; see Example 10.1. In this section we generalize this statement; see Theo-
rem 10.5.

Example 10.1 (Poisson approximation of the binomial distribution). Let p1,po,--- € [0,1]
n—oo

be such that n - p, ——— X. Then we already know from Basic probability that

n—oo

B(n, pn)({k}) —— Poi(A)({k}).

In other words, this is a statement about weak convergence:

n—oQ

B(n,pn) == Poi(\). (10.1)

Lévy’s theorem provides another way to prove this result. We recall the characteristic functions
of the binomial and Poisson distribution from Example 6.13. We write directly

Vb (0) = (1= pa(1 =€)
= (1 — %(1 - eit))n

S22 exp (= ML =€) = Ypoin) (t).

In particular, the characteristic functions of the binomial distributions converge pointwise to a
function that is continuous in 0, namely the characteristic function of the Poisson distribution.
With Theorem 9.33 this imples (10.1).

In the following, we will see that the weak convergence to a Poisson distribution is even more
general. For this we will use use generating functions.

Remark 10.2 (Generating function). Consider a random variable X with values in Z, and
define the generating function

2z px(z) = P[X] = isz[X = k.
k=0

We note that for z € [0,1] this is related to the Laplace transform of X because (with z = e~ ")
Zx(t) = Ple™] = P[z"] = ox(2).

In particular, the following two properties of Laplace transforms carry ofer to gemerating
functions.
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1. Generating functions determine the distribution, see Proposition 9.25: The distribution
of X is uniquely determined by z — ox(z) for z € [0,1].

2. Weak convergence equivalent to the convergence of the generating functions, see The-
orem 9.33: Let X1, Xo,... be a sequence of random wvariables with values in Zy such
that x, (2) = @(2) for z € [0,1] for a function @ that is continuous from below in
1. Then X, == X for a random variable X with generating function .

Sometimes generating functions are practical tools. By their definition, they are power series
with radius of convergence r > 1. It is known that inside the radius of convergence, the
deriwative and sum are interchanged. So if r > 1, for example, we write

O (1) = i kzF1P(X = k)
k=0

= kP(X = k) = P[X].
™ L HPX =) = P(X]

Analogous calculations for higher derivatives are also possible.

Definition 10.3 (Asymptotic negligibility). A triagonal family of random wvariables

(Xnj)n=12,...nj=1,..m, With mi,ma,--- € N is asymptotically negligible, if the random vari-
ables X1, ..., Xnm, are independent for eachn =1,2,..., and
sup  P(| X, > ) 22250 (10.2)

Jj=1,...mpn
foralle > 0. If X;; >0 for all i, j, then m,, = 00 is also permitted.

Remark 10.4 (Equivalent formulation). 1. For a triagonal family of random variables
(an)n:172,...,n,j:1,...,mn; (10.2) holds ’iﬁ

sup B[ X,;| A 1] 2225 0.

7j=1,....mn

2. Let (Xnj)n=1.2,. nj=1,.,m, be a triangular of Z, -valued random variables. Then (10.2)
holds iff

zé%f,l]j:fffmn ox;(z) = _if ox,;(0)=_inf P(Xn|=0)—=1 (10.3)

Theorem 10.5 (Poisson convergence). Let (Xyj)n=12,..nj=1,..m. be a family of asymptoti-
cally negligible random variables with values in Z4 and X ~ Poi(\). Then,

mn
ZX”J' Ui '
J=1

iff
1) P(Xpy > 1) =250
j=1
2 P(X,; =1) 2%\
j=1
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We prepare the proof with a lemma.

Lemma 10.6. Let ()\nj)nzl,gw,J:Lm,mn be a triangular family of asymptotically negligible,
non-negative constants and A € [0;00]. Then,

Mn Mn
[T - 2n) == e = D A A
j=1 j=1
Proof. First note that log(l — z) = —z + ¢(x) for > 0 with e(x)/x 229, 0. Since
SUDPj—1,.m, Anj < 1 for large n, the left hand side is equivalent to
Mn Mp o) Mp
_ . N\ . . _ E(Anj _ . .
= nlg]g(}Zlog(l — Anj) = nh_)rr;o Anj (1 e )= nh_)rglo Anjs
j=1 j=1 j=1
as
sup 8(;‘7"7) 27 0.
j=1,..,mnp "
From this, the right hand side is immediate. O

Proof of Theorem 10.5. We denote by ¢, ; the generating function of X, ;. According to
Remark 10.2.2, the weak convergence in the theorem is equivalent to pointwise convergence
of [T ¢nj(2) 2700 e~ M1-2) since

k!
k=0
By Lemma 10.6 this is true iff
An(2) = 3 (1= () "5 A1 - 2), (10.4)
j=1

since the family (1 — ¢nj(2))n=1,2,...j=1,...m, for each z € [0,1] after (10.3) is asymptotically
negligible. We decompose A, (z) = AL(z) + A2%(z) with

A =S (1= P(Xy = k) = (1-2) Y P(X,; > 0),
k=1 j=1 j=1

A2(5) =3 (-5 S P(X = k).
k=2 =1

First, z(1 — 2) < z — 2% < z for all k = 2,3,... This means that

z2(1—2) %P(an >1) < A%(2) < z%P(an > 1). (10.5)
Jj=1 j=1

Let us now turn to the proof of the assertion.
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'=": Let (10.4) hold. For z = 0 this means, since ¢,;(0) = P(X,; = 0), that

> P(Xpy > 0) =) (1 ;(0) == A
j=1 j=1

n—oo

Therefore, Al(z) A1 — 2) for z € [0,1]. But then A2(z) —> 0 must apply to
z € [0,1]. Because of (10.5) this means that 1. is valid. The statement 2. follows from this
by subtraction.

<" So 1. and 2. apply. It is clear that A2(z) == 0 by (10.5). Then AL(z) === (1—z)\
by 2., i.e. (10.4) is shown. O

n—oo

Example 10.7 (Convergence of geometric distributions against Poisson). Let X,;, j =
1,...,n,n = 1,2,... be geometrically distributed with parameter p, (i.e. P(X,; = k) =
(1 — pn)*~1pn, see Example 2.2.4) and Y, = Xn; — 1. (Thus, Yy; is the number of failures
before the first success). We set Y, = Z?:l Y,;, which is as distributed as the number of

n—oo
Y.

failures before the nth success. If Y ~ Poi(\) and (1 — pp) -n ——5 X, then Y, —=
Since

> P(Yn;=1) =n(l - pn)pn A,
j=1

n
D> P(Yn; > 1) =n(l—pn)® =20,
j=1

Theorem 10.5 gives the result.

10.2 The Central Limit Theorem

The central limit theorem, Theorem 10.8, generalizes the Theorem of deMoivre Laplace. The
generalization consists of the fact that any sums of independent (not necessarily identically
distributed) random variables converge weakly to a normally distributed random variable if
they satisfy the Lindeberg condition (see 2. in Theorem 10.8).

Theorem 10.8 (Central limit theorem of Lindeberg-Feller).  Let (Xyj)n=12,.. j=1,.,m, be
a family of random variables such that for n =1,2,... the random variables Xp1, ..., Xnm,
are independent. Assume that

Mn, Mn
ZE[Xn]] n— o0 1, ZV[an] n—00 0_2
7j=1 j=1

and X ~ N(u,02). Then the following statements are equivalent:

1. ZXW 22X X and  sup  V[X,] 250,
j=1 7j=1,...mp

2. Y E[(Xn; — B[Xy])% [ Xnj — B[X,]| > €] 22250 for all e > 0.
j=1
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Before we prove the central limit theorem, we refer to the special case of identically distributed
random variables, which was already discussed in the lecture Basic Probability.

Corollary 10.9 (Central limit theorem for identically distributed random variables). Let
X1,Xo,... be independent and identically distributed with E[X1] = p, V[X1] = 02 > 0. Let
Sn = p_1 X and X ~ N(0,1). Then,

Sn 1t nveg

X.
no?
Proof. Let mp, =n and X,,; = % Then the family (X,;)n=12,. j=1,. n fulfills the condi-

tions of Theorem 10.8 with y = 0,02 = 1. Furthermore
a 1
> EIXZ: [Xogl > €] = B((X1 = )% 1X0 — pl > eVno?] 22550
j=1

due to dominated convergence. O

The Lindeberg condition is often not easy to verify. The stronger Lyapunoff condition is often
simpler.

Remark 10.10 (Lyapunoff condition). The family (Xy;)n=1.2,... j=1,...m. from Theorem 10.8
satisfies the Lyapunoff condition if for some § > 0

Mmn
> E[|Xn; — E[X,,;]7T] 222 0.
j=1

Under the conditions of Theorem 10.8, the Lyapunoff condition implies the Lindeberg condi-
tion. To see this, let wlog E[X,;] = 0. For all e > 0,

2445 2+6
> || |z
lgse € =5 lppe < =5

If the Lyapunoff condition applies, the Lindeberg condition follows from

< m

n 1 "
DB Xl > 2] < 55 D BlIXn 7] =55 0.
Jj=1 ot

The proof of Theorem 10.8 is based on the clever use of the characteristic functions of the
random variable random variable X,,; and Taylor approximations. We prepare the proof of
the theorem with two lemmas.

Lemma 10.11 (An estimate). For complex numbers z1, ..., zn, 2}, ..., 2l with |z] < 1,]2)] <
1 fori=1,...,n,

< Z EE A (10.6)



Proof. For n =1 the equation is obviously correct. Moreover, if (10.6) is valid for an n, then

n+1 n n n
‘sz_sz) Zn+1(HZk—H22>‘+‘(2n+1—%+1)nzi§;
k=1 k=1 k=1
n
<Y a2+ |20 — 2l
k=1
From this the assertion follows. O

Lemma 10.12 (Taylor approximation of the exponential function). Let t € C and n € Z..
Then,

(10.7)

- (n+ 1)1

Proof. Denote by h,(t) the difference on the left-hand side. For n = 0, (10.7) follows from

t . t .
|ho(t)| = ‘/ e“ds‘ < / le"|ds = |t|
0 0

lho(t)] < |e®| 4+ 1 = 2.
In general, the following applies to t € R,n € N

n Nk . n+l . \k
‘/ ds —‘—z 1)+iz((:)+ 1)!‘ - ‘ie“—iz(i? — |t (1),
k=0 k=0

and (10.7) follows by induction. O

and

Remark 10.13 (notation). In the following proof, we will use for functions a and b the
notation a < b iff there is a constant C with a < Cb.

Proof of theorem 10.8. Wlog let E[X,,;] = p = 0 and 0% = 1; otherwise we replace Xyj by

%‘LXW] Let Uflj = V[X,;] and 02 := Z;nnl TH—OO> 1. Denote by 1y, the characteristic

function of X,,;.
2. = 1. Since for every € > 0

n—o0

sup o2, < e+ sup E[ X255 Xnj| > €] < €2 +ZE (X255 | Xnj| > €] == €%, (10.8)

j:17~“’m J 17 5 J 1

the second part of 1. is ah"eady shown.
Let (Znj)n=12...j=1,..m, be independent random variables with Z,; ~ N(0,02.). This

'Y ng
means that Z, = Z an ~ N(0,02). In particular, the following applies thus Z, A X,
which can be derlved dlrectly from the form of the characteristic functions of the normal
distribution, Example 6.13.3 can be read off. Let 1,; be the characteristic function of Z,;.

Then it suffices to show, see Theorem 9.33, that

H wnj H ¢n] nﬁoo (109)
7=1
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for all t. Using Lemma 10.11 and Lemma 10.12 we write
Mn, Mn . mMn .
T (®) =TT s ()] <3 s (8) = s (1)
j=1 j=1 j=1
Mn Mn .
< Z s () = 1+ 5t07;] + Z [V (5) = 1+ 5t

<2ZE SN [ X)) +Z|e 27 1 4 1202,

7j=1
Furthermore,
My, mn mn
Y EX (A Xy)] <e)Y o+ BX5]Xyl >e] e
j=1 Jj=1 Jj=1
and

Mn

m
1 22 i
=02 ¢ n—00
E le”2%" — 1+ %tZU%j‘ < g oﬁj <02 sup a,%j —0
j=1 _ Jj=1,...,mp

because of (10.8). This means (10.9) is already proven.
1. = 2. According to the second part of 1. for each € > 0 with the Chebyshev inequality

2
o .
sup  P[|Xp;| >el < sup % 27%0. (10.10)
j:l,...,mn j: yeeeyMMn €
With Lemma 10.12,
sup thn(t) —1[ < sup  E2A[E- X)) < 2 _sup  Pl[Xp| > ] +elt] = elt]-
Jj=1,...mn J=L,...mn 1,....,mn
In particular, > 7™ log¢,,;(t) is defined for every ¢ if n is large enough. From 1.
noo,
Zlog@bm — - (10.11)

Furthermore, because 1,;(0) = iE[Xy;] = 0,95,(0) = =V[X,,;] = —
Taylor expansion of v,; around 0

o2 with the help of a

nj

[ (1) = 1] < op; |t

and

‘ Zlogwnj(t) — Z(’(/Jnj ’ Z |¢n] - 1|2
i=1 j=1

<D (et <t sup o

Jj=1,....mp

(10.12)

3”

2 n—oo
217,

<.
Il
-
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Since the convergence of an imaginary series follows from the convergence of its real and
imaginary parts, we deduce from (10.11) and (10.12) because Re(ty;(t)) = E[cos(tX;)]

- nooo,
ZE[cos(tXm) 1] — )
j=1

For € > 0 is now because of 0 < 1 — cos(f) < %

O<hmsupZE nj,]Xn]]>£]—hmsup 1—ZE nj,]Xn]]<E]

<limsup 1— 2 ZE[l — cos(tXp;); | Xnj| < €]

n—00 =1

= limsup — 2 ZE [1 — cos(tXn;); | Xnj| > €] (10.13)

< limsup — 2 ZP | Xnj| > €]

52 3 hmsup E Onj =

Since t,e > 0 were arbitrary, 2. is shown, if in the the last inequality chain ¢ — oo is
considered. O

10.3 Multidimensional limit laws

So far, we have only considered weak limit theorems (Theorems 10.5 and 10.8) for the case
of R-valued random variables. We now generalize this to R%valued random variables. In
particular, we give a variant of the multidimensional central limit theorem.

Definition 10.14 (Multidimensional normal distribution). Let u € R? and C' € R¥? be q
strictly positive definite symmetric matriz.*®. The d-dimensional normal distribution with
expected value p and covariance matriz C is the probability measure N, c on R? with density

1 _
fu,C(CU) = Wexp ( — %(m —n)C l(gg _ ,U«)T)‘

Proposition 10.15 (Properties of the multidimensional normal distribution). Let u € RY,
C = AAT € R¥™4 g strictly positive definite symmetric matriz and I the d-dimensional unit
matriz. The following are equivalent:

1. X ~ Noo;

2.tXT ~ N7 1t for each t € RY;

4We denote row vectors by = and column vectors by z .
5Strictly positive definite means zCz' > 0 for all € R%. From linear algebra it is known that for a strictly
positive definite matrix C' there is always an invertible matrix A with C = AA"
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3. Yx(t) = e”“TefétCtT for each t € R?,
In each of these cases

4. XiAY—i—uforYwNo,[,

5 E[X;|=p; fori=1,...,d,

6. COV[X;, X;] =Cyj fori,j=1,...,d.

Proof. First, let X ~ N, c. We first show 4.-6. The property 4. is an application of the
transformation theorem. For B € B(RY) and T :y — Ay' +pu',
1 1 T
No.1 T-YB)) = / e 2% dy
e =
y=A‘;(x7u) 1 1

\/?detA — 3w —p)(AT) AT @ — p) ") da
\/m/

= N,c(B).

5. follows from 4. with
E[X;] = E[m(AY + p)] = mip = p;,

where 7; is the projection onto the i-th coordinate.
6. also follows from 4. with

COV[X;, X;] = E[(mAY ")(m;AY )] = E[(A:.Y T)(4;Y )] = E[A.Y TV A]]
= A Al = (AAT);; = Cy;.

We now come to the equivalence of 1.-3.: ’1. = 2.”: Since X LAYT + p' oasin 4. tXT =
tAY T +tu" as a linear combination of (one-dimensional) normal distributions is normally
distributed again. The expected value is obviously tu' and the variance

VtX T = E[tAY ") = E[tAY 'Y ATt = tAATtT =tCt".

2. = 3. Since tX | ~ Ny, 7 107, the statement follows from example 6.13.3.
’3. = 1.: This follows from Proposition 9.25. O

Remark 10.16 (Special cases). 1. If C in Definition 10.14 is positive, but not strictly
positive definite (i.e. there is x € R with x # 0 and xCx = 0), one cannot determine
N,.c by specifying the density as in the definition above. In this case N, ¢ is defined by
specifying the characteristic function, i.e. function, i.e. N, ¢ is the uniquely determined

, 1
distribution on RY with YN, (1) = githe= 310t

2. If Y ~ Ny and A is an orthogonal matriz, then also X := AY ~ Ny . This follows
from Proposition 10.15, if you write I = AA" and use 4. is used.
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Proposition 10.17 (Cramér-Wold Device). If X, X1, Xa,... are random variables with val-
n—roQ

ues in R%. Then X, == X applies if and only if tX,, == tX for all t € R? (where
(t,x) — tx is the scalar product in R?).

Proof. '=": Lett € R%and f € Cy(R). Then f(t-) € Cy(R?). This means that E[f(tX,)] ———

n—oo

E[f(tX)], i.e tX, — tX.
'<=" Let m; be the projection onto the ith coordinate. Since (m;Xy)n=12,. according to
Corollary 9.18 is tight for all ¢, you can see that (X;,),=1,2,.. is tight. Since {z — el ;¢ € R4}

is a separating class of functions, the assertion follows from E[e/Xr] 2222 E[e?X] for all
t € R? and Proposition 9.27. O
Theorem 10.18 (Multidimensional central limit theorem). Let Xi, Xo,... be indepen-
dent, identical distributed random variables with values in R? with E[X,] = pu € R? and

COV[XnJ',Xn’j] = Cij fO’/’ ’i,j = 1, ce ,d and Sn = Z:»L:l Xl IfX ~ Ng}c, then

Sp — N n—oo

NG

Proof. We apply the one-dimensional central limit theorem, Corollary 10.9, to the indepen-

X.

dent, identically distributed random variables tX;,tX5,.... This provides
pon — L noog v
Vn
Since t was arbitrary, the statement follows from Proposition 10.17. O

11 The conditional expectation

Let (2, A,P) be a probability space. We write £! := £!(P) for the set of all real random
variables whose expected value exists. In this chapter we again use the notation E[-] for the
integral with respect to the probability measure P, as well as LP := LP(P).

11.1 Motivation
Define as in Elementary Probability for A,G € A and P(G) >0

P(ANG)
PA|IG) = ————=
and analogously the conditional expectation
E[X; G|
EX|G] i = ———.
XI6]= "

Then P(A|G) = E[14]|G]. This relationship means that conditional expectations can be used
to calculate conditional probabilities. In particular, the notion of conditional expectation is
more general than the notion of conditional probability.

In this chapter, we will use the conditional expectation E[X|G] for a random variable
X and a o-algebra G C F. Here, E[X|F] is a G-measurable random variable. As a simple
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example, {G1,Ga,...} C F is a partition of Q with P(G;) > 0 for ¢ = 1,2,... and G the
generated o algebra. Then we set for X € £!

E[X|0](w) = 3 E[X|Gi] - Lg, (). (1L.1)
i=1

The following therefore applies: for w € G;, the random variable E[X|G] is given by E[X |G](w) =
E[X|G;] = E[X;G;]/P(G;). In particular it is constant on G;, i = 1,2,... In other words,
E[X|G] is measurable with respect to G. The following also applies to J C N and A =
Uje] Gjeg

B[BLX|G]; 4] = [ZE [X|Gil1g,14]
= E (X|Gj]
]EZJ Gilte, ] (11.2)
= > E[X|G)]- P(G))
jedJ
= E[X; A].

In particular, with J = N therefore E[E[X|F]] = E[X]. The definition of the conditional
expectation (11.1) can be generalized with the help of the property (11.2) to any o-algebras
g CF.

Example 11.1 (Binomial distribution with random success probability). Let X be uniformly
distributed on [0,1], i.e. the distribution of X has density Lig;1)- Given X =z let Yi,..., Y, be
a sequence of Bernoulli distributed random variables with probability of success x. Therefore,
Y =Yi+---+4Y], is binomially distributed with n and x, i.e. Y counts the number of successes
i n independent experiments with probability of success x. Intuitively, it is clear what

PV = k[X) = (Z)Xk(l — X))k

should mean. However, this has not yet been defined, since P(X = x) = 0. However, it is
worth noting that the right side is a o(X)-measurable random variable (since it is a function
of X; see Lemma 6.2).

11.2 Definition and properties

We now formally define the conditional expectation E[X|G] for G C F. As mentioned above,
this is a G-measurable random variable whose expectations are as in (11.2) match those of X.

Theorem 11.2 (Existence and properties of the conditional expectation). Let G C F be a
o-algebra. Then there is an almost surely unique linear operator E[.|G] : L' — L' such that
E[X|G] for all X € L' a G-measurable random variable with

E[E[X|G]; A] = E[X; A] for all A€ g.
Further,

2. E[X|G] >0 if X > 0.
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- E[[B[X|9]]] < E[IX]].

CIf0< X, 1 X forn — oo, then also E[X,|G] 1 E[X|G] in L' if all expectations exist.

. E[XE[Y|G]] = E[E[X|G]Y]| = E[E[X|G]E[Y|G]] if all expectations exist.

3
4
5. If X is a G-measurable function, then E[XY |G] = XE[Y|G] if all expectations exist.
6
7. If H C G, then E[E[X|G]|H] = E[X|H].

8

. If X is independent of G, then E[X|G] = E[X].

Proof. 1. in the case X € £2: Let M be the closed linear subspace of £2, which consists of all
functions which, except for a zero set, correspond to a G-measurable function. According to
Proposition 4.10 there are almost surely unique functions Y € M, Z 1 M with X =Y + Z.
We define E[X|G] := Y. This means that X — E[X|G] L M, ie. E[X — E[X|G]; A] = 0 for
A € G, from which 1. for X € £? follows.

3. in the case X € £2: Choose A := {E[X|G] > 0}. According to 1.,

E[[E[X|G]]] = E[E[X|F]; A] - E[E[X|F]; A°] = E[X; A] - E[X; A°] < E[|X]].

n—oo

1. in the case X € £1: If X € £! D L2, then choose X1, Xo, -+ € £ with || X, — X||; —= 0
(such that | X,| := |X| An), and define E[X|G] := lim,, oo E[X,,|G]. This limit value exists
in £, since because of 3.

7,Mm—00

E[[E[X,|9] - E[Xn|G]]] = E[[E[X,, — X0 |F]]] < E[|Xn — Xonl] 0

the sequence (E[X,,|G])n=12,.. is a Cauchy sequence and L' is complete. Furthermore, this
n—oo

means that ||E[X,,|G] — E[X|G]|[1 — 0. Furthermore, for A € G

[E[X — E[X|G]; A]| < E[|X14 — Xp14l]
+ |E[Xn - E[Xn|g]§ A]”
+ E[|E[X,,|G]14 — E[X|G]14]]

n—00
— 0

due to dominated convergence and 1. follows in the case X € £1.

3. in the case X € L!. Here, too, you can see through an approximation argument if
n—oo

X1, X9,--- € L£? with X, —= X,
B[|B[X|G]] = lim BIJB[X,|d]] < lm B[X,[] = B[X]|
since, due to the inverse triangle inequality, approximately,

n—o0

E[[[E[X,|9]| — [E[X[F]]]] < E[|E[X[G] — E[X,|]]] 0.

é. set A = {E[X|G] <0} and thus
0 > E[E[X|G]; Al = E[X; A] >0,

thus because of E[X|G]14 < 0 also E[X|G]14 = 0 is almost sure.
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— B .
4. Due to monotone convergence, || X, — X||1 ——= 0, i.e. with 3.,

E[|E[X,|d] - E[X|G]] = E[[E[X, — X|F][] < E[|X,, — X|] === 0.

6. in the case X,Y € L2. According to the definition of the conditional expectation,
E[X|G],E[Y|G] € M if M is the linear subspace of £? which contains functions which, apart
from a zero set with a G-measurable function. Furthermore X — E[X|G] L M. Thus

E[(X — E[X|G)E[Y|d]] = 0.
6. in the case X,Y € £!. Choose X1,Y1, X5, Ys,--- € £? with X,, T X,Y,, T Y. Because of
4. and dominated convergence, if all expectations exist,
B[(X ~ BIX|G)E[Y|)] = lim EI(X, - B[X,|0)E[Y.|d)] = 0.
5. because of 1. is E[X|G|14 = X14 for A € G, almost surely. This means that
E[XY; A] = E[XE[Y|G]; A]
after 6. from this follows after 1. already E[XY|G] = XE[Y|G].
Since H C G, for A € H,
E[E[X|G]; A] = E[X; A] = E[E[X|}]; 4]
after 1. From here follows but E[E[X|G]|H]| = E[X|H].
8. Certainly, E[X] is measurable with respect to G. For A € G,
E[E[X|0]; A] = E[X; 4] = E[X]E[1,] = E[E[X]; A]
and thus E[X|G] = E[X]. O
Remark 11.3 (Interpretation and alternative proof). 1. Let X € L. As the proof of 1.
in Theorem 11.2 shows, X — E[X|G] is perpendicular to the linear subspace of all G-
measurable functions. In particular E[X|G] is the G-measurable random variable that
(in terms of the L2 norm) is closest to the random variable X comes closest. Therefore,

we can say that E[X|G] is the best estimate of X if information from the o algebra G is
available.

2. The almost surely unambiguous existence of the conditional expectation with the property
1. in Theorem 11.2 can be proved differently than above with the help of the theorem of
Radon-Nikodym (Corollary 4.17):

Let X > 0 first. Set P := P|g, the restriction of P to G, and pu(.) = E[X;.] a finite
measure. Then obviously p < P applies. The theorem of Radon-Nikodym ensures that
1 is a density with respect to P, i.e. there is a G-measurable random variable Z with

E[X; A = E[X; A] = u(A) = E[Z; A] = E[Z; A]

for all A € G. Thus Z fulfills the properties of 1. from theorem 11.2. The general case
(i.e. X can also take can also assume negative values) then follows with the decompo-
sition X = X — X~

To prove the (almost sure) uniqueness of the conditional expectation, let Z' be another
G-measurable random variable with random variable with E[Z'; A] = E[X; A] for all
AegG. Then B:={Z' —E[X|G] >0} € G and E[E[X|G] - Z";B] =E[X — X;B] =0
and likewise E[E[X|G] — Z'; B¢| = 0. This therefore means Z' = E[X|G], almost surely.
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Proposition 11.4 (Jensen’s inequality for conditional expectations). Let I be an open in-
terval, G C A and X € L' with values in I and ¢ : I — R is convex. Then,

E[p(X)|G] = o(E[X]G]).

Proof. The proof is analogous to that of Jensen’s inequality in the unconditional case, Propo-
sition 6.6: Since I is open, E[X|G] € I, almost surely. We recall the definition of A in (6.4).
Further, as in (6.5) for x € I,

e(z) = p(E[X]|G]) + ME[X|F])(z — E[X]G])
and thus
Elp(X)|g] = E[p(E[X|F])|G] + EME[X]F]) - (X — E[X|G])|]]
¢ (E[X|G]).
O

Lemma 11.5 (Uniform integrability and conditional expectation). Let X € L. Then the
family (E[X|G])gca is uniformly integrable.

Proof. Since {X} is uniformly integrable, according to Lemma 7.9 there is a monotonically

increasing convex function ¢ : Ry — R, with 28 Z2% o and E[p(|X])] < oco. With

x
Theorem 11.2.3, we obtain

sup E[p(|E[X|F][)] < E[p(|X])] < occ.
FCA

This means that {E[X|F] : F C A o-algebra} is uniformly integrable, again according to
Lemma 7.9. O

Theorem 11.6 (Dominated and monotone convergence for conditional expectations). Let
G C F and X1, Xo,--- € LY. Assume one of the following:

1. Let X € L' such that X,, 1 X, almost surely.
2. If Y € LY such that | X,| < Y| for all n, and X, =2 X almost surely.

Then
E[X,|¢] “= E[X|]]

almost surely and in L.

Proof. For the L£'-convergence one has in both cases with Theorem 11.2.3

E[|E[X,|¢] — E[X|G]|] = E[|E[X, — X|]]|]

n—00

< E[|X, — X|] 222 0.

We divide the almost sure convergence into the two cases: in case 1. it is clear from Theo-
rem 11.2.2 that E[X,,|G] grows monotonically. Furthermore, for A € F with the theorem of
monotone convergence

E[sup E[Xn|g];A] = supE[E[Xn\g];A] =sup E[X,;; A] = E[sup X,,; A] = E[X; A].
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However, this shows that sup,, E[X,,|G] = E[X|G], almost surely. In case 2. we set

Y, :=sup X | lim sup X, = X almost surely,
k>n

Zp = inf X 1 liminf X,, = X almost surely.
k>n n
Thus -Y < Z, < X,, <Y, <Y, ie. in particular Y7, Z1,Ys, Zo,--- € L1, so according to 1.,
E[X|G] = lim E[Z,|G] < lim E[X,|G] < lim E[Y,|G] = E[X|F],
n—o00 n—00 n—00

n—o0

almost surely. In particular, E[X,|G] —— E[X|G], almost surely. O

11.3 The case G = o(X)

In the case G = o(X), E[Y|X] := E[Y|o(X)] is the expectation of Y, given that the random
variable X is fixed. This is a function of X, as Proposition 11.7 shows.

Proposition 11.7 (Conditioning on a random variable). Let (', F') be a measurable space,
X a random variable with values in Q' and Y € L. Then there exists a F'/B(R)-measurable
mapping ¢ : ' — R with E[Y|X] = ¢(X).

Proof. Clear according to Lemma 6.2. O

Example 11.8 (Random success probability). Let us consider the question posed in FEux-
ample 11.1 regarding the existence of the conditional probability P(Y = k|X), where X is
uniform on [0,1] and X is independently binomially distributed with n and X. We now show
(the intuitive equation)

P(Y = k|X) = (Z)Xk(l — X))k, (11.3)

Let A={X eI} for I € B([0,1]), i.e. A is a o(X)-measurable quantity. Then,

Elly_i; A =P(Y =k, X € I) = /I <Z>xk(1 — )" kdy = E[(Z)Xka X))k A

However, this means that (11.3) is true.

Example 11.9 (Sums of independent identically distributed random variables). Let
X1, Xo,... be a sequence of independent, identically distributed random variables, p = E[X1]
and Sy = X1+ -+ Xn. Then

E[S,|X1] = E[X1|Xq] + E[Xo + - + Xy | X1] = X4 + (n = 1),

E[X1|S,] —%Z [X;]Sn]) = LE[S,[S,] = 18,.

In the second calculation, for example, for X = S, and Y = X; the function ¢ from Propo-
sition 11.7 is given by o(x) = Lx.

n
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Example 11.10 (Buffon’s needle problem). On a plane, vertical lines are at a horizontal
distance of 1. Needles, also of length 1, are thrown onto the plane; see Figure 2. Let us
constider a needle. We set

1, if the needle intersects a straight line
Z = .

0, otherwise

The center of the needle X is away from the left straight line and the (extension of the)

A

=,

LA /= /\V‘( \/

3

~

0
4

ly
;

<

BANEAR VSN

Figure 2: Sketch of Buffon’s needle problem

needle makes an angle © with the straight line. This means that X is uniform on [0;1], © is
uniformly independent on [0; T] and

P(Z =1|0) = P(X < $sin(0) or X > 1 — 1 sin(0)Theta) = sin(O).

This means that
w/2
P(Z = 1) = E[P(Z = 1|0)] = E[sin(0)] 2/0 (sin(6)d0 —

This can be interpreted as follows: if you want to determine by simulation (i.e. by a Monte
Carlo method) to find the numerical value of ™ you can simulate Buffon’s needles. Since each
individual needle has the probability % of hitting a vertical line, is approxzimately

2
= proportion of needles that hit a vertical line

according to the law of large numbers.

Example 11.11 (Search in lists). Consider n names of people who come from r different
cities. Each person comes (independently of any other) with probability p; from city j, j =
1,...,r. The names (together with other personal data) are entered in r different (unordered)
lists. If you now want a (random, according to the probabilities p1,...,p,) person in the list,
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first determine the list, you first determine the city j from which the person comes from and
then search the list j for the person’s name. Until you realize that the name does not appear
in the list you have to compare the person to be found with names on the list. The question
now 1s: How many times on average do you have to compare the name of the person to be
found with names on the list without success until you finally know that the person is not on
the list?

We first define a few random variables:

J : number of the city from which the person to be searched comes

L : number of unsuccessful comparisons until the name of the person to be found is found
Zj : number of people from city j

and Z = (Zi,...,Zy). In order to determine E[L], we first determine

P(L=a|J,Z)=17,=q
and thus

—a\Z ijlz? —a-

From this we conclude
.
SUIEES 9) SRIR PSS piors
a=1 j=1 j=1

and therefore

Example 11.12 (Mixture of Poisson distributions). Let A > 0 and X\ ~ exp(A\) and for a
given A let X ~ Poi(\). We now show that X + 1 ~ geo(1/(1 4+ \)).

Because: According of Proposition 9.25, the distribution is determined by the characteristic
function. First of all, the characteristic function of Y ~ geo(p)

o 00 i peit et
th Z itk _ it Z itk _ _ I-p
t,_)E = pe ((1—17)6 ) — 1_(1_ )ezt_ L_eit'
k=0 1-p

We calculate with Fxample 6.13.2 fort € R

by eit

E[¢"X+))] = ('E[E[X|A]] = e“E[ef(lfeit)Ai TI1rA_ et

so that the assertion with A =p/(1 —p) orp=1/(1+ X) follows.

11.4 Conditional independence

In Section 8, we have already learned about the independence of o algebras (or of random
variables). Conditional expectations and independence are closely related, as the next lemma
shows.

Lemma 11.13 (Conditional probability and independence). The o-algebras G, H C F are
independent if and only if P(G|H) = P(G) for all G € G.
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Proof. ’=": Let G and H be independent. Then, for G € G, H € H,
EP(G),H|=P(GNH) =E[P(G|H), H].

This means that P(G|H) = P(G) according to the definition of the conditional expectation.
<" So if P(G|H) = P(G), it follows for H € H

P(G N H) = E[lg, H] = E[P(GH), H] = E[P(G), H] = P(G) - P(H).
0

The concept of independence is often also required in a conditional form. Let’s start with an
important example.

Example 11.14 (Markov chains). Let E be a countable set. A Markov chain X = (X¢)i=0,12,...
is a family of E-valued random variables such that for all AC E

P(Xi1 € AlXo, ..., Xy) = P(Xip1 € A|Xy). (11.4)

This means: if you want to know the distribution of X¢y1, and the information of the random
variable X3 is already available, the information about the random variables X, ..., X¢—1 does
not provide any additional information. One also says:

Given X;, X1 is independent of Xo, ..., X¢—1.
Or in terms of o-algebras:
Given o(Xy), 0(Xi11) is independent of o(Xo, ..., Xi—1).

One can also say in this case: given the present (that is the state at time t, X;) the future
(i.e. Xyy1) is independent of the past (these are the states X, ..., Xi—1).

A simple example of a Markov chain is the one-dimensional random walk: let Y1,Y5,. ..
be independent and identically distributed such that P(Y1 = 1) = p and P(Y1 = —1) = q for
ap € [0,1]. Further, let Xo =0 and Xy = Y1 +---+ Y. Then (X¢)i>0 is a Markov chain,
because
p, k=X¢+1,

P(X1y = k| Xo,.... X)) =
(X1 = k| Xo t) {q’ = X, — 1.

In particular, the right-hand side defines an Xy-measurable random variable and is therefore
equal to P(Xy11 = k| Xy).

Definition 11.15 (Conditional independence). Let G C F. A family (C;)icr of set systems
with C; C F is called independently given G if

P( () 4,09) = [ P4,l9) (11.5)
jeJ jeJ

applies to all J Cy I and Aj € Cj,5 € J.

Similarly, conditional independence is de fined for random wvariables. Let Y be a random
variable. A family (X;)icr of random variables is independent given G (or'Y ) if (o(X;))icr is
independent given G (resp. o(Y)).
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Example 11.16 (Simple cases). Let G C F be a o-algebra and (C;)icr a family of set systems.
1. If G = F, then (C;)ier is always independent given G.
2. If G = {0, Q}, then (C;)icr is independent given G if and only if (C;)icr are independent.

Example 11.17 (Binomial distribution with random success probability). We look again
at the coin toss with random success probability from Example 11.1 and 11.8. Here X was
uniformly distributed on [0,1] and, given X, Y1,...,Y, are Bernoulli distributed. Now it
should hold that (Y1,...,Y,) are independent given X . Just like in Example 11.8, we calculate
for A={X € I} and for some I € B([0,1]) and y1,...,yn € {0,1} and k:=y1 + - -+ yn

E[lylzylm-nyn:yn? A] = P(Yl =Y, Yn=yn, X € I)
= /:cy1+"'+yn(1 — )Ty = E[XR(1 - X)), 4],
I
50
P(Yi=u1, .., Y0 =ya|X) = X*(1 — X)"7F,
Analogously, one shows fori=1,....,n
P(Y; = y1|X) = X¥% (1 — X)) 74,

From this follows

i=1
so (Y1,...,Yyn) are independent given X.

Lemma 11.13 also exists in the following version, in which the independence is replaced by
conditional independence.

Proposition 11.18 (Conditional probability and conditional independence). Let K C F be
a o-algebra. The o-algebras G, H C F are independent given K if and only if P(Glo(H,K)) =
P(GIK) for all G € G.

Proof. ’=": If G and H are independent given K, then for Ge G, H e H, K € K
EP(G|IK),HN K| =E[P(GIK)P(H|K),K]=EP(GNHIK),K]=P(GNHNK).
Now we can show that the set system
D:={Aco(H,K):EPGIK),A]=P(GNA)}

is a N-stable Dynkin system with D D H,K. Now it follows from Theorem 1.13 that D =
o(H,K), from which P(Glo(H,K)) = P(G|K) follows.
<" So if P(Glo(H,K)) = P(G|K), it follows for H € H

P(G N HIK) = E[P(G|o(H,K)), H|K] = E[P(G|K), H|K] = P(G|K) - P(H|K).

O

Example 11.19 (Markov chains). Let’s look again at the Markov chain (X¢)i=012,.. from
Ezample 11.14. For fized t we set G = o(Xiy1),H = o(Xo,...., X4—1), K = o(Xy). The
Markov property (11.4) now says for G € G,H € H,K € K that P(Glo(H,K)) = P(G|K).
According to Proposition 11.18 this means that X1 and (Xo,...,Xi—1) are independent
given Xy.
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11.5 Regular version of the conditional distribution

We have seen in Section 11.1 how the conditional probability P(A|G) := E[14]|G] for a o-
algebra G C F is defined. However, this does not mean that we have a probability measure
A — P(A|G); see the next remark. In most cases, however, one can define such a (random,
G-measurable) measure, the (or better: a) regular version of the conditional distribution.

Remark 11.20 (Conditional probabilities and conditional distributions). Let G C F be a
o-algebra and Ay, As,--- € F with A;NA; =0. Then, for B€ G

n=1

E[ilAn;B} -
n=1

E[P( G 4,/G); B| = E[E[lyx , 4,19 B] = Bll gz, 4,: B

o0

E[la,; B]
1

n—=

and therefore

P( U An|g) =3 P(4.9) (11.6)
n=1 n=1

P-almost surely. This means that there is a zero set (depending on Ay, Aa, ... ) so that (11.6)
applies to all w outside this zero set. However, since there are uncountably many sequences
Ay, Ag, -+ € F, there does not have to be a zero set N, so that (11.6) holds for every choice
of A1, Aa,--- € F outside of N. However, if there is such an N, we will say that a regular
version of the conditional distribution of P given G exists. We will give conditions for this
in Theorem 11.23.

We recall the concept of the stochastic kernel; see Definition 5.9.

Definition 11.21 (Regular version of the conditional distribution). Let (Q', F') be a measur-
able space, Y an ' -valued measurable random variable and G C F. A stochastic kernel ky.g
from (2,G) to (¥, F') is called regular version of the conditional distribution of Y, given G,

if
ky,g(w,B) =P(Y € B|G)(w)

for P-almost all w and every B € F'.

Remark 11.22 (Distribution conditional on a random variable). 1. For the stochastic ker-
nel from Definition 11.21 it is sufficient to use property (ii) from Definition 5.9 only
for a N-stable generator C of F. This is because

D:={A e F v~ r(w,A) is A-measurable}
is alwaysa Dynkin system. Thus, according to Theorem 1.13, D = o(C).

2. Let G = o(X) for a random variable X in Definition 11.21.2. Then, if Ky (x) 1S @
reqular version of the conditional expectation of Y given o(X), then w — Ky, o (x)(w, A")
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o(X)-is measurable for all A’ € A'. This means that, according to Proposition 11.7,
there is a o(X)/B([0; 1])-measurable map par = Q — [0; 1] with par 0 X = Ky o(x) (-, A').
We then set

Ky, x (x, A’) = pa(z)
and say Ky,x 1s the reqular version of the conditional distribution of Y given X.

Theorem 11.23 (Existence of the regular version of the conditional distribution). Let (E,r)
be a complete and separable metric space space equipped with Borel’s o-algebra, G C F a
o-algebra and'Y a (according to F measurable) random variable with values in E. Then there
exists a reqular version of the conditional distribution of Y given G.

Before we can prove the theorem, we need a property (Proposition 11.25) over complete,
separable metric spaces.

Definition 11.24 (Borel space). 1. Two metric spaces (2, F) and (', F') are called iso-
morphic if there is a bijective, according to F/F'-measurable mapping ¢ : Q — Q' exists
such that =t is F' | F-measurable.

2. A measurable space (2, F) is called Borel space if there is a Borel set A € B(R) ezists
such that (Q,F) and (A,B(A)) are isomorphic.

Proposition 11.25 (Polish and Borel spaces). Fvery complete and separable metric space
(E,r), equipped with the Borel’s o-algebra, is a Borel space.

Proof. See, for example, Dudley, Real analysis and probability, Theorem 13.1.1. O
Proof of theorem 11.23. We prove the theorem under the weaker condition that F, equipped
with the Borel o-algebra, is a Borel space. Wlog, we can therefore assume that £ € B(R)
is. The strategy of our proof consists of finding a distribution function of the conditional
distribution by first fixing it for rational values before extending it to all real numbers.

For r € Q, let F, be a version of P(Y < r|G) (i.e. F, = P(Y < r|G) almost surely. Let
A € F be such that for w € A the mapping r — F,(w) is non-increasing with limits 1 and

0 at +o0o0. Since A is given by countably many conditions, all of which are almost certainly
fulfilled, P(A) = 1. Now define for x € R

Fyp(w) = 1a(w) - Inf Fr(w) + 1ac(w) - Lax0.
Thus, z — F,(w) is a distribution function for all w. Define
K(w,.) := measure defined by = — Fj(w).
For r € Q and B = (—o0; 7],
w— k(w,B) =14(w) - PY <7|G)(w) + Lac(w) - 1;>0 (11.7)

is F-measurable. Since {(—oo;r] : r € Q} is a N-stable generator of B(R), according to
Remark 11.22 the mapping w — k(w, B) is measurable for all B € F. Therefore,  is a
stochastic kernel.

It remains to show that x is a regular version of the conditional distribution. Since (11.7)
is based on a N-stable generator of &, for w € A

k(w,B) =P(Y € B|G)(w).

In other words, & is a regular version of the conditional distribution. O
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