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Tutorial 2 - Densities and random variables

Exercise 1 (4 Points).
Let A, p and v be measures on (£2,.4). Show that:

(a) If for all € > 0 there exists an A € A with pu(A) < ¢ and v(A°) < ¢, then p L v.
(b) If A< pand p L v, then also A L v.

(¢c) If u<vand p L v, then u=0.

Exercise 2 (4 Points).

Let p and v be two measures on the measure space (€2,,4) and let v be finite. Show that
the following statements are equivalent:

(a) v < .
(b) For every ¢ > 0 there is a 6 > 0, such that for all A € A with p(A4) < §, also
v(A) <e.

Exercise 3 (4 Points).

Give an example of two measures p,v with v < p for which there is no density f: Q2 — R
with dv = fdpu.

Exercise 4 (4 Points).

(a) Give an example of a real-valued random variable X # 0 with X 4 _X.

(b) Show the following: If X 2 Y are E-valued random variables and f:E—Ris
Borel-measurble, then f(X) < f(Y).

C ow the following: =Y, then = .
Show the following: If X £ Y. then E[X] = E[Y

(d) Fill in some details in the proof of Lemma 6.2. <.
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